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INTRODUCTION

R. Wilson® has noted that “deuteron theory is in a
confused and obscure state, and there are no fully
verified numerical calculations. Even if the experi-
mental technique is greatly improved, the theory will
not be in a position to make full use of this fact.”

The study of elastic and inelastic scattering of elec-
trons by deuterons is the meeting point of elementary-
particle physics and nuclear physics. For elementary-
particle physics, the ed-scattering data are the main
source of experimental information on the electromag-
netic structure of the deuteron. For nuclear physics,
the study of ed scattering yields information on the
deuteron wave function and on the nucleon—nucleon
interaction potential.

Finally, for both elementary-particle physics and
nuclear physics the deuteron is an ideal proving ground
for the testing of various methods (including relativistic
ones) of describing composite systems.

In spite of the obvious urgency of this problem, a
relative abatement of its experimental and theoretical
study has been observed recently. The progress in ex-
periment is hindered by a certain lag of the theory. On
the other hand, for further development of the theory
it is desirable to perform new experiments (including
polarization experiments). A comparison of the existing
theoretical predictions with the results of such experi-
ments makes it possible to choose the most correct
approach to ed scattering. Polarization experiments
have presently become technically realizable. One can
therefore expect in the nearest future an increased
interest in the problem of ed scattering as a whole.

So far, the principal methods used for deuteron cal-
culations are those of the phenomenological Hamilto-
nians of nuclear physics. However, methods of nuclear
physics are limited because of their nonrelativistic
character and because of the appreciable model depen-
dence on the assumptions concerning the dynamics of
the np system. By now, the possibilities of this method
have been practically exhausted, although there are
still many unsolved problems in the theory of ed scat-
tering. Numerous attempts at introducing relativistic
corrections do not improve the situation, since the
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error due to the incompleteness of relativization cannot
be estimated.

To make further progress in the theory of ed scatter-
ing it is necessary to develop a consistent relativistic
approach. Certain hopes of developing such an ap-
proach were pinned at one time on the dispersion-
relation method, which gave a good account of itself in
elementary-particle physics. However, as will be
shown below, this method is still not suitable for real
quantitative calculations.

We have developed in our papers a new approach to
calculation of the electromagnetic structure of com-
posite hadron systems, in which we used the ideas of
quantum field theory. This approach is consistently
relativistic, takes correct account of the dynamics of
the np system, and is suitable in practice for numerical
calculations.

A review of the electromagnetic form factors, in-
cluding that of the deuteron, was presented by Griffy
and Schiff.? Our review covers those changes that have
occurred in the experimental and theoretical situation
concerning ed scattering during the time since 1967.
From among the papers published prior to 1966, we
mention only the minimum information needed to be able
to read the present paper independently of Ref. 2.

1. KINEMATICS OF ONE-PHOTON EXCHANGE

We present, for reference purposes, some kinematic
formulas.

The cross section for elastic ed scattering depends on

the energy E, and the scattering angle 6,. The inelastic

ed-scattering cross section depends also on the energy
E’, of the final electron and on the directions of motion
of the proton and neutron in the c. m.s. In experiments
on elastic and inelastic scattering one measures the
angular and energy distributions of the scattered elec-
trons. In the electrodisintegration of the deuteron, to
obtain information on the final states of all the particles,
it is necessary to consider, in addition to the afore-
mentioned characteristics of the electron, also the
emission direction of one of the nucleons, i.e., to
measure the cross section d*c/dQ,dy dE,
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From the conditions of relativistic invariance alone
it follows that in single-photon exchange the elastic-
scattering cross section of unpolarized particles takes
the form

do/dQ, = (@0/dL)man {4 (1°) + B () g 0.2} )

Here (do/dSQ )y, is the cross section obtained by
Mott for the scattering by a spinless and structureless
charged particle, and is equal to

do e E,  cos20,2 |
\ ﬂ"-3e) sin? 9,/2 °

A(g?), B(g®) are functions of the squared momentum
transfer and their form is determined by the electro-
magnetic structure of the deuteron. Equation (1) was
derived by Rosenbluth® for the scattering of an electron
by a spin-3 particle. The physical meaning of this
equation is discussed in Ref. 4.

