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The problem is posed of determining the amplitude of scattering and breakup using information that
follows from analyticity and unitarity. The three-particle unitarity conditions are written down explicitly,
the terms linear (FSI-unitarity) and quadratic in the three-body amplitude being separated. Cases when the
three-particle unitarity conditions can be solved explicitly by means of the Hilbert-Schmidt representation
are investigated as an illustration. Other published methods using analyticity and unitarity in scattering and

breakup reactions are discussed briefly.
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INTRODUCTION

In this review, an attempt is made to generalize the
existing results on use of unitarity and analyticity in the
theory of nuclear reactions. There is an extensive lit-
erature? for reactions with two particles in the initial
and the final state. Attention will therefore be concen-
trated on methods which can be generalized to reactions
with several particles in the final state. Even in this
case the literature is very extensive, and we shall focus
here mainly on reactions in few-nucleon systems. For
such systems, exact calculations have been made for a
given nucleon-nucleon interaction, and these calcula-
tions can be confronted with approximations in which
unitarity and analyticity are taken into account more or
less fully. This will show what must be taken into ac-
count in approximations and what is less important.

The main question investigated in the review is how
one can construct the 2— 2 scattering and reaction
amplitudes and the 2 — 3 breakup amplitudes if they are
to satisfy the unitarity conditions for two and three
particles simultaneously and the analyticity require-
ments, i.e., have nearest singularities at the necessary
places and have there the correct threshold behavior.

The analytic properties of the 2— 2 and 2 -3 ampli-
tudes can be most readily understood in the language of
nonrelativistic Feynman graphs,® which correspond to
the multiple scattering series in Watson’s theory.* The
analytic properties have been most fully studied for
reactions in a system of three particles, in which the
graphs correspond to successive iterations of Faddeev’s
equation.’

The most important conclusion drawn from the exam-
ination of the nonrelativistic graphs is that the new
singularities introduced by the successively more com-
plicated graphs are, first, successively weaker, and,
second, successively more distant. This fact is the
cornerstone of the theory of direct nuclear reactions,®
which describes the qualitative behavior of the ampli-
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tude by using one or two of the simplest graphs. For
example, for the scattering and breakup reaction in

the nd system the graphs shown in Figs. 1(a) and 1(b)
and also in 2(a) and 2(b), respectively, are chosen. It

is then found that the qualitative features of these pro-
cesses are correctly reproduced, but quantitative agree-
ment is lacking at low energies (<40 MeV). At very low
energies (~1 MeV) the difference between the cross sec-
tions reaches two orders of magnitude.” For energies
>100 MeV, these graphs in the nd system also give a
good quantitative description. This last result is a
specific feature of systems with few nucleons—for the
reaction on a heavy nucleus allowance for one graph
without interaction in the initial and final states does
not give the numerically correct result even at arbi-
trarily high energies.

The physical reason why the description by means of
the simplest graphs fails is fairly clear, but different
for systems with few or many nucleons. For the former,
rescattering on the same nucleons is important at low
energies, and the parameter (for isotropic scattering on
each nucleon) is fR™*, where f is the scattering ampli-
tude and R the distance between the target nucleons. If
the energy is increased, besides the reduction of f
there is a further, more important effect—the scatter-
ing is through small angles, and the probability of sub-
sequent scattering is strongly reduced. These argu-
ments are inapplicable to heavier nuclei, for which the
particle encounters many other centers even in the case
of strictly forward scattering. Therefore, in such
nuclei (roughly, beginning with carbon) at low energies
rescattering on the same nucleon is important as well
as scattering on all the remaining nucleons encountered
in the path of the scattered particle. At high energies
(of the order of several hundred MeV), only the second
effect is important, as is allowed for in Glauber’s
theory.

A reaction amplitude satisfying all physical require-
ments can be constructed in three ways:
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1) by the phenomenological approach and the construc-
tion of an optical potential for the particle-target inter-
action, its parameters being either freely disposable
or determined by theoretical data;

2) by a dynamical approach. Here, one proceeds from
a given elementary interaction (nucleon-nucleon) and
solves the Schrodinger or an equivalent equation
(Faddeev, Faddeev-Yakubovskil, and so forth)
numerically;

3) the S-matrix approach.?® In complete analogy with
the theory of elementary particles, one assumes that
knowledge of the singularities of the amplitude and uni-
tarity enable one to construct the amplitude uniquely.

It is the S-matrix approach we shall investigate here.
In addition to the graphical method, one uses unitarity,
by means of which rescattering of the particle on each
of the target particles can be taken into account. Uni-
tarity is exploited in quite different ways in the follow-
ing situations: a) elastic scattering 2 —~ 2; b) inelastic
scattering 2— 2’; ¢) the reaction 2—#, n= 3.

In case a) unitarity can be taken into account very
simply even if open inelastic channels are present: It is
easy to write down the general form of an amplitude
that satisfies two-particle unitarity either for the partial
waves, or in the impact-parameter representation, or
in the form of the optical theorem for the forward dis-
persion relations, etc. Case b) is the many-channel
two-particle problem, which generalizes the formal
solution for case a) through the introduction of a matrix
of amplitudes, as is done in the R-matrix theory of
nuclear reactions.?!

Case b) exhibits some specific features if one uses
the graphical approach or the approximation of a single
inelastic interaction.® Here, if the inelastic inter-
action is much less probable than the elastic (for
example, as in the diffraction excitation of nuclear
levels), it is sufficient to unitarize only the initial and
final interactions, regarding them as elastic interac-
tions. This can be done in the framework of either the
DWBA method? or S-matrix theory. ! If it is assumed
that the ¢ +A and b + B elastic scattering amplitudes for
the reaction a+A— b+ B (or the optical potential cor-
responding to these channels) are known, the general
form of the amplitude of this inelastic reaction that is
unitary with respect to the initial and (or) the final in-
teraction can be written down,!

Finally, the reactions 2—n, n= 3, of case c) present .

the greatest difficulties. Here, we restrict ourselves to
n=3, having in mind the breakup reactions nd— nnp as
the first concrete application. But the problem will be
formulated generally, so that the results can be readily
transferred to any reactions of the form 2 — 3. The
main difficulty is to satisfy the three- and two-particle
unitarity conditions simultaneously. Different methods
have recently been developed to enable one to take into
account these conditions for two and three particles.
The first method was proposed in Refs. 7 and 12—15
and verified for the nd— nd and nd — nnp reactions by
comparison with exact calculations of Faddeev’s equa-
tion. The first question investigated was the importance
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of allowing for three-particle intermediate states in the
unitarity conditions for both reactions. The answer was
somewhat unexpected: Elastic unitarization of the two
simplest graphs in Figs. 1(a) and 1(b) and 2(a) and 2(b)
for these reactions, i.e., allowance for only inter-
mediate nd states, is already adequate to remove most
of the strong discrepancy between the exact result and
the graph contribution discussed above.™* This means
that for the inelastic nd— nnp reaction it is important
to take into account the interaction in the initial state
and in the first approximation ignore rescattering in the
state of the three final unbound particles. Finally, the
method forsees exact allowance for the unitarity condi-
tions, though in a very cumbersome manner.!3:15

Another way of construeting unitary and analytic
amplitudes was proposed in Refs. 16 and 17 on the basis
of the Hilbert-Schmidt representation. Its advantage is
that the 2— 2 and 2—~ 3 amplitudes are represented by
series of terms each of which corresponds to a real or
virtual pole or a resonance in the total energy, and the
residues separate with respect to the initial and final
momenta. Then in the construction of the unitary ampli-
tude the denominator is expressed in terms of residues
(vertex functions), as in the UPA approximation for two
particles.!® One may say that if this method is restrict-
ed to one term it is the UPA approximation for three
particles; but if all the terms of the Hilbert-Schmidt
representation are taken, the exact result is obtained.

Here we shall investigate the convergence of the Hil-
bert -Schmidt series and illustrate it by numerical ex-
amples (the convergence is very rapid). The method is
also very natural for the description of resonance
states, in particular, three-particle resonance states.

Whatever approach is used to construct the unitary
three-particle amplitude, one has to take into account
the final-state interaction of a pair of particles (the
FSI term in the three-particle unitarity condition). This
problem reduces to the solution of a homogeneous inte-
gral equation, which can be solved exactly in limiting
cases. This question is also analyzed in the review.
Here, we shall not consider the generalization of the
method to four-particle states, for which it has recent-
1y been used with success.!® Nor (for the same reason)
shall we consider here the relativistic generalization
of the Hilbert-Schmidt representation.

To summarize, let us point out that the use of three-
particle unitarity conditions in the framework of analy-
ticity and unitarity has only just begun. But it already
enables one to describe three-particle processes ac-
curately and has great promise for the detailed develop-
ment of a quantitative theory of nuclear reactions with
three or more particles in the final state and also for
the theory of three-particle resonances and the ampli-
tudes of three- and many-particle decays.

1. ANALYTIC PROPERTIES OF AMPLITUDES OF
PROCESSES WITH TWO OR THREE PARTICLES IN
THE FINAL STATE

The analytic properties of the amplitudes A(2 —~ 2),
B(2—3), and C(3— 3) are determined by the analytic
properties of the Feynman graphs (nonrelativistic or
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relativistic) corresponding to the given processes, i.e.,
by the singularities of the graphs with respect to all

the independent kinematic variables. In addition, there
may be singularities of the complete sum of graphs:
poles with respect to the total energy corresponding to
bound states and resonances. We assume (though no one
has yet proved this) that these singularities exhaust all
possibilities.

One then obtains a simple qualitative picture which
explains the form of the experimental angular and ener-
gy distributions. This picture is the basis of the
graphical theory of direct nuclear reactions.®2° The
connection between the singularities of the simplest
graphs and the form of the angular and energy distribu-
tions was followed in its clearest quantitative form for
nd scattering and breakup; it is these processes that
we shall mainly discuss.

For nd scattering, A(2— 2) depends on two variables:
the energy E and x, the cosine of the scattering angle.
As a function of the energy (for fixed x), A in the physi-
cal region has only a threshold singularity, which is
associated with the opening of the 2— 3 channel at E_
=¢; this has the form (E —€)?1n(E —¢) and therefore is
hardly manifested in the energy dependence of the total
and differential cross sections.? All the graphs of Fig.
1 except Fig. 1(a) have this singularity.

The angular dependence is different: the nearest
singularity in x (pole) derives from Fig. 1(a) and is at

z=mz9=—5/4 —(3/4) (¢/E), (1)

i.e., fairly near the physical region. This shows that
the angular distribution must have a backward peak, its
height increasing with the energy. Both conclusions are
confirmed experimentally (Figs. 3 and 4; data taken
from the review Ref. 21).

In contrast to Fig. 1(a), Fig. 1(b) has a singularity in
x nearer to the other edge of the physical region:

x =y =202 — 1 = 17/8 (15/4) (€/E) -- (9/8) (€3/E?). (2)

This singularity must lead to a forward peak in the
angular distribution. In addition, since the singularity
(2) is further from the physical region than (1), the for-
ward peak must be flatter. And, -as can be seen from
Figs. 3 and 4 and also many other data,? the forward
peak and the backward peak are the most important
characteristics of the angular distributions in a wide
range of energies—from tenths of an MeV to several
hundred MeV.