Gourdin® has established that the cross section for the
scattering of an electron by a charged unpolarized par-
ticle depends on two invariant functions, and in the
particular case of electrodisintegration of a deuteron
it takes the form

Tﬁ?ﬁ}'_; (fﬁ_i)mmr.{c (¢ &)+ D(t. 5) tg*0. 2} (2)

1= —q*

Drell and Walecka® have shown that exactly the same
dependence on tg®6,/2 holds also for the inclusive
processes of the type e + X — e’ + anything.

According to (1) and (2), the dependence of the ratio
(do/dSe,)/ (do/dQ, et ON tg?6,/2 should be linear. Devia-
tion from this linearity can be due to the contribution of
the non-single-photon mechanism. In full accord with
the theoretical predictions, no such deviations were ob-
served in any of the experiments performed. An
analogous situation takes place also for inelastic scat-
tering. We shall therefore henceforth assume through-
out a single-photon ed-collision mechanism, without
specially stipulating so. (We do not stop to discuss the
effects of multiple production of infrared photons. The
theory of these effects is described in Ref. 7.)

The single-photon character of the ed interaction
causes the elastic-scattering cross section (1) to be ex-
pressed in terms of the square of the amplitude of the
virtual process yd— d. This amplitude is proportional
to the current matrix element {(dlj,|d). From the rela-
tivistic invariance conditions it follows that this matrix
element can be parametrized, i.e., represented in the
form of a linear combination of three invariant func-
tions G4(g%), GZ.(q?) and G4(¢®), called respectively the
electric (charge), magnetic, and quadrupole form fac-
tors of the deuteron. ®-°

The directly measured functions A(q?), B(g?) from (1)
are expressed in terms of form factors by formulas of
the type®

A(g) = GE (@)1 45 n*[GS ()12 @)
9 2
+g M Gag @ (11). =53
B (¢*) =5 n(1-- 0)* [Gihag (42)]%. (4)
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The kinematics of the single-photon electrodisintegra-
tion of the deuteron can be treated in analogy with the
elastic-secattering kinematics just considered. Here,
too, the cross section and the matrix element (nplj,|d)
of the current are expressed in the form of a linear
combination of invariant functions, which can be ap-
propriately called the inelastic form factors. The dif-
ference lies in the fact that these new form factors are
more numerous and depend on a larger number of in-
variant variables. In contrast to the case just consid-
ered of elastic ed scattering, in deuteron electrodis-
integration there is no universally accepted standard
parametrization in terms of the invariant form factors
G(s, t).

We present the parametrization results given in Ref.
10 as applied to electrodisintegration of the deuteron.

Each form factor is a function of the variables s and
¢ and pertains to definite values of J, I, and S. Here
J,S, and I are respectively the total, spin, and orbital
angular momenta in the ¢.m.s. of the np system. All
the form factors are subdivided®’ into charge (G,),
magnetic (G,), and toroidal (G;) form factors. The
multipolarity of the form factor will be designated by a
subscript, e.g., GyS!(s,f). At small values of the en-
ergy variable s, the main contribution to the cross
section for electrodisintegration of the deuteron is
made by the I=0 state of the emitted nucleons. In this
case the cross section for electrodisintegration of the
S-wave deuteron d?o/dS,dE!, is expressed in terms of
the invariant inelastic form factors in the following
manner:

R
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where k!’ are the components of the vectors k and k’
perpendicular to the vector q.

At 8,=7 we have
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2. EXPERIMENTAL DATA

Much experimental material on the measurement of
the differential cross section for elastic et+d—e+d
and inelastic e+d— e +n+p electron—deuteron scat-
tering has been accumulated since 1955. The motiva-
tion for these experiments is described, e.g., in Ref.
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FIG. 1. Typical energy spectrum of electrons scattered by a
deuteron (see Ref, 14) at E,=70.2 MeV.
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FIG. 2. Experimental value of A(g%), taken from Ref. 20. The
lines show the results of calculations of A(g%) for different
potential models.

2, and the experimental technique is described in Ref.
13.

The present status of experiments can be summarized
in the following manner. One measures most frequently
the angular and energy distributions of the scattered
electrons. This yields the inclusive cross section
d?o/dQ,dE), of the process e +d— e +anylhing. This

cross section depends on the three variables E,, E,, 4,.

Figure 1 shows a typical energy spectrum at E,
=1T0.2 MeV and 6,=7, taken from Ref. 14. The scat-
tering cross section shows a characteristic large
smeared-out quasielastic peak corresponding to the
scattering of an electron by a free nucleon. Another
characteristic feature of all the spectra of this kind is
the presence of a distinct small peak at E, > E,, cor-
responding to elastic ed scattering. The rest of the
spectrum (at E,< E;) pertains to different inelastic
processes, principal among which (at not too high val-
ues of the energy E,) is the electrodisintegration of the
deuteron.

Experiments on elastic ed scattering were performed
for the squared momentum-transfer values 0.05 F2
<g®<35.4 F? (Refs. 15—21). The errors in the mea-
surements of the cross section increase with increasing
¢%, from 1% at ¢>=0.05 F to 50% at g>=35.4 F2,
The functions A(g?) and B(g?) in (3) and (4) can be deter-
mined in two ways. The first consists of measuring, at
each value of ¢%, the electron forward scattering cross
section (1) (6,~0°) and backward cross section (8,
~180°). It follows from (1) that the first of these cross
sections receives a contribution only from the function
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A(g®), and the second from B(g®). Another standard
method of determining A(g?) and B(g?®) consists of mea-
suring at each value of ¢® the cross section at several
arbitrary scattering angles. A and B are then deter-
mined as the coefficients of the linear function that has
the smallest rms deviation from the measured cross
section.

Most of the recent experimental data on the functions
A(g®) and B(¢®) are shown in Figs. 2 and 3, which are
taken from Refs. 14 and 20. (We recall that the deuteron
magnetic form factor G2,.(¢%) can be expressed directly
in terms of the function B(q?) [see Eq. (4)].)

The squares of the charge form factor G%4(g?) and of
the quadrupole form factor G4(g?) of the deuteron enter
in the cross section in the form of the linear combina-
tion [G&(g*)F + 8n%[GL(¢?) /9 [see Eq. (3)], so that the
experiments described above are incapable of deter-
mining each form factor separately. Separation of the
charge and quadrupole form factors is possible only in
polarization experiments, which have not been per-
formed so far. To extract the contributions of G% and
G§ from A(g?) it is therefore necessary at present to
resort to theoretical results.

A single experiment®® was reported in 1968 on the
measurement of the polarization vectors of the recoil
deuterons in elastic ed scattering. This experiment is
of interest because, as shown earlier in Refs. 23—25,
if T-invariance is violated in electromagnetic interac-
tions then the polarization vector |P|, directed normal
to the polarization plane, is proportional only to the new
(T -violating) form factor of the deuteron. The near-
zero experimental result | P| =0.075+0.088 points to
the absence of strong violation of T-invariance in
hadron electrodynamies. 2’

Great interest attaches to measurements of the
polarization of the recoil deuterons in elastic ed scatter-
ing, or to experiments on the scattering of electrons by
an aligned deuteron target. Such experiments make it
possible to measure separately the charge and quadru-
pole form factors and at the same time to solve certain
problems in deuteron theory.?2” Polarization effects in
ed scattering were calculated in Refs. 28—31. Un-
fortunately, the literature known to us contains no def-

FIG. 3. Experimenial value us wie mmagnetic form factor of the
deuteron GZ,.(¢%), taken from Ref. 14,
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inite mentions of any plans of performing such experi-
ments in the nearest future. Nevertheless, there is
hope that the polarizations in ed scattering will be
measured.