Knowing the singularities of Figs. 1(a) and 1(b), one
can find those of all the remaining more complicated
graphs by the so-called block method of investigating
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singularities proposed in Ref. 22. It can be shown that
all graphs with an even number of vertices have singu-
larities to the left of x =~1; graphs with an odd number
of vertices (like Fig. 1(b)), to the right of x=1. In
addition, the singularities move further away from the
physical region with increasing of order of the graph,
becoming less strong. This last agrees with the more
general assertion that when the order of a graph is in-
creased a singularity with respect to all variables be-
comes less well expressed.?

Note, and this will be proved later, that a backward
peak necessarily entails a forward peak by unitarity.
Another way of understanding this is to regard the uni-
tarity conditions as an iteration mechanism which re-
produces Fig. 1(b) on the substitution of Fig. 1(a) as a
first approximation, and so forth, All this remains true
for scattering on objects more complicated than the
deuteron: The position of the singularities (1) and (2) is
shifted, but the general picture remains, a poletype
graph leading to a backward peak and a triangular graph
to a forward peak.

We now turn to breakup processes (2— 3). These re-
actions have been investigated on the basis of the angular
distributions in two situations: when two of the three
final particles are in the region of strong interaction
because of the Migdal-Watson effect (the interaction
peak in the final state is an FSI peak) and when inte-
gration is performed over the complete energy spec-
trum. In the first case, the situation is like that con-
sidered already for elastic scattering since the two
particles in the FSI peak can be regarded as one (deu-
teron or singlet deuteron d* for the np system and d*
for the pp system). Figures 2(a) and 2(b) indicate the
presence of singularities near the forward and backward
directions, and these are manifested experimentally in
the breakup reaction d(np)2n at 14, 46, and 50 MeV
(see Fig. 10 of Ref. 23). The peaks are smoothed as a
result of integration over the whole spectrum of the
final particles since the contribution of Figs. 2(a) and
2(b) is not distinguished from other contributions and,
in addition, the position of the singularities in these
graphs moves with varying energy of the final particle
pair.

FIG. 5.
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FIG. 6.

More complicated systems may have more pole
graphs, which changes the angular distribution. For
example, in the reaction *He(p,d)2p the two pole dia-
grams Figs. 5(a) and 5(b) are possible, and they lead
to singularities in the cosine of the angle between the
initial proton and the final deuteron in different regions:
Fig. 5(a) gives a singularity near x=—1, whereas Fig.
5(b) gives a pole singularity near x=1. The latter is
manifested experimentally as a sharp peak (see Fig. 6
of Ref. 23).

The amplitude B(2— 3) has altogether five kinematic
variables, In particular, one can choose the total ener-
gy, the energy of a pair of the three final particles
(there are two such variables) and two variables of the
type of a momentum transfer or the corresponding
scattering angle between the initial particle and one final
particle. We have already discussed the most inten-
sively studied distributions, namely, those when a pair
of the final particles is in an FSI peak, i.e., when the
analytic and kinematic properties of the 2 — 3 reaction
hardly differ from the 2— 2 reactions. The singularities
in the energy dependences are due to the graphs of
Figs. 2(a), 2(c), and 2(d) (Fig. 2(b) is a special case of
Figs. 2(c) and 2(d)).

The first of these diagrams leads to a peak at low
energy of the final spectator particle (a quasifree-
scattering peak, or QFS peak); the other two, to an FSI
peak. The majority of experiments have been and are
aimed at investigating these regions. Unfortunately,
singularities with respect to other variables and also
more complicated singularities connecting several
variables and corresponding to more complicated graphs
have hardly been studied at all in nuclear reaction ex-
periments (see, for example, the review Ref. 20).

On the theoretical front, the singularities of the
simplest (and therefore most singular) graphs are usual-
ly used at two levels. First, important information can
be extracted from the forward dispersion relations
since the imaginary part on the right-hand cut in this
case can be expressed in terms of the total cross sec-
tion by means of the optical theorem. The exchange
diagram (see Fig. 1(a)) is distinguished by its having a
pole in the energy for the forward direction at the point

Ec.m"‘ _51'3' (3)

where E_  =(3/4)(p?/m), or one can also use the vari-
able z=E_  -e. Other singularities, for example,
those corresponding to Fig. 1(c), are much further
away and are weaker. The forward dispersion relation
can therefore be used to relate the experimentally
known cross sections, scattering lengths, and residue
at the pole (3) expressed in terms of the deuteron
vertices.

The second way in which the graphs and their singu-
larities are used is in the transition to partial waves.
Since the unitarity relation in such a case is quadratic
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and is diagonalized, the most widely used method of
solution of the dispersion equations is through the N/D
approximation.?® In this method, it is important to know
all the nearest singularities of the partial-wave ampli-
tudes. As usual, the latter consist of singularities in the
energy of the original graphs, and these do not change at
all, and also of singularities that result from the singu-
larities of the total amplitude as a function of the angle
(transition of singularities in the # and # channels to
singularities of the partial-wave amplitudes in the S
channel). Concretely, for nd scattering we obtain a
left-hand cut with branch points corresponding to differ-
ent graphs. For example, the graph (see Fig. 1(a))
gives a logarithmic branch point at z =z, =—4¢/3,
where z=E__ —¢€, and ¢ is the deuteron binding energy.
The next most complicated graph, Fig. 1(b), leads to a
branch point at z,=-—4e,

Besides the singularities in the series of multiple
scattering graphs (see Fig. 1), one must also consider
graphs including the exchange of pions (Figs. 6 and 7).
The first of them leads to a singularity of the type (z
—25)%/%, where z,=~3m?/4M —¢=~—8.1e. The graph in
Fig. 7 has an anomalous and a normal singularity.

The first is at z,=—m?2/3M - (2m,/3WVe/M - 4¢/3 =
—7.2¢ and has the form (z — z,)In(z — 2z,), while the
second is much further away (at z=2;=—4¢/3 —m_/3
- m?/6M =~ 23¢). We see that the most important sin-
gularities—both as regards their proximity and
strength—are those of the simplest graph (Fig. 1(a));
this is the justification for using it as the main dynam-
ical mechanism in the most varied approaches.

The above correspondence between the angular distri-
bution and the singularities of the simplest graphs is
very approximate. If these graphs are used to describe
quantitatively scattering and breakup, they lead to a
strong discrepancy with the experiments (except at high
energies, E>100 MeV). The reason for the discrepan-
cy becomes clearer if one attempts to substitute the
first graphs into the unitarity conditions. The unitarity
conditions are strongly violated, their left- and right-
hand sides can differ by an order of magnitude at low
energies. It is therefore desirable, on the basis of the
simplest graphs, to construct an approximate amplitude
that does satisfy the conditions and must then lead to
better agreement with the experiments. Such approaches

rare discussed in Sec. 3.

2. UNITARITY RELATIONS

In the introduction we have already pointed out how
important it is at low energies to take into account ex-
actly or approximately the three-particle unitarity con-
ditions, and we discussed different schemes devoted to
their investigation. Here we dwell on the derivation of
the unitarity conditions for three-particle amplitudes
describing three identical particles. In this case, there

N

FIG. 7.

A.M. Badalyan and Yu. A. Simonov 122



is no need to consider detailed amplitudes® of the type
M, for which the unitarity conditions were investigated
in Ref. 13; instead we can introduce a single function

w, which determines® all the physical amplitudes of
scattering and breakup and 3— 3. It is important that
these conditions will not be written down in operator
form but as equations, so that the unitarity conditions
can be readily written down for the partial-wave
amplitudes.

It is well known that the three-particle T matrix in
the general case is determined by nine functions M ®:

T@)= 2, Mo ), (4)
where @ and g are the ingoing and outgoing channels;
they are specified by the labeling of the particles; the
M, contain unconnected graphs which do not oceur in
the cross sections of physical processes and must be
subtracted:

Mg =Wap 4 8apTa (2). (5)

For identical particles, both with and without spin,
the physical amplitudes can be expressed in terms of
two functions:

Wit (z) = W (2); }
We ()= Wap(2), o=, (6)

We now note that for identical particles the experimen-
tally observed amplitude must be averaged over all
possible initial and final labelings of the particles. We
then find® that the cross sections of the processes are
determined by the symmetrized amplitude

we= Wit Lo, (7

From the equation for W, (see Ref. 5) one can obtain
an equation for w(kp; k'p’; z). Here, k,p and kK’,p’ are
the momenta of the pair of interacting particles and the
third particle in the initial and final states, respective-
ly, and k and p are related to the momenta of the indi-
vidual particles in the usual manner.3

In all that follows we shall assume for simplicity that
the relative angular momentum [/ of the pair of inter-
acting particles is zero at the beginning and the end, the
third particle having arbitary angular momentum L.
The restriction =0 is not stringent since it is known
that in the solution of Faddeev’s equation even with
realistic potentials it is usually sufficient to take only
the two partial waves with /=0 and 2. It is easy to
show?® that w(kp, k'p, z) satisfies

w(kp, k'p’; 2)
_ _2mt(k |p24p | 2—3p%4m)t (| p--p'/2], k' 2—3p"/4m)
PPpp’+pi—mz (8)
_9 t(k [p24pyl; 2—3p%dm)w (| p+-ps/21, pg; K'p; 2)
G S dpy P4ppyt+ pi—mz j

Here m is the mass of the particle and ¢(k, ?',z) is the
two-particle { matrix.

From this we directly obtain the unitarity conditions
for w, which we write on the energy shell, i.e., when
2=F/m+3p%/4m =k"?/m +3p'%/4m. The discontinuity
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of w is conveniently represented as a sum of five
terms, each of them having a simple physical meaning
which will be discussed below:

Aw=w (z) —w (z2) = A+ Ao Ay + A+ Ay (9)
zy=FE4i8; z,=F —i6,

where

A= —2nimt (k, |p/2-;-p'|; 2,— 3p?hm) x
X (| p+p' 2]k 22— 3p'H4m) 6 (p* 4 pp’ + p'2— maz); (10)
Ag = Agg 1 Agn;
Agg = —2nim 5 dqt(k,q ; z3—3p*4m) X
xw(gp, K'p'; 22) 8 (% + 3p¥h—ma);
Agn = —hnim j dpt (ky | P2+ Pu|, 51— Bp%/4m) X

xw(|p+pi2], p K, 05 2) 8 (p2+ ppy+ pi—ma);
Az =A3q+ Agns

(11)

Agg= —2nim 5 dqw (kp, qpy; 21) X ]
X t(g, K5 25— 3p'%/4m) 8 (¢* + 3p"*/4—mz);
y oy (12)
Agn = —4nim S dpaw (kp, | P24 0|, Pi; 21) X
Xt (|p'/24ps|, K'; 22— 3p'%4m) 8 (p"* + p'py+ p} — maz);
Ay=Ayg+ Agn;

Ayg= —2aim 5 5 dq dpgw (kp, gps; 21) w (qps, K'P'; 22) X
X 8 (¢* + 3pi/4—mz);
A= —4aim 5 S dpy dpaw (kp; |pa—+ pi/2]s Pii 2) X
Kw (Pt pe/21, P D5 22) 6 (pi+ pipe+ pi—ma); |
By=—2xim | dp,B (kp, v 20) B (By, K'D'; 22) 8 (3p/d— of— ma);
(14)

(13)

@ is the deuteron wave vector: a®=me; ¢ is the deuteron
binding energy. Equation (14) contains the breakup
amplitude B and the amplitude B of the process 3— 2,
which are related to w by (16) and (17).

The unitarity relations (10)=(14) can be given a sim-
ple graphical representation, which is essentially
similar to that in Ref. 13. The graphs corresponding to
all the discontinuities, A, —A;, are shown in Figs.
8—12. The crossed lines in the graphs mean that the
propagators must be replaced by corresponding § func-
tions. It is easy to see that A, is the inhomogeneous
term of the unitarity condition. We shall say that the
associated singularity is dynamical. The singularities
Aoy Ay, and Ay, A, derive from the interaction in the
initial and final states, and, as can be seen from (11)
and (12), all these terms are linear in w. We shall call
them singularities of FSI type. Finally, the last three
terms, A, A, , and A;, are quadratic in w and give
the ordinary unitary singularities in z beginning with
z=0 for A, and A,, (three-particle unitary cut) and with
z=—c¢ for A;, which corresponds to the two-particle
unitary cut.

FIG. 8.
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FIG. 9.

Clearly, the physical amplitude of the 3 — 3 process
is determined by the function w(kp, ¥'p’; z) itself,
while the amplitudes of elastic scattering A(p,p’;z) and
breakup B(p; k'p’; z) are determined by the residues at
the corresponding deuteron poles:

I QR A (D, ps D PK)
w kP, K'P'5 2) = Gramm — 350 7am) (- aim—35 i)

(15)

Bkp, p's 0 (k) | @(R)b(p, kD 2) 5 o
w3 z+a?m—3p"tim = z-03/m —3pY/4m te (ks £p 2).

Here, ¢(k) is the deuteron wave function, and
c(kp, k'p’; z) does not contain pole terms. It is obvious
from (15) that the breakup amplitude and similarly the
3— 2 amplitude B(kp, p’; z) are given by

r. = k' "
B(p, K0 2) = 0BT L) oo, K a); (16)
& ; AP, p23) 3 r.
B2, 95 2) =35 o darigr + 0 (s B 9 )

For the elastic scattering amplitude, we have z

== o¥m +3p*/dm = - o¥/m +3p"2/4m by the law of con-
servation of energy, so that the discontinuities 4,, A,,
and A, in (10)—(12) are zero. In the breakup process
z2==—0%/m+3p%/4m=k"/m +3p*/4m, and, as before,
A, =A,=0, but A;#0. For such physical values of z,
we obtain the following unitarity conditions for the am-
plitudes A and B:

Ad= —2mim { S dpeA (p, Pu; 2) A(Pey P2 23) 8 (3p3/h— 03— ma)
T Sj dqdp.B(p, qps; 2:) B (gps, p'; 2) 8 (g% |- 3pY/4—mz)

+2 [ apydpaB (0; |2t pu2], B 20 %
X B (1p1+po2], Pai P 22) 8 (0} +-Pupe+ i —ma2) }

(18)

AB= —-Znim{ S dqB (p, qp’; z)) £ (g, k'; 22— 3p’*/4m)
X 8(q*+3p%/h—ma)+2 | dpB (p; | Py2+P |, Bis 2)
Xt(|0'12+ps|, ¥'; 20 —3p%/4m) 8 (p* +p'py + pi— maz)

Bzq

FIG. 10.
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+ ) ) dadpiB (b, gpi 20w (gpy, K's 2) 8 (@2 +3p2/4 —ma)

+2 j E dpydpB (p, | P2 +pu2], po 2) w (| py+ 22|, pa; K'P'; 2)
X 8(pi -+ pipe + pi —mz) +
+ S dpsA (p, Pi; 2) B (py, K'p'; 23) 8 (3p/A— ? —mz)} 5 (19)

The scattering and breakup amplitude was defined
above without reference to the labeling of identical par-
ticles. It is obvious that for the scattering process (nd
process) the labeling can be fixed, and is therefore un-
important. But the amplitudes of breakup B and of the
3— 3 process are by their very construction related to
a definite labeling of the particles. Therefore, the
experimentally observed breakup amplitude can be ob-
tained from (16) by symmetrization with respect to all
possible final states (for spinless particles). Thus, if
experimentally in the nd— nnp process we measure the
direction and energy of the proton, i.e., its momentum
P;, and the two other particles have relative momentum
k., the symmetrized amplitude is'’

B*(p, kypys; 2)={B (p; kps; 2)
+B(pi —ky/2—3py/4; —py2+ky 2)
+B(p; —ky/243py/4; —py/2—ky; 2)}3.

(20)

The unitarity condition for the scattering amplitude
can be written in a more compact form by means of
this symmetrized amplitude. It is also convenient to
replace A by the ordinary scattering amplitude f,
which differs from A by a normalizing factor:

I(p, ' 2)= —8a’mA(p, p'; 2)/3, (21)
and also
g (P, kjps; 2)= —8n2mB* (p, kypy; 2)/3. (22)

Then (18) is replaced by

Im £ (p, ©'s 2) = { [ dpf (0, i 2) 7* (s, W5 2) 8 (pi— ds2/3 — hma3)
+3 5 dky dpug” (s Kups; 2) g'* (0 skapy) 8 (p3 -+ 4R%/3 — dmz/3) } /2m.

FIG. 12.
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On the transition in (18) from the 3— 2 amplitude Bto
the amplitude g* we used the identity satisfied by the
function w(kp, F'p’; 2):

w (kp; E'p; 2*)=uw*(E'p'; kp; 2). (24)

From (23) and the optical theorem, Imf(6=0)=po, ,/4m,
we readily find expressions for the differential and total
cross sections of elastic and inelastic scattering. Thus

diyerld=| F (s e} (25)
and

e dp;=9%; 4p | |g° (p. kypsi 2) [*ds. (26)

It is assumed in (26) that in the breakup process a
particle in the direction p, and with energy e, =p?/2m

is detected. The limits of integration in (26) are de-
termined by the kinematics of the problem. All the mo-
menta are here referred to the center of mass system.

Introducing the partial-wave amplitudes f; and g, , we
also find the total partial-wave cross sections:

i:n— (2L +1) 5 F dQ, dpewypi0 (mz— 3p%4) | g5 (P, wapy: 3 [ 27

Gmel =

b —4x (L) | fe(p, P (28)

Here ¥ =mz - 3p2/4 and the amplitude g7 in reality de-
pends on the angle between %, and p,.

3. METHODS USING UNITARITY AND
ANALYTICITY

Unitarity and analyticity have been used most widely
in calculations of scattering and 2— 2 reactions. In this
case, the most natural approach is the method of dis-
persion relations, which has been used in three differ-
ent modifications: 1) at a given angle; 2) with respect to
the momentum transfer or the cosine of the angle; 3)
for partial waves. All methods are based on analyticity
as a means of relating the amplitude at a given physical
point to its values (or rather to the values of its imagi~
nary part) in other regions. The contribution of these
other regions enters in the form of an integral with
respect to positive energies, and these can be ex-
pressed by unitarity in terms of the cross section or the
square of the amplitude, and in the form of an integral
(or pole term) over the unphysical region of negative
energies. The last term depends on the mechanism of
the process. For example, for potential scattering it is
determined by the form of the potential. Therefore, the
corresponding unphysical cut or pole (left-hand cut in
the dispersion relation) is called a dynamical cut, in
contrast to the boundary, or unitary, cut. Unitarity im-
poses restrictions on only the right-hand cut, and if

125 Sov. J. Part. Nucl., Vol. 6, No. 2

p"'ar

FIG. 14.

they are satisfied there, an amplitude satisfying the
dispersion relation is automatically unitary. We shall
describe the dynamics ourselves, establishing the
discontinuity across the left-hand cut. We shall then see
what is obtained in some concrete examples.

Dispersion relations were apparently first used for

‘nuclear processes in Ref. 26, and in the same paper

forward dispersion relations were used to calculate the
amplitude of nd scattering. In this case the dynamical
cut enters only from the graph of Fig. 1(a), i.e., it re-
duces to a pole at the point (3). In Ref. 26, the disper-
sion relation method was expounded in detail for compli-
cated systems, and all the independent (with respect to
the spin) amplitudes in nd scattering were calculated
(five in all). As a result, it was shown that the forward
dispersion relations in which one retains the contribu-
tion of two poles (from Fig. 1(a) and Fig. 13) and the
right-hand unitary cut are consistent with the measured
shift of nd scattering at one fixed energy. The agree-
ment was excellent.

The most recent and most detailed investigation of the
nd process by means of dispersion relations is Ref.
27, For the amplitude normalized in the usual manner:

Im f(E) =ko (E)/4n

and related to the doublet and quartet amplitudes by the
zero-energy relation

I (E) =2 (E);3 % (E);2,
E-0

a forward dispersion relation was written down with one
subtraction at zero energy:

Re f (E)—{ (0) -

nk B rpk A iﬂ Opng (k') Ak
(E—EE, " (Ep—BE, "2 | T k=R (29)
0

Note that the energy is here measured in the center-of-
mass system. The position of the triton pole corre-
sponding to the graph (see Fig. 13) is given by

E,= —E, —€)= —6.25 MeV,
The position of the pole in the graph (see Fig. 1(a)) is
Ey= —€3=—0.74 MeV,

In Eq. (29), the contribution of all singularities
across the left-hand cut except those mentioned is ig-
nored, Note that the graphs which are not reproduced
by the dispersion relation (29) have very distant left-
hand singularities. For example, the graph of Fig. 14
gives a singularity at E=— 70 MeV, so that it would
seem to be fully justified to ignore it in the subtracted
dispersion relation. In Ref. 27, the procedure was re-
duced to selecting parameters #»; and 7, that describe
the experiment best [Re f(E), f(0), and o,,(k) are taken
from the experiment]. At the same time, #, can be com-
pared with the known vertex d— np, while the vertex T
- dn can be obtained from 7,. Excellent agreement was
obtained for 7, and evidently the best value® for ,. The
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procedure for extracting #, can be improved by using a
conformal transformation,” as was done in Ref, 29, In
the case of nd scattering, since the unsubtracted singu-
larities are distant, a conformal transformation does
not essentially affect the results.

Forward dispersion relations were also used for
other scattering processes on nuclear systems (see,
for example, the review Ref. 30). In order to illustrate
the difficulties which arise in the general case, let us
dwell on na scattering, which was investigated in Refs.
31. Here there is qualitative and to some extent quanti-
tative agreement with the na scattering data, though the
attempt to determine independently the vertex o — 3He
+n at the pole corresponding to the graph in Fig. 15
failed. The reason for this was investigated in Ref. 29,
in which it was shown that in this process, in contrast
to nd scattering, the unsubtracted singularities lie near
the pole of Fig. 15. For example, the singularity of
Fig. 16 for the forward direction is at E__ =—3(e, —¢)/
5=15.6 MeV, whereas the pole diagram (see Fig. 15)
gives a pole at E, —-3(e, —€, )/B==12.3 MeV. One
therefore requ1red29 a more reﬁned technique of con-
formal mapping® in order to extract data on the vertex
a—%He +n. A similar technique was used in Ref. 32
for p +3*He scattering.