In most experiments on deuteron electrodisintegration
a spectrum of the type shown in Fig. 1 is measured. By
now, at an incident-electron energy of several GeV, the
cross section d®c/dQ,dE], has been measured in the
region 0< g <175 F2 (Refs. 32—36). Just as in elastic
ed scattering, the errors in the measurement of the
cross section increase with increasing ¢® and amount
to 5—10% at small ¢* and to 50% at ¢*>= 100 F2, Most
of the measurements were made in the region of the
quasielastic peak at small and medium electron-scatter-
ing angles in the laboratory frame (8,<90°), since it is
precisely in this case that the cross section is largest
and consequently easiest to measure. In Sec. 6 below
we shall show that in the region of the quasielastic peak
the experimental data lend themselves more readily to
theoretical treatment. We emphasize that the main
purpose of these experiments is to obtain information
on the charge form factor of the neutron.

The published data on large-angle electron scattering
and backward scattering (f,=180°) are much scanti-
er.%" "% Backward scattering is of interest because it
separates directly the values of the magnetic multipole
MJ transitions, which are sensitive to relativistic ef-
fects, to exchange meson currents, and to admixtures
of nucleonic isobars?’ (electric multipole @J transitions
make the dominant contribution to the cross section at
6,5 90°). By now, the cross section d®c/dE}dQ, for
electron backward scattering (,=180°) has been mea-
sured in the region 0.15 F2<4?< 10.1 F with accura-
cy 5—10%. However, as indicated in Ref. 42, these
experiments will be repeated, inasmuch as only one
experiment was performed at ¢>= 6 F™2, and it is
desirable to duplicate its results.

Coincidence experiments, i.e., experiments in which
the recoil nucleon is registered in addition to the scat-
tered electron, yield much more information than ex-
periments in which only one of the scattered particles
is registered. In particular, measurement of the cross
section d%/dE/ d,dy makes it possible to determine
with high accuracy the neutron form factors Gg, ,. To
this end, it is necessary to measure the ratio

d3g/dE], dQ, dQ, number of neutrons

= TBgjdELd9, 42,

emitted -

number of protons
L: forward

The ratio R has been measured at the present time in
the interval 5 F? < ¢®><40 F? (Refs. 43—48). The ex-
periments were performed with high accuracy (3—5%).
It would be particularly interesting to measure R at
small values of ¢2.

Experiments are presently under way on deep in-
elastic scattering of electrons by deuterons. The
purpose of these experiments is obvious, viz., the
study of the en-scattering structure functions, and
particularly a check on the scaling hypothesis. The
difficulty in the realization of this program lies in the
fact that to find the experimental values of the en-scat-
tering structure functions it is necessary, just as in the

4 Sov. J. Part. Nucl., Vol. 6, No. 1

determination of the “usual” neutron form factors Gg,
and Gy,, to resort to some model of the deuteron
structure. *

3. ANALYTIC PROPERTIES OF THE MATRIX
ELEMENT OF THE np-SYSTEM CURRENT

With this section we begin the exposition of the meth-
ods for theoretical description of the ed interaction. It
follows from Sec. 1 that the purpose of the theory is to
obtain the form factors G(¢) and G(s, t) for the matrix
elements (dlj,(x)d’) and (pnlj,(x)|d). The existing
approaches to this problem vary greatly in their initial
assumptions and in the formalism employed.

To be able to make headway in the great variety of
theoretical papers, let us consider first a simple
model that can be solved exactly. This model is of pure
methodological interest, i.e., it is of no value for
quantitative calculations. Its advantage lies in the fact
that an exact solution is obtained for the form factors.
It is possible in this solution to separate the properties
that are not connected with the model, i.e., that are
needed for any reasonable theory.