A different method, namely dispersion relations for
partial waves, has an important difference, since it
does not require the inclusion of experimental data. The
total cross section in the forward dispersion relation is
here simply replaced by the unitarity condition for the
partial-wave amplitude. The dynamical cut is again
determined by the graph with the nearest singularity.
The N/D method is used to solve the inhomogeneous
nonlinear integral equation obtained from the dispersion
relation. This method was used successully in, for
example, Ref. 33, in which nd scattering was
investigated.

Using the variable y =E/e, one can represent the S
wave of nd scattering, fly)=y"1/2exp(i5) sins, in the
form

FW)=N @)Dy (30)
with the unitarity condition
Imf@)=Vyl|f @ (81)

and left-hand cut corresponding to the graph of Fig. 1(a).
The contribution of this graph is

d
o n
FIG. 16.
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1+3y .

14+p/3 ! (32)

Ay) :_u:l]TE In Y= (1 —reg,rg)7
Substitution of (30) into (31) and the dispersion relation
give

o " -1;3
¥ - VEx@dr | N g D r) Im A (x) dar
.Tj T@—y) :

Dy)=1— (33)

Tesy

Equations (33) can be solved analytically with an error
of about 2—3%. Thus, the quartet length of nd scatter-
ing was obtained in Ref. 33 in good agreement with the
experiment: a,~6.3 F (a2**=6.17 F).

Both the methods discussed above can be regarded as
methods of iterating the simplest graph of Fig. 1(a)
subject to the condition that the sum of the resulting
series satisfies the unitarity condition; for we shall
integrate the dispersion relation, taking this simplest
graph as first approximation. Then, as is easily seen,
we reproduce the complete series of nd scattering
graphs, but with allowance for only the unitary cut A,
determined in the foregoing section. In other words,
all the intermediate states in the system, even in the
virtual states, are present in nd but not nnp form.
Three-particle intermediate states are taken into ac-
count for the forward dispersion relation, since the in-
tegral along the right-hand cut contains o,,,, though
here this cross section is taken from experiment and
there is no closed iterative scheme. Of course, in all
the dispersion relations discussed above the “anoma-
lous” graphs of the type of Figs. 7 and 14 and all their
iterations are rejected. Thus, the dispersion relations
unitarize the principal graph for the process, and such
an approximate unitarization (with contribution of the
cut A, neglected) gives reasonable results at low ener-
gy. 33

A different method of unitarization was considered by
Sloan, Cahill, and their collaborators. For the scatter-
ing process the unitarization procedure was proposed
by Sloan” and has the following form. From the two-
particle f matrix, separate the pole term:

t(k, &', B)= —ing (k) @ (') 6 (£ +&) + 10, (34)

Then ¢ serves to define the irreducible amplitude
I(kp, 'p’: z), which does not contain an intermediate
nd state (there is no cut A, in the notation of the fore-
going section). Then the equation for the amplitude
A(p,p’; 2) of nd scattering has the form

e
i v

FIG. 18.
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Ap, p'52)=1(p, p; 2)

(35)
—2in | 1(p, s 9) A", 0's 2) 8(3p"/dm —5+2) dp”

and is represented graphically by Fig. 17, in which the
crosses mean that the particles are on the energy shell.
The -equation for I has the graphical form shown in Fig.
18 [note that (35) contains I for k=% =ia, i.e., onthe
nd energy shell]. In Fig. 18 the hatched circle stands
for #4¥,

The three equations we have written down are exact,
but as hard to solve as the exact Faddeev equation, The
decisive step is the choice of an approximation for I;
namely, one chooses the two first iterations (of course
one could take more), i.e., the pole and triangular
graph but with 1’ instead of ¢, as in Fig. 19. Using
the explicitly known expression for I, it is not difficult
to solve Eq. (35); for the partial waves the solution has
the form

By . opo _ 8rtm/s.

i 1—inply '

(36)

The approximate and exact solutions are compared in
Figs. 20 and 21 at the energies E,, =1.3 and 14.1
MeV, respectively. It can be seen how much approxi-
mate allowance for unitarity improves the agreement.
Note an important fact. At low energies, the contribu-
tion of the first two graphs (see Figs. 1(a) and 1(b)) to
the scattering exceeds the exact and experimental
cross sections by many times: by 100 or more times at
E,,,=1.3 MeV and by more than three times at Eyuw
—=14.1 MeV. At the same time, if the same graphs are
taken for I, and one then unitarizes them in accor-
dance with (36), agreement between the exact and exper-
imental values is recovered. The reason for this is
clear from (36), since when nl;, becomes large (exceed-
ing a certain limit, which can be called the unitary
limit), f, remains bounded—the unitarization mechanism
renormalizes the graphs.

We now turn to breakup processes. Cahill and Sloan*?
proposed the following approximation scheme for the
breakup amplitude B shown in Fig. 22. Note that the
open circle now denotes the total { matrix, and that to
obtain B it is first necessary to calculate A, Thus, the
equation in Fig. 22 means one is taking into account in-
teraction in the initial state—multiple scattering of a

ao/dL i

14 |- Epgp=1-3 MeV /_/—’

A = ~
Vaox imp. appr.

Exact
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nucleon on the deuteron, but this is not the distorted-
wave method in the literal sense, since the particles
are on the energy shell and their interaction is not de-
scribed by a potential. Figure 23 shows the proton
spectrum in nd breakup for 6, =10° and E,_,  =14.4
MeV: one curve is the solution of the equation in Fig, 22
in the same approximation for I as before; the other
curve is the exact calculation for the Yamaguchi poten-
tial with allowance for the spin dependence.

It can be seen from Fig. 23 that the profile of the
spectrum and the QFS peak are reproduced fairly well.
With regard to the quantitative agreement, it is best
illustrated by the following numbers. The first three
approximations for I, i.e., the simplest pole graph,
the same plus the triangular graph, and the sum of the
first three graphs, give, respectively, 720, 1780, and
5120 mb for the breakup cross section. When elastic
unitarity is taken in account in accordance with the
equation in Fig. 22, the values 184, 142, and 161 mb
are obtained with the same approximations for I, The
exact value is 166 mb, which agrees excellently with
the last number, but even the crudest approximation for
I (the exchange diagram gives 184 mb) is only 10%
greater than the exact value. Good agreement is also
obtained in the region of the FSI peak (see Ref. 12).

Let us consider how well the unitarity conditions are
satisfied in this approximation and what sequence of
graphs is then reproduced. First, it can be seen that
A and B do not contain the graphs shown in Figs. 24(a)
and 24(b). Nevertheless, the unitarity condition for A
is reproduced as follows: the elastic discontinuity 4, is
taken into account exactly, i.e., the unitarity condition
leaves A in the framework of the adopted approximation.
The discontinuity A,,, corresponding to the inelastic cut,
is also reproduced, but in this case B must be taken
to be the collection of graphs in the same approxima-
tion as is given by the equation of Fig. 22. However,
here the cut A,, is completely absent. This cut could
appear in the graph shown in Fig. 25 if all the particles
on the section with the wavy line were on the energy
shell. But this is impossible since the deuteron in

_I+§a ~—

FIG. 22.
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Fig. 25 is already on the energy shell, and therefore
cannot decay into two free nucleons. All that we have
said can be literally repeated for the breakup ampli-
tude B. Thus, we see that even partial allowance for
the requirements of unitarity (correct discontinuity
across the elastic cut) leads not only to qualitative but
also reasonable quantitative agreement with experiment.
The solution of the equations in Figs. 17 and 22 does
not even require integration, since they are algebraic.

A completely unitarized amplitude was constructed
in Refs. 13 and 15 by a consistent stepwise scheme. The
corresponding equations are represented graphically in
Figs. 26—29, in which one integrates with allowance
for the conservation laws over all intermediate states
and the particles are taken onto the energy shell (this
last is indicated by the dashed line intersecting the in-
ternal lines of the graphs). Cahill and Kowalski® 15
start from an arbitrarily given function F, which need
not have the cuts A — A, (it may have left-hand cuts).
Then the equation in Fig. 26 gives the amplitude @,
which satisfies the requirements of elastic two-particle
unitarity. Note that if F is identified with I, the equation
in Fig. 26 immediately gives the elastic amplitude A,
since it coincides with the equation in Fig. 17. Substi-
tuting the resulting @ into the equation in Fig. 27, we
construct the amplitude N, which has not only the cor-
rect discontinuity A; across the cut but also the discon-
tinuities A, and A,,. We then substitute N into the equa-
tion in Fig. 28 and already obtain the breakup amplitude
B, which now has the correct unitary properties across
the discontinuities A; and A, . The elastic amplitude is
then obtained by means of the equation in Fig. 29. Note
that R in the equation in Fig. 27 is the two-particle R
matrix, which is related to the T matrix by the usual

equation:
T=R—inR8 (Hy—E)T. (37

Thus, the scheme gives us amplitudes A and B
satisfying all the unitary properties except one—the
dynamical discontinuity A, is not reproduced since F by

L B

FIG. 24,
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its choice should not have singularities there. None of
the other quantities can have the cut A, since they con-
tain only higher iterations of F. For the same reason,
the unitarity condition for the amplitude (3 — 3) is not
satisfied; however, this may not be so important for A
and B since w occurs in them only indirectly, through
the unitarity condition,

In practice, F can be taken to be the simplest graph,
the pole graph, but in it one must eliminate the singular-
ity A,, for which the graph must be taken in the principal
value sense. Specifically, in Ref. 14 the graph shown
in Fig. 30, in which the circles (vertices) correspond
to K matrices and the bar across the nucleon line
means that the 6 function must be omitted, was selected,
Then the solution of the equations in Figs. 26--29, after
expansion with respect to partial waves, reduces to the
solution of a system of one-dimensional integral equa-
tions instead of the two-dimensional equations in the
exact Faddeev method. The results of the calculations
of Ref. 14 are given in Fig. 31 for elastic scattering at
14.4 MeV and are compared with the simple unitariza-
tion (36) and the exact calculation for the Yamaguchi
potential. It can be seen that the more accurate fulfill-
ment of the unitarity conditions leads to a better quanti-
tative agreement. However, a shortcoming of the
method is its complexity—the result cannot be obtained
in analytical form but only numerically, as a result of
successive solution of a system of equations. Therefore,
the practical expediency of the method, in particular for
more complicated systems than the deuteron, is in
doubt. Nevertheless, this is the first method in which
three-particle inelastic unitarity has been taken into
account exactly (for the discontinuity a,).

A different method of unitarization by means of the
introduction of the three-particle X matrix was proposed
in Ref. 34 and used to calculate resonances in a three-
body system in Ref. 35. In this paper, the K matrix was
introduced very formally, and one can show that the
unitarity conditions are satisfied only if the K matrix
satisfies an exact equation which is as complicated as
Faddeev’s. But if the Hilbert-Schmidt expansion is used
for the K matrix and a finite number of terms retained,
as in Ref. 34, the unitarity conditions are violated.
Another shortcoming of Ref. 34 is that the eigenvalues
A,(E) introduced there are not analytical functions of the
energy. Because of this, one doubts the result of Ref.
35, which predicted a resonance in the three -body
system.

Tor- e« JHeE

FIG. 26.
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In Sec. 4 we shall propose a different approach to the
construction of unitarized amplitudes.

4. THE HILBERT-SCHMIDT METHOD FOR
THREE PARTICLES

Hilbert-Schmidt Method and its Physical Intevpreta-
tion: The Example of Two Particles. For 2— 2 reac-
tions, the method known usually as R-matrix theory
has long been used. In the general many-channel case,
this method enables one to write down phenomenological-
ly an S matrix that satisfies the following requirements:
a) two-particle unitarity; b) correct threshold behavior
near the two-particle thresholds; c) appearance of
resonances which decay into two particles (subsystems).
Below, we shall set forth a different approach—the
Hilbert-Schmidt method, which can be regarded as either
a phenomenological (if one wishes) or a dynamical
approach to the calculation of all the characteristics of
the process, including the parameters of resonances. In
the last case, the Hilbert-Schmidt method is the only
mathematically consistent method that enables one to
determine the wave function of a resonance. It is im-
portant that the Hilbert-Schmidt method enables one to
describe a system of two, three, four, etc., subsys-
tems, and the description of two particles by the Hilbert-
Schmidt method is then used to consider a system of
three particles, four particles, and so forth, Here we
shall present the method as applied to three-particle
systems. The principal result and advantage of the
method is that the # matrix on and off the energy shell
is represented as a sum over discrete states—poles
which correspond to virtual or bound states or reso-
nances, and this sum converges rapidly.

For two particles, it is convenient to formulate the
method® on the basis of the Lippmann-Schwinger
equation:

(P*m—Eyom=— | Ve—p) o) dp'. (38)

Introducing the vertex function a(p, E)=(p*/m
— E)(p), let us consider the solutions of the homoge-
neous equation obtained from (38):

Vip—p)ay (0, E)

Peim—E) (39)

ay (p, E)= ™

1 ;
v (E) 5 dy’.
Equation (39) is an equation of Fredholm type for E<0
and, moreover, the kernel of an equation of Hilbert-
Schmidt type. For all the remaining E off the cut E= 0,
the solutions and eigenfunctions p,(E) are obtained by
analytic continuation in E from the region E <0, where
the set p,(E) is discrete and does not have accumulation

FIG. 28.
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points. Moreover, the set q,(p, E) forms a complete
system for expansion and operation of all operators
which are determined by kernels expressed in terms of
the kernel of Eq. (39). For example, the equation for the
t matrix has the form

( Vip—p" 1t p'i 3) dp”.

tp 5 )=V (p—p)— | — (40)

It can be seen from this that ¢ can be expressed in terms

of the resolvent of Eq. (39) and can therefore be ex-
panded with respect to a,(p, 2).

As usual, we write down for an equation of Hilbert-
Schmidt type an expansion of the kernel:

Vi(p—p) = —\,‘_ iy (p, 2) as (—1', 2). (41)
Then
1 0 A= =3 0o b, Han(—p, ). (42)
=
The functions a,(p, z) satisfy the normalization
Rea- Rl el LR N Y (43)

For a centrally symmetric potential it is convenient
to separate out in a,(p, 2) the explicit dependence on the
angle [and accordingly from the index (v) separate out
the quantum numbers [ and m]:

a (P 2= aw (s 3) Vi (BP), (44)
and for £,(p, p'; z) we then obtain

t(p. p's 2)= —%2 T au (y D aw (', ), (45)
and the normalization condition for a,,(p, 2) is

g % pEdp = Byyr. (46)

The Hilbert-Schmidt eigenvalues u,,(z) depend on Z,
although in what follows this index will be always omit-
ted for simplicity. The kernel of Eq. (39) being real for
E <0, it follows that u,(E) is a real analytic function for
an Hermitian potential V:

By (2%) = 13 (2). (47)

In addition, taking the Ith partial wave of Eq. (39), we
find that3®

ay (p, 2) ~ p'.

(48)

FIG. 30.
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FIG. 31. 1) impulse approximation; 2) exact calculation; 3)
unitarization of the simplest graph; 4) quasiunitarization of the
two first graphs by Sloan’s method.

and also that

(49)

My, 1(2) ~3'*1 3
=0

v (p, 2%) =a¥ (p, ). (50)
It can be seen from (49) that it is convenient to intro-

duce the variable k=Vmz and consider u,,(k) on the

whole of the k plane; then y, (k) is an analytic function

of k everywhere in the upper half-plane of k. The ele-

ments of the S matrix can be expressed in terms of

K, (k) directly®38:

Sty Lapal=h

T ® (51)

e

It can be seen from (45) that a tending of u,(z) to unity
at some negative z means a pole in the ¢ matrix, while
a tending to unity at a complex point z=z,=E, - iT'/2
gives the Breit-Wigner resonance formula. Then a,(p, 2)
[or rather wu( p,zﬂ are, respectively, the wave functions
of the bound state and the resonance in the two-particle
system. In order to understand better the physical
meaning and significance of our result, let us go over to
coordinate space. We write down the equation equivalent
to (38) and (39):

[Ho+—tV )] e r. B) =By (r, E). (52)
iy (E)

The boundary conditions follow from the homogeneous
equation (39) for E=E +i5, 6 >0:

Y, (r, E) finite at zero } (53)

Py (r, E) — exp (ikr)/r. r — oco.

It can be seen from this that when Im k>0 one must take
an asymptotically decreasing, and therefore normal-
ized solution, The normalization condition for the func-
tion ¢, (7, E) corresponding to (46) is
(s BV () bw () B d= —pyiye. (54)
For E <0 there also exists the ordinary normalization
integral, because p,(E,)=1 determines a bound state at
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the point E, and p;'(E) itself shows by how many times
the potential must be deepened in order that a vth level
arise at the energy E.

One can immediately establish how rapidly the u,(E)
decrease with increasing v by taking a finite-range po-
tential and noting that qualitatively the picture in such a
potential does not differ from that for the potential of a
rectangular well, and that the situation in a sufficiently
deep well (v— =) does not differ from that in an infinite-
ly deep one if the energy is measured from the bottom
of the well. In such a well of radius R, the energy of
level v is given by

B, =2t/ (mR?).

Hence, going over to measuring the energy from zero,
as usual, we obtain

[ Vol (B)] =] E|+-12a%(mR?%) and |V, | [u, (E)] = [ E |-+ 12a2v® (mR*).
(55)

From (55) we readily find

iy (B) = | Vo |/l| E| 4 h2a2v2 (mR2)). (56)

Thus: 1) u,(E) decreases as 1/v%; 2) the decrease as
v— begins when v y,, where 12~mR?| E|/(i%1?),
i.e., with increasing energy it is protracted; 3) u,(E)
for fixed v decreases with increasing |E| as 1/|E|. By
virtue of the analyticity of u,(E), this property must be
preserved as | E| — » along any ray. Because of the de-
crease (,~1/1? there is also decrease of the wave func-
tion g, on account of the normalization condition (54).
Then the vertex functions a,(p, E)~1 as v— < as well and
the complete series for the f matrix converges even
faster; the successive terms in Eq. (45) decrease as
1/v*. This is extremely important for practical appli-
cations of the Hilbert-Schmidt method.

We now turn to E>0. Note that the asymptotic condi-
tion (53) and the normalization condition (54) are analytic
in the energy and can also be used when E>0, in con-
trast to the ordinary normalization condition [ Ipl|®dr=1.
Therefore, for the resonance E=E,-iI'/2 one can use
d,(r, E;) as the wave function of the resonance. For ex-
ample, the shift in the position of the resonance as a
result of the perturbation V,(») is given by the
equation®

AE= [ V() iy (. Enpdx/ [ 16, Eoledr. (57)

Here the integral in the denominator of (57) converges
for E,=E,+i5, 6—-0, i.e., in the usual physical
limit,

The wave function y,(7, E) also determines the mean
values of the operators; for example, for the magnetic
moment of the resonance we obtain

Re § Wy ir, By gy (r, E)de

el § [ty . ENar

(58)

The symbol of the real part removes the imaginary
correction, which arises because the width of the reso-
nance is changed in the magnetic field.

Thus, resonances can be treated here on an equal
footing with bound states., For an energy E>0, the
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boundary condition (53) presupposes that the particles
are created by the potential V(»)/ . (E), and therefore
m[V(r)/p,(E)]>0. For a real attractive potential, V(r)
<0, it follows that Imp (E) >0 for E> 0. On the other
hand, if the potential V() takes into account inelastic
absorption as, for example, in the case of the potential
of a black sphere, we have ImV(») <0 and then pu,(E)(E
>0) must have Im ,(E) >0 a fortiori. However, for
complex potentials the condition (47) is violated, and
therefore u, (E - i6)=p,(~ k), which enters the expres-
sion (51) for the S matrix, may be real and equal to
unity. Then S,(k)=0, which corresponds to a perfectly
absorbing sphere. Note that in the case of complex
potentials for which the imaginary and real parts have
the same form p,(E) is redefined in a simple way:

L, (E)=[,(E)ReV+iImV)/ReV, where [i(E) is the solu-
tion for a real potential. Different cases of explicifly
solvable potentials for the determination of p,(E) are
given in Ref. 38. If the potential has an infinite repulsive
core, then the method is modified simply. * Some of the
questions touched upon here have been considered in
more detail in Refs, 17, 36—38, 40.

Hilbert-Schmidt Representation for Three-Particle
Amplitudes. For a three-particle system described by
the Faddeev equation® one can apply Hilbert-Schmidt
theory consistently since this equation is of Fredholm
type. If, as before, we restrict ourselves to the case
when the pair of interacting particles has zero relative
orbital angular momentum, /=0, and the Hilbert-
Schmidt expansion (45) is used for the two-particle ¢
matrix, we can represent the eigenfunction y,(k,p) of
the homogeneous Faddeev equation with eigenvalue
¥,(2) in the form™

1E (i, p) == Zn ) 3 g (k. m) B (p. 2). (59)
Here
ut=mz —3p 4; z=FE -ib. (60)

For the chosen [ =0, the total angular momentum of
the system is equal to the third particle’s: L. In the
functions B% (p,z) it is convenient to separate the angu-
lar dependence:

(61)

Then b (p,z) are solutions of the homogeneous Faddeev
equation:

bh (. 2)= Yo (p ) Ui (p. 3).

b{‘-n (P- z) = 1n (2) 2 S ﬁ‘f"\" (p- {J'; z) I’\r"‘nl (.”f- z) 1’)'2 'ij'"r (62)
o
where the kernel of the equation is
G fo gy | _dC0SOPL(cos®) My (%) Py B
v (P p’z)_mj(n’+pp'+p"-'—m=) TT—ny. (2] “*(1 F+r| %)
xaw (| 540, 22 (63)

Gzpp. ®w'2=mz— 3p'¥4.