The following simplifying assumptions are made in
the model:

a) The nucleons are treated nonrelativistically. The
contribution of the inelastic channels is discarded.

b) The nucleons are assumed to have no spin.

¢) One of the nucleons is assumed to be an infinitely
heavy scattering center having no electromagnetic
structure.

d) The interaction potential is separable, i.e., itis
of the form®’

(| Hume|P)=—F(@)f@™* (5)
(we set p=|p| throughout this section).

Thus, in the spinless nonrelativistic model the proton
moves in a scattering-center field with potential (5).
This proton has an electric structure which is not de-
formed by the interaction and which is described by
the matrix element of the free-particle current:

} (6)

where F(-g¢?) is a nonrelativistic form factor; q=p-p’;
E=p2/2m; E'=p'%/2m. We note that limitations (b) and
(c) play no role in the model. An exact solution exists
also when the spins are taken into account and when
both particles have finite mass.

(Pt (x) |’y =exp [I(E—E)t] (p| iy (x)|p'):
(p|jo(x)| P') = (2) Hexp | —iqx] F (—q*);
(pli(|p)=Cx) " exp[—igx] [F(—q*) 2m] (p+p").

The solutions of the Schrddinger equation with poten-
tial (5) are simple and well known (see e.g., Ref. 50).
We are interested in solutions in which the wave func-
tion ¥'*)k, p) describes the scattering of a particle that
has a momentum k in the initial state (as /— - ©). As
is well known, this solution (for the S state) is given by

5 2 f(p) f (B)*
Yo (k. p)= 8 (k—P)— Fr—ri0 BIET0 (7)

where E =k2/2m,
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It is easy to verify directly that the function (7)
satisfies the Schrodinger equation with potential (5).
The solution (7) enables us to find the desired current
matrix element:
Uk, ] Ju (<) [, &y =oxp [i (E—E7) )
x fdp | dp v e, p)* 170 19 ¥ (i, p), ®

where E' =%'?/2m. Expression (8) yields the complete
solution of the problem of the electromagnetic proper-
ties of the scattering states. Indeed, using (8) we can

calculate the average current fu(!, x) at any 4-point for
an arbitrary initial state.

The Fourier transform of the current
ot 1R @K 0= dxoxp(ian) ¢k, t1u (9K, 9)
is expressed in terms of the form factor G(E, E’, - ¢°):

—’);‘l

[ (10)

et To(q) | K, y=expli (E—E’) t1G(E, E,

(ky 11T (Q) |57, ¢

=expli(E—EN G (E, E', -—qz)(k-i-k’)?.m.

For this form factor we obtain from (6)—(9) (for 2m =1)

G(E. E', -Lq")mF(—q’)[k’k’aﬁ(k q. &)

Y. (. Y

2 dp’ F(p) D (k. g, p")
B (E'+-iv) )

E_pE 0

k2f (k) P8 (p, g, k) 11)
T BE - Y dpp* TE=p—= (
£ (k) f )*
i B(E—i0) B (E"--10)
2dp'f (p')
x jkpz ,Zz(_’m (pra. P )]

prdpf (n)*
k2—p2—jn

where
B(p. q. p)= § dQ, Sdgp.éﬂ (a—p+p). (12)

Denoting the terms in the right-hand side of (11) by
Gogs Goi» G0y G4, respectively, we can rewrite the ex-
pression for the form factor in the form

GE.E. —¢)=Cu(E. E'. —¢*)+Gu(E, E'+i0, —¢*)
3-Gio(E—i0. E'. —q®)+Gy; (E—i0, E' +i0, —q?). (13)

We shall show below that each term has a clear

physical meaning.

For the scattering solution to exist, it is sufficient to
impose on the function f( p?), which defines the separa-
ble potential (5), certain conditions of smoothness and
of rapid decrease at infinity. For a bound state to exist,
this function should also satisfy the inequality®

am [ ak'|f () P=1.