The eigenfunctions of Eq. (62) satisfy the normaliza-
tion condition

Z‘, S by (P, 2) b (P, 2) ””H‘“:n) p*dp = O, (84)
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ay(k, k)
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FIG. 32.

and the kernel of Eq. (62) can be expanded in the usual
manner in the eigenfunctions o (p,2).

The important point for what follows is that the 3— 3
amplitude w(kp, %'p’; z) can, as can be seen from Eq.

.(8) and was shown in Refs. 16 and 17, be represented in

the form
w(kp, k'p’; 2) =
Selloan Py () ay (K, #3/m) w. (') @, (K7, %' m)
= ?T T 1A 1= e ()] (65)
¥ 10y (p, D5 2),

where the function w,, (p,p’; 2) satisfies an inhomoge-
neous equation®® whose kernel in fact is identical with
(63), and the partial-wave amplitude u%, (p,p’; 2) is in
fact the resolvent of Eq. (62). It therefore has the
expansion

b (p, 5 6L, (1) )

1—7vn (2) (66)

whe (o, P B = D)
Here the partial-wave amplitude wk, (p,p'; 2) can be
expressed in terms of the total amplitude w,,. (p,p’; 2)
[the expression (65)] in the usual way:

Wyyr (P P; 2) = § (2L +1) Py (cos 0) wh (p, p'; 2). (67)

From Eqgs. (65) and (66) and the definition of the
scattering and breakup amplitudes, one can readily ob-
tain the Hilbert-Schmidt representation for the ampli-
tudes A and B. To be specific we shall assume that the
eigenvalue v=1v, corresponds to the deuteron pole.

Near the pole, we have the expansion p,(z) =1+ plo(~¢)
X (z +¢) and the function @(a)=a,(ia, —€)/Vu,(=€) is
the deuteron wave function (@?=1me) in the usual normal-
ization when {(k,k"; z) = (k) ¢* (%) /[4n(z +€)] ++-- . As a
result, we obtain the following Hilbert-Schmidt expan-
sion for the partial-wave amplitudes!”:

L ey )
AP B =g, (-F)E o @) (68)
and
B (p, k'p'; 2)
S )] Z 2 to () ay (K, B'2m) bhn (B 2) U5, (0, 2) (69)
Vi, (=0 =gy (F)] =7, @]

Note also that the inhomogeneous term of Eq. (8),
which we denote by w'® (kp, k'p’; z), allows a repre-

FIG. 33.
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FIG. 34.

sentation in the form (65), and that its partial-wave
amplitude w'*(p,p’; z) has the expansion

vt

1)

O 0 9 =L

Wy

3 5 o (0 5) O (' ), (70)
n

Graphical Representation and Analytic Properties of
the Hilbevi-Schmidf Sevies. Above, we have represented
the physical scattering and breakup amplitudes in the
form of the Hilbert-Schmidt series. With each term of
this series one can associate a simple graph, it being
important that all the graphs have the same representa-
tion and differ only by the dependence of the vertices
and the propagators on the indices v and n.

We shall represent the external lines corresponding
to observed particles by a continuous line; the observed
deuteron, by two lines. The graphical representation
will be based on the following identifications:

1) the two-particle vertex corresponds to the function
a,(k, ¥*/m), and will be denoted by a complete circle,
as in Fig. 32(a);

2) p,(k)/[1 - (k)] acquires the meaning of a propaga-
tor, and will be represented by a wavy line, We shall
say that the wavy line corresponds to the propagation of
an eigeon with index v;

3) we associate the three-particle vertex with the
funetion bfn(p,z) and represent it by a hatched circle
(see Fig. 32(b)). A particle line and a line of a two-
particle eigeon enter this vertex and the zig-zag line of

the three-particle eigeon leaves it;

4) the four-particle propagator takes the values [1
- %,(z)]"*, and we shall represent it by a zig-zag line.
This line corresponds to the propagation of a three-
particle eigeon.

Thus, to each term of the series for the 3 — 3 partial-
wave amplitude w” (kp, #'p’; z) there corresponds the
graph shown in Fig. 33. The elastic scattering ampli-
tude A, is represented as the sum of the graphs shown
in Fig. 34(a). We recall that the eigenvalue v =y, cor-
responds to the deuteron. As a further example, we
show in Fig. 34(b) the graphical representation of the
nd—~ nd* amplitude, where d* denotes the singlet state
of a deuteron—a virtual pole in the two-particle sys-
tem. We shall assume that the Hilbert-Schmidt eigen-
value with number v =y, corresponds to it. This ampli-
tude is frequently determined experimentally.

As can be seen from the graphs and the explicit ex-
pression for the amplitude, w”(kp, k'p'; z) is a sum over
the resonances in the two-particle channel. The posi-
tions of the two- and three-particle resonances are
determined by the conditions w,(#)=1 and ¥ (z)=1,
respectively. The question of three-particles reso-
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nances is discussed in detail in Sec, 6, Here, we mere-
ly emphasize that all the singularities of the amplitude
w except the dynamical cut are reproduced by each term
of the sum. Namely, the FSI cuts arise in (65) because
of the singularities of the functions a, and p,, which
depend on the momenta %’ and p’ in the final state, and
also of the functions b,,(p’, z).

The elastic (—¢, =) and three-particle (0, =) unitary
cuts arise solely from the functions b,,(p,z) and y,(z).
With regard to the dynamical cut, the situation here is
the same as when allowance is made for the potential
cut in the two-particle ¢ matrix in the Hilbert-Schmidt
expansion. It is well known that a finite number of
terms in (45) does not contain the left-hand potential
cut. However, for the energy values E > —¢ of interest
to us, this cut is in the unphysical region and the ¢
matrix is reproduced to a high numerical accuracy by
the first few terms. It is important!” that the successive
terms of the series decrease as 1/1*, Similarly, in the
three-particle scattering and breakup amplitude the
dynamical cut is in the unphysical region,?® and it is
therefore sufficient to reproduce numerically with good
accuracy the values of the amplitudes for energies E
>—e¢. In fact we have already shown that the eigenvalues
y,(z) increase with » as #2, and therefore the Hilbert-
Schmidt series for the three-particle amplitudes de-
creases at least as 1/#%. This presupposes that the
first few terms reproduce numerically with high ac-
curacy the three-particle physical characteristics.

Indeed, the first numerical calculations?? showed that
the nd scattering length in the spinless case and for the
quartet state is determined by the first three terms with
an error not worse than 5%, and the second eigenvalue
7;' is about five times smaller than ;. It is true that
the situation worsens in calculations of the doublet nd
scattering length, for which five terms are required to
achieve the same accuracy.*? The slowing down of the
convergence of the Hilbert-Schmidt series in this case
is due to the small absolute value of the doublet scat-
tering length, and although y;' is approximately 3.5
times less than 37', they make contributions of opposite
signs, and the first two terms of the Hilbert-Schmidt
series cancel strongly.

We should also like to emphasize that if for some
physical reasons the dynamical singularity is very im-
portant, for example, at high energies E >100 MeV, it
can be separated out explicitly. For this, we note that
the entire dynamical singularity is contained in the in-
homogeneous term of Eq. (8), which admits the Hilbert-
Schmidt expansion (70). If to the amplitude wZ, (p,p'; 2)
(66) we add and subtract the term w2, we obtain
b (p, 2)bL., (', 2)

T @ U=

L , 0L
Wy (P, p'5 2) = w&'v)‘

(P P38 +4 D) (71)
After the separation of the dynamical singularity, the
sum over n in (71) decreases faster than the original
series, since it contains the additional factor y,(z),

which increases as »® for large n.

Let us also dwell briefly on the main analytic proper-
ties of the three-particle eigenfunctions and eigenval-
ues. In Ref. 41 it was shown that
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n (2%) = ¥h (2); b m (P ""*)_bvn(Ps z). (72)

Near p— 0
bl (p, 2) ~ p% p—-0. (73)

The function y,(z) has characteristic singularities at the
two- (z=—¢) and three-particle (z=0) thresholds.*

Near z=—¢, the function y,(z) has an ordinary root
singularity [like the two-particle eigenvalues p,,(k, E)
near E=0]:

Y5 (2) ~ (z-€)- .

At the point z=0, from which the three-particle uni-
tary cut begins, 7{; (z) has a logarithmic singularity:

Loz, z—0. (75)

L 2-
Vi(s) ~ 2

For the three-particle eigenfunctions b% (p,z) in the
region z <0 one can establish the sum rule

I 12
| = daimp < 1By (05 2
A (—€) = T—yp @m0
n

=il 2, 00 (76)

which holds for all m. Solving the system of algebraic
equations (76), one can obtain for the §; matrix the
representation

©  feakisy

== (77)

Voo &

Here, z, and z_ are the values of the energy on the up-
per and lower edges of the two-particle cut beginning at
the point z=—-¢. For z <0, in accordance with (72),
y,(2.)=7*(z,), and therefore for each term in (77)

e L

!ﬁ =1. @< (78)

i.e., the representation (78) automatically ensures
unitarity.

If the two-particle cut is now directed above the
three-particle cut, Eq. (77) can be analytically contin-
ued to z >0 as well. The value z_ must be chosen at a
point between the two cuts. Then (77) takes into account
only the elastic part of the discontinuity of y,(z) and
v,(2.)#1%(z,) for z>0. One can show that at the same
time 15,1 <1,

Unitarity Conditions in the Hilbevt-Schmidt Repre-
sentation. Having represented the three-particle ampli-
tudes as a Hilbert-Schmidt expansion, we can once
more reformulate the unitarity conditions and study
their consequences. Let us first consider only the un-
tary cuts, i.e., the discontinuities A, and A;: A =A,

A.. It is easy to show'” that the unitary condition re-
duces to the form

Aus‘- b&n(Pv 2) b\; ﬂ(P s %)
2Tk

2 b5 (P 2) Vo (2 2% MT () f29)
e 2 T—vn @Yy 2] °
where
Mrm (z)= 3},,—{2) vun (Poy 2) b\nﬂ (Po» 2*)

+ { Pidp Vma—3pi7 fu (pry 2) e (P> )
[
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% 8 (mz—3p/4) + 2 \ \‘ prdpips @pafa (p1s 2) far (P2, 2%) (80)
mz— p}— pi | mz— p} — k|
X Py ( .MJl ) [ 1~ PiP2 J i

Here p2=4(mz +me)/3=4(mz +a?)/3;

Wy (%i)

fn (pr5) = 3 (2B ay (s, 26 /) byn (P, 2) (81)

and, as usual, ¥} =mz - 3p}/4.

What can we say about the unitarity condition (79)? It
is clear that if the eigenfunctions b (p,z) and the eigen-
values 7£(z) are an exact solution of Faddeev’s equa-

tion, the unitarity conditions must be satisfied auto-

matically. Nevertheless, this relation can be helpful
and important, first, to establish the principal singular-
ities and the analytic properties of the functions

bE (p,z) and ¥,(z) and, second, to construct phenomeno-
logical functions satisfying these relations. Further, we
see that the unitarity conditions in the form (79) estab-
lish only the connection between ¥,(z) and b,,(p,2) and
do not impose restrictions on the choice of b,,(p,z) if
they are regarded as certain phenomenological
functions.

Hitherto we have taken into account only the unitary
discontinuities A, and A, of the amplitudes. We have
already pointed out that the scattering amplitude A has
only unitary cuts, but the breakup amplitude B has in
addition the FSI cut beginning at the point z, = 3p"%/4m.
This discontinuity is made up of the discontinuities A,
and Ag (12) and imposes additional restrictions on the
choice of the functions b,,(p,2z). In general form, it can
be written as®®

AsBY (p. K'p's 5) = — imAn2L (K, K'; 2 —3p"2/4m)
25 {k’BL (p, K'p's ) +L S dpiB® (p, %4py; 29) (82)
mz— pf —p”* |"l---'p — pil
#ip ! PP ) 0[ P J

As one of the possible ways of constructing phenom-
enological three-particle amplitudes satisfying all the
unitarity conditions, we can put forward the following.
Choose 0% (p,z) in the form

b, (p, 2) = ay (k) ea (D, 2). (83)

Here a,(k)=a,(k, k*/m). For this parametrization, the
indices v and »n separate, and the problem greatly
simplifies. In addition, for simplicity we restrict our-
selves here to a single eigenvalue n=1, and (83) is
then replaced by

bE (p. 5) = ay (K ¢ (p, 2). (84)

For the eigenvalue v =, corresponding to the deuteron
pole we have k=ia, the function ag,(ia) is a number,
and one can therefore assume that b%(p,,2)

=Vl (=€) @ (@)c(py,2), where ¢{a) is the deuteron
wave function and p, is determined by (81). Then from
the definition of the three-particle amplitudes (68) and
(69) we obtain the representations

2 2
Ap(po, 9= T L0l (85)
e ¢ (po, 2) € (D, 2)
BL (Po, kp,.ﬂ)—-‘(’b)f[}'{@) v?'-":[i“?(‘]] ] (86)
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where the expansion (45) of the ¢ matrix has been used
to derive (86).

In this approximation, the unitarity condition (79) is
reduced to an inhomogeneous Hilbert problem and it
establishes a direct connection between the eigenvalue
y(z) and the choice of the function c(p,z) '

1 ¢ My (z') dz’
=18 =on {% 1;L)z.

+P @} (87)

Here, P(z) is an arbitrary function that does not have
singularities on the same contour as y(z); M,, is de-
termined by Eq. (80), in which we must retain only one
eigenvalue and use the parametrization (84); @(z) is
the function defined by

c(p. z+18) = Q (z) e (p, 2 —1ib). (88)
The unitarity condition (87) in principle allows the
choice of ¢(p,z) as a constant, although the additional
condition (82) on the FSI cut excludes this possibility

since it imposes definite restrictions on the choice of
c(p,z); namely, it follows from (82) that

Mse (p, ) = — 12§ dp2t (uy, 245 30— 3p3/m) c (py, 24)

(R -]

(89)

Having chosen functions c(p,z) and y(z) which satisfy
the conditions (80), (87), and (89), we have thus con-
structed three-particle amplitudes with all cuts except
the dynamical one. In the next section, we shall con-
sider in detail the unitarity conditions on the FSI cut. It
is important that one can find solutions for which c(p,z)
and accordingly b(p,z) do not have a discontinuity
across the cuts A, and A;, so that the connection be-
tween y(z) and ¢(p,z) remains as in (87) and (80).

5. FINAL-STATE INTERACTION

We begin by considering the unitarity conditions for
the final-state interaction. If we restrict ourselves to a
single partial wave for the interacting pair (I=0), we
can always represent B, in the form

By (p, K'p'iz)y=t(, ks 2— 3p™dm) cr, (p, k', p'; 2). (90)

Substituting this expression into the unitarity condition
(82), we obtain for ¢, exactly the same expression for
the discontinuity A, as in (89) for ¢(p’,2). Since p is
unaffected by the unitarity conditions, and %’ and p’ are
related by the law of energy conservation, we can with-
out loss of generality consider Eq. (89).

Note that the representation (90) already separates
out explicitly the Migdal-Watson effect, which is de-
scribed by the first factor. The second factor also con-
tains a dependence on k', which distorts the Migdal-
Watson effect. Below, we shall obtain in explicit form
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this dependence, which physically deseribed the influ-
ence of the third particle on the interaction of the pair.
The second reason why the Migdal-Watson effect is
distorted for identieal particles is more trivial and
arises because of the symmetrization of the amplitude
B, in the experimentally observed cross section in ac-
cordance with Eq. (21).

It is convenient to consider the discontinuity A,, in-
troducing the variables »?=£'? and z instead of p’ and
z. Then the FSI cut begins at +*=0 and does not depend
on z. Note that in our treatment p’ has always been a
real number. Therefore, »* and z have the same imagi-
nary correction, and the expression for the FSI discon-
tinuity can be rewritten in the form

er (2, 2)— ey (42, 2)
(x+ VT mz—n)2/4

=V Ve Flenseai—n OV
' (n- VI Grz—mm)es
wE 2 —Smz /4 s
%Py, (——mm) cr (%2, 2,).

Here we have introduced the parameter A =1 for three
identical particles, and A =-1/2 for the quartet state
of three nucleons.

Note that the discontinuity on the left in (91) is not an
analytic function of »* (in the sense of the difference of
the values of an analytic function above and below the
cut), since the energy argument z is different in the
first and second terms on the left. At the same time, it
is ¢, («2,z,) that determines the physical value of the
amplitude in the experimental cross section. Instead of
the discontinuity (91), it is convenient to consider a
different discontinuity, only with respect to the variable
»® for fixed z, and introduce the variable ». Then Eq.
(91) is replaced by

op (%, 24) —cp (— %, 24)
" . [VEmz—=24+x)/2

TT/EWT—V‘ doy [exp (216, (%)) — 1] (92)
VI -m %2
v Py (M) vty )

Vimz—x?) (ma—x] )

A difference between the right-hand sides of (91) and
(92) arises for »*= 3mz/4, when the lower limit in (92)
becomes negative, which in the variable »* would mean
the position of the contour of integration shown in Fig.
35 by the dashed line. The contour of integration in Eq.
(91) is indicated in the same figure by the dashed line.
Thus, the discontinuities in Eqs. (91) and (92) indicate
the different ways of circumventing the singularity,
whose position depends on both %* and z. The origin of
this singularity and its position can be found from Fig.
36, on which we have shown one of the graphs corre-
sponding to Egs. (91) and (92). The dashed curve corre-
sponds to replacement of the corresponding propagator
by a 6 function. The graph in Fig. 36 has a triangular
anomalous singularity, which arises for v?= 3mz/4,

%p’

/
/
| é})’:’_x
/

FIG, 36.
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z>0. It is important that the triangular anomalous
singularities arise only when Im+*+Imz <0 ***; there-
fore, the functions ¢, (x2,z,) and ¢; (43,2_) do not have
them, while ¢; (-x,2,)=c; (42,2,) does. Accordingly,
the solution ¢, (- %, 2,) becomes infinite as (mz —»?)"!/?
in the limit »— —Vmz, but this must not perturb us,
since we are interested in only the final product—the
physical amplitude ¢; (*%,z,), which does not have these
singularities.

Equation (92) is a homogeneous integral equation for
the function ¢y, (»,z), which can be solved explicitly in
some of the most interesting cases. The amplitude of
two-particle scattering in (92) can be expressed at low
energies in the form

Fa () = {exp [2i8, ()] — 1} (2i%) a /(e — i), 93)

in which @ ==1/a, where a is the scattering length.
The most characteristic and interesting features of the
final-state interaction arise when the scattering length
is long, i.e., a7,< 1, where 7, is the interaction range,
so that the form of the amplitude (93) holds in the fairly
wide range »r, <1. When (93) is substituted into Eq.
(92), two limiting cases arise. Since the effective val-
ues are w~Vmz [as can be seen from the limits of inte-
gration in (92)], these cases are: 1) Vmz > lal; 2) Vmz
« |lal, Let us consider first case 1) and ignore @ in
(93) compared with ix. Then, introducing the notation

(94)

we obtain the following equation for i if for simplicity
we set L=0:

r=»'Vmz; Pz, 3) =V ma— x2cq (. 7).

VIt +sl/2

Y (z, ) — Y (—az, z):—ﬁfn \ d‘rl% 95)
(VI3 -a/2 :
We see a solution of (95) in the form
W (2, 5) = exp (b aresin £) — D exp (—b arvesin z). (96)

From the condition that c(x,z) be finite for x=Vmz we
obtain D =exp(b7), and then substituting the solution
(96) into Eq. (95) we obtain a condition on the parameter
b:

el b 2 = (82/)/ 3b) sh bat/G. (97)
The condition (97) coincides with the corresponding con-
dition for the roots in Ref. 45. This is not surprising
since Eq. (95) can be obtained from the Skornyakov—
Ter-Martirosyan equation (46) which was written down
in Ref. 45 in the approximation Vmz > «. Indeed, it is
obtained by taking the discontinuity with respect to the
variable p, in Eq. (1) of Ref. 45. Therefore, the solu-
tion (96) also corresponds to the solution of the
Skornyakov—Ter-Martirosyan equation in the first
limiting case Vmz > o investigated in Refs. 47 and 48.

Note that the equation for the discontinuity (95) deter-
mines only the dependence on the variable » (or rather,
x=w/Vimz) and in no way determines the dependence on
z or the initial momentum p in the breakup amplitude
B, (p,k'p’; 2). This is perfectly natural, since the uni-
tarity conditions do not uniquely determine the ampli-
tude, in contrast to the dynamical equations, and,
therefore, to find the amplitude one must in addition
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specify the analytic properties at the nearest singulari-
ties, as we discussed above.

The case L#0 can be studied in the same way as in
Ref. 45, and the solution again written down explicitly.
Here we shall not dwell on this question.

Note that Eq. (97) has a root 5~1 and therefore in
the function i the variable y varies over distances of
order vmz > | al, whereas the first term in (90)—the
“pure” Migdal-Watson effect—varies appreciably over
distances »~la|, Therefore, subject to the condition
(1), Vimz> a, exact allowance for FSI hardly distorts
the simple Migdal-Watson expression. In addition, the

‘distortions resulting from symmetrization for identical

particles are also small under this condition.

We now turn to the case of low energies, when the
condition (2) holds: Vmz < @. Instead of (95) we now
have

¥ (r, 2) =P (—z. 2)

__V3a=—ah+xli2
_ 8Bik Vmz % ¢ \

s (98)
=13 =

oSl P (x4, 2)-

Vi=s

V3 (I-x9)-x]/2

Because of the small factor in front of the integral in
(98), this equation can be solved by iteration:
Vo

V(2 2) = Yo (2, 2) +——— P4 (2, Z) + . ..