It is easy to verify that the wave function ¥ p) of the
bound state takes the form

2 %

W, (p) = const -‘%’;ﬂ y (14)
where E; <0 is the binding energy determined from the
equation

¢ ' k'2) 12

B(E)=1--{ dk %co.

Using (14), we can obtain solutions for the current
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matrix elements (&, tij,(x)|d, ) and (d, t1j,(x)|d, t),
where |d, t) denotes a bound state. Namely,

(ke tu(x)|d y=exp [ (E—E 1) { dp | dp
W (R py* (L () [ ) Ya(P'); (15)
@ tiu@) [ =\ dp | do'qu(p) (0| 1 ()] P) 9 ().
The Fourier transforms (9) of these matrix elements

are expressed, in analogy with (6) and (10), in terms of
the factors G(E, - ¢*) and G(- ¢):

(k. 17 (@) |d. &)= exp[i (E—E) 1) 6 (B, —q); }

@ T @] =6 (—q¥). (16)

From (14)— (16) we obtain for these form factors the
expressions

G(E, —q*)=F(—¢*)=const [A"’ \‘ '2dp’ 1)0 . g, p)

Eq—p'2
i Bé"{i’m’ F “fjﬁ‘i’:@ Y rﬁfp”” 0p. q. )] (1mn
G (—g°%) = F (—g® (const)? —ﬁ’-—%
%ﬁ@, g, p').

The form factors G(E, —¢?), G(- ¢*) are not indepen-
dent, but are expressed in terms of G(E,E’, — ¢?). It is
also seen from (11) that the terms G,;, G,;; have poles
with respect to the variable E’ at the bound-state ener-
gy E'=E,. The residues at these poles are propor-
tional respectively to G, and G;:

Go(E, —g*) =const lim (E'—Eg) G (E, E' 310, —g&); )
E'-E,

Gy (E—i0, —g®) = i il

1( i0, —g% ,cnnstEl’imEd(E E,) ! (18)
X Gy (E—i0. E' +i0, —g?);

G(E, —@)=Go(E, —@)+G(E—i0, —g). |

Analogously, the form factors G, G;; have poles in E
at the point E =E,. The residues at these poles yield
the form factors Gy (E’, - ¢®)* and G,(E’ +i0, — ¢*)*.

Finally, the form factor G,(£ -1i0, - ¢*) has in turn a
pole in the variable E at the same point E=E,. The
residue at this pole is proportional to the bound-state
form factor E(- ¢?):

G(—g%) =c<)||st;itgd(}, (E—i0. ¢*) (F - E,). (19)
The proportionality factor can be expressed in terms of
the proton—neutron—deuteron binding constant, To de-

..

(a) (b)

(c) (d)

FIG. 4. Graphic representation of the matrix element

(np 1, 62) np).
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termine this constant it is necessary to continue the
npd vertex analytically to the pole. We do not wish to
consider matrix elements in the unphysical region, and
ghall therefore determine the proportionality factor
from the condition that the charge form factor be nor-
malized to unity at g>=0.

~ The form factor G(- ¢°) can be regarded as an analytic
function of the variable {=—¢®. In terms of this varia-
ble, the form factor has a well-known logarithmic
singularity, called the anomalous threshold, at the
point t=16 Me (e= - E,) on the real axis.

Let us summarize now those properties of our model
which are general in character and by the same token
should be reflected in any realistic theory. The first
general property is the separation of the form factor
G(E, E’, t) into the four terms (13). This separation cor-
responds to a representation of the general diagram of
the matrix element (pnlj,(x)|pn) by the graphic sum
shown in Fig. 4, where we have omitted, for the sake
of brevity, the obvious-type terms reflecting the elec-
tromagnetic structure of the neutron. It should be noted
that the diagrams in Fig. 4 have a symbolic character
and are not interpreted with the aid of the Feynman
rules. Rather, these diagrams are close to those used
in dispersion theory to represent imaginary parts of
amplitudes.