(99)

For small z, the function ), which depends analytically
on % and z in the neighborhood of »=0 and z =0, can be
expanded in a series with respect to these arguments
and one need retain only the constant term in 3,. Then
(98) determines ¥, in terms of ¥, to terms of order
W/ a?:
@ )= (0, 0) (1480 L= o) 4 (100)

This procedure is essentially the simplest variant
of the expansion used in Refs. 49 and 50. The practical
aim of such an expansion is to recover from experi-
mental data @, which is proportional to the scattering
length: for example, in the case of 7N — 77N reactions
or K— 37 decays, to extract the n7 scattering length.
Equation (98) in conjunction with (90) shows that this is
in principle possible since the unknown i, enters as a
common factor. However, as was noted in Refs. 49 and
50, for identical particles the modulus of the square of
the expression (100), which occurs in the cross section,
contains ¥*/a@? and not »/a. Terms of the same form
arise in the cross section and the decay probability from
the expansion of §i(x,2) in powers of z since z ~&, +#,
+%2,, but the coefficient of z is unknown. Therefore, in
the case of identical particles this procedure for finding
the scattering lengths does not work, although for non-
identical particles term linear in /o can arise in the
cross section.® In Refs. 49 and 50, besides the fairly
trivial case Vmz/la| <1 and the equivalent case Vmz/
la,| <1 for three nonidentical particles, an investiga-
tion was also made of the case when this condition is
satisfied for two pairs of particles but not satisfied for
one of the pairs: Vmz/a,, >1. In the amplitude, only
terms of first order in Vmz/| a | ~Vmzr, and any order
in the ratio Vimz/la ;| were retained. The same results
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can be readily reproduced in the present formalism. In-
stead of Eq. (91) for nonidentical particles we have a
system of three equations for the amplitudes C{* con-
taining t“® in the kernels. Therefore, the solution re-
duces to iteration of this system with retention of terms
proportional to t@ ~, and t"® ~#,. However, Eq. (91)
in principle gives one the possibility of obtaining a solu-
tion in the general case as well, when all three pairs are
in resonance.

6. THREE-PARTICLE RESONANCES

We consider a system of three particles interacting
in such a way that at least two of the three pairs form a
two-particle resonance. For identical particles, which
we mainly consider here, a resonance must be present
in each of the three pairs. The question arises of
whether in such a system a three-particle resonance
(or a bound state) arises and what will be the analytic
structure of the three-particle amplitude. We shall show
in what follows that, using the unitarity conditions de-
rived in Sec. 3, one can answer this question fairly
fully and determine the conditions under which a reso-
nance or some other structure arises in the three-parti-
cle system.

We shall proceed from the unitarity conditions (9)—
(14) for the amplitude w and define purely formally the
amplitude C;, which in what follows we shall call the
amplitude of the resonance particle:

w (kp; k'p'; 2)

= 3 (2L +1) P (00305 (8) Cu (9 s )1 (K). (101)

From (9)—(14) for the amplitude C, one can then
readily obtain unitarity conditions which have the same
structure but do not contain the terms 4,; or 4,,. We
also omit the term A;, assuming that there are no bound
states in the two-particle system. As we have already
mentioned, A, and A, are related physically to the FSI
effect, and therefore mathematically they are exactly
equal to the discontinuities of C, with respect to the
variables p and p’, or rather the variables o=F%*/m and
o’ =k'?/m (the latter are more convenient, since the
branch points with respect to ¢ and 0’ do not depend on
z). Thus, for the amplitude C; (0,0’;z) we obtain the
following expression for the discontinuity with respect
to the variable z:

A’CL(G’ Gr'z)=J1‘+J4+Jan (102)
where
Jy=— 2;;r:i Priz(p, p)10[1—[z(p. P') |15 (103)
32, . ;
Jo= —Zimen | dogk(o) ¢ (k) e (0, 04+ 18, 2+ i)
X Cp, (0y—ib, 0", 2 —i8); (104)
Jy= ﬁ‘igjimiiniiggdﬁldﬁgcl, (g, 0y - 18, z + i6) (105)

% Cy (0 —i8, 0°, 2—18) ¢ (k) £* (k) X
K Pr [z (prs p)]1O[1 —| 2 (py1, pa) |l
Here we have everywhere taken into account the ener-
gy conservation law
z=k¥m 4 3p% (4m) = o + 3p?/(4m)
= k'2/m -1-3p'?/(4m) = o' - 3p’2/(4m)
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and introduced the notation

2 (p, g) = (mz — p2—g*)/(pg). (1086)

In our statement of the problem, the two-particle ¢
matrix is given by the Breit-Wigner expression:

t (k) = I/[4n®mk (k2/m — € +iT/2)], (107)
where I' is the total width; € is the excitation energy of
the resonance. Then one can show that the term J; is
small compared with J,, namely, J;/J,<T'/z.

In the situation of interest to us, the three-particle
resonance must decay into a two-particle resonance and
a third particle—states which are present in J,—and not
into three uncorrelated particles, which make the main
contribution to J;. Physically, this justifies the neglect
of J, compared with J,.

Note also two important factors that are usually
ignored in the literature (see Refs. 51—54 and the ref-
erences cited there). First, C,(0,0’,z) has singulari-
ties and corresponding discontinuities with respect to
o and o', and one must distinguish the sides of the cut
in the o and ¢’ planes on which the value of the function
is taken. Second, it is only for the function C; (o -8,
o’ +i6; z) that the unitarity conditions (104) contain the
same functions on the right-hand side of the unitarity
conditions as on the left, i.e., form a closed system of
equations. In (104) one can, to within terms of order
T'?/z%, extract the function C, at the point of the pole
0, =¢. Then, integrating with the remaining part of the
integrand, we obtain [we set also 0=0"=¢ and denote
C,le—1id, e+i5. 2)=C,(2)]

2ami

B.Cr (@)= 5= Py [z (pr. pR)] X O0[1 =[x (pr. pR) |1 —

_%..%%n(z_e)a (2 i6) Cp (z—ib); ph=4m (z—E),’S.} Wos)

Equation (108) is very similar to the two-particle
unitarity condition, and the first term acquires the
meaning of the dynamical (usually the left-hand) cut. It
is convenient to go over to the dimensionless variable
y=(z —¢)/e and by an obvious substitution replace C, by
a new function M(y), for which the unitarity condition
takes the form

AM (y) = 24E () O (y—v1) O (y2 —y)

+2i0 (1) V' y M (y —i6) M (y - i6). (109)

Equation (109) can be derived similarly for relativis-
tic particles; we give the values of all the parameters in
(109) for a relativistic case when the three spinless
particles have masses u, u, m; the mass of the two-
particle resonance in the 4 +m system is p+m +e,
and the square of the total energy of the three particles
is S, as is shown in Fig. 37. In this case

y=[S—(m+2u+€)?/[2€(m+2n+€)];
£ () =aTEPy. (o) dey; } (110)
where
tm AL EP (2 € FEML IO Y] (111)
V@m+-2u+€) (n+€72) (1 +€/2) Cn+m+€)
2m--E L9 »
= e i yp— EREEL O oy (112)
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The value of u, is determined by the energy y and is
the cosine of the scattering angle in the graph in Fig.
37 at the point of the pole. The parameter ¢ depends on
the masses and the energy and is everywhere greater
than unity.

Equation (109) can be solved if, as in the ordinary
N/D method, we represent the amplitude in the form

M (y)=N (YD (y)- (113)

and require that the discontinuity £(v) be given by the
function N(y). However, in contrast to the ordinary
procedure® the singularities of D(y) and N(y) are here
not separated by any interval. From (109) and (113) we
obtain

Vs

N =5 | ) D)
¥i

(114)

1 v dy’ Nyl
D (y) -1_'.-?; T i
where the subscript — means that the value of the func-
tion is taken on the lower edge of the cut. Substituting
(114) into (115), one can obtain an exact solution in the
form

(115)

%

dx

D (y) = exp{ s \__: oy et )}, (116)
where x=Y7y;

g (z) = 1— 4zE (2%); (117)
for L=1, the solution (116) must be multiplied by

P@=(1+ \ Tring(@)). (118)

Note that this solution corresponds to summation of
the ladder graphs shown in Fig. 38. Since we have
hitherto ignored the left-hand cuts, our solution is the
exact value of the sum of graphs in the limiting case
e<<m, [, when the left-hand cuts go to —=. In the gen-
eral case, allowance for the left-hand cuts does not
change the analytic properties of the solution obtained.

The main properties of the solution are as follows:

1) on the physical sheet, i.e., where vy >0, there
are no Peierls singularities in the denominator of the
resonance-particle amplitude. This conclusion contra-
dicts the results of Refs. 51—54. One can show that the
error of these papers results from the incorrect rela-
tive position of the dynamical and the unitary cut;

2) for L =0 on the physical sheet there are no poles
corresponding to three-particle resonances or bound
states of the resonance and a particle. However, in the
case of sufficiently strong attraction (£>0), when glx)
<0 on the interval [,, %,], 2 square-root branch point
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arises in the amplitude M(y), leading to a peak;
namely,

| M () = ’ V Calat V"]‘

z; (23

(119)

3) for L=1, besides this square-root singularity,
poles can arise because of the zeros of the factor (118).
In the case of attraction, £ >0, there arises a pole of
bound-state type (v <0), when g(x) is everywhere posi-
tive. In the case of even stronger attraction, when
g(x) becomes zero, the pole goes into the complex plane
and takes on an additional width.

Let us consider applications of our formalism. They
are possible in molecular, atomic, and nuclear physics
and also in the physics of elementary particles. Let us
discuss two examples. If in a nuclear system consisting
of three particles (three clusters or a core plus two
nucleons) a resonance arises in the two-particle sys-
tems, then for sufficiently large £ ~T't/e there arises
a three-particle resonance or singularity of the type
(119). The calculations show that the 2* level of ®Be (two
a particles) can produce a system of three resonances
JP=1-, 2-, 3" in the system of three a particles (nucle-
us of 2C). However, the most favorable case is that of
a core nucleus plus two nucleons, since ¢ in (111), and
therefore £ as well, is proportional to the mass ratio
of the core nucleus and the nucleon. This mechanism
can lead to the appearance of levels of the nucleus of a
quite singular nature.

In the field of elementary particles, we have investi-
gated the AN system with different quantum numbers.
It was found that in the states J£, T=1*,2 and 2*,1
there arises a singularity of the type (119), and x,/x,
=3, so that the peak (or dip; here two solutions are
possible) exceeds the background by a factor of three
and develops over a width AE~150 MeV near the thresh-
old of AN formation. For L=1, a resonance arises in
the AN system with mass determined by Eq. (118).

It has the quantum numbers J* =0, T =2 and an ener-
gy approximately 350 MeV higher than twice the nucleon
mass; its width is £70 MeV. The AN system has pre-
viously been considered by other methods.***® Gale and
Duck®’ used Faddeev’s equation and found in the rela-
tivistic kinematics a 0" resonance with T=2 at an ener-
gy exactly agreeing with our calculation. They also
noted attraction in the 1* states with T=2 and 2* states
with T =1, in which the root branch points arise in our
case. Bound states do not occur in their numerical cal-
culations, in agreement with our conclusions. The above
examples demonstrate the simplicity of the calculations
and the efficiency of the method presented in this
section.
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