The second general property of the model is the
presence of single-particle poles in the form factors.
G,i(s,s’,t) and G,(s, s’, f) have poles in s’ at the point
M2, with residues proportional to G(s, t) and G,(s, 1),
respectively; the form factors G(s, s’, t) and
G,(s, s, t) have at the same point M3 poles in s, with
residues proportional to G,(s’, t)* and G,(s’, 1)*; the
form factor G,(s, t) has a pole at s =M%, with a residue
proportional to the deuteron form factor G,(f). Thus

Gy (t) = const lim Gy (s, 1) (s— M3)
a0y

(20)

etc. It follows therefore that for a unified calculation

of elastic ed scattering and the electrodisintegration
process it suffices to determine the current matrix ele-
ment of the np system.

A third common property is that in a real deuteron
the form factor G(f) has an anomalous threshold, from
which an anomalous cut is drawn; this cut is dominant in
the sense that the form factor is expressed quantita-
tively, with high accuracy (in integral form), in terms
of the discontinuity on this cut.

The foregoing properties are very general, since they
follow directly from the space—time picture of the
processes considered. **+*2 The existence of these prop-
erties was deduced by means of a diagram approach®
in the theory of particle interaction in the final state
(see Sec. 7) and elsewhere.

It should be noted, however, that the corresponding
rigorous axiomatic proofs were not obtained, because
of two serious difficulties: First, the axiomatic methods
are ill suited for the analysis of processes in which
zero-mass particles take part; second, in the axiomatic
theory there is still no rigorous definition of the in-
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basis or out-basis (i.e., there is no construction of the
Haag—Ruell type) for composite states of the scatter-
ing of two particles with fixed relative orbital angular
momentum. In spite of this, the existence of the above-
noted general properties is hardly in doubt.

4. METHODS OF CALCULATING THE
ELECTROMAGNETIC FORM FACTORS OF
THE DEUTERON

The first calculations of the electromagnetic form
factors of the deuteron were carried out using non-
relativistic wave functions. 5#~% In spite of the individual
successes of other approaches, this method still re-
mains the only one that gives quantitative results that
are acceptable to some degree for all the experimen-
tally attainable momentum transfers. However, the
analysis of the electromagnetic properties of the
deuteron with the aid of a nonrelativistic wave function
encounters many basic difficulties. Therefore the use of
this method at large ¢, when the relativistic correc-
tions are large, is dictated only by the lack of other
quantitative methods.

The nonrelativistic deuteron wave functions used to
calculate the form factors are obtained as solutions of
the Schrodinger equation with various nucleon—nucleon
potentials. Realistic potentials, as a rule, contain
many parameters, which fit the theoretical predictions
to the experimental results on nucleon—nucleon scat-
tering. For calculation of the form factors, the most
frequently employed are the wave functions of Hamada—
Johnston, 57 Feshbach—Lomon, ** McGee, * and
Hulthén, %

The serious difficulty of this approach lies in the fact
that it is impossible to describe quantitatively the mag-
netic moment of the deuteron. To illustrate this, we
present a table® of the results of the calculation of the
magnetic and quadrupole moments with different models
of potentials. We see that it is impossible to obtain
agreement with the experimental values of the magnetic
moment for good values of the quadrupole moment. It
is customarily assumed that a way out of this situation
is to take into account the relativistic corrections and
the exchange meson currents. To the indicated difficul-
ties of the nonrelativistic approach it is necessary to
add also the strong dependence on the choice of the
potential, especially at large ¢* (see, e.g., Fig. 2),
and the complications that arise when the same potential
model is used to describe two closed processes, elastic
and inelastic ed scattering, the close connection between
which was demonstrated in Sec. 3.

TABLE 1. Properties of different nucleon—nuecleon potentials.

Radius of core
Potential Percentage of | Magnetic Quadrupole | or of the bound-
D state moment moment, F? ary condition,

F
Hamada—Johnston 6.96 0.840 0,281 (.485
Bressel 6.49 0.842 0,281 0.686
Feshbach—Lomon 4.31 0.854 0.268 0.734
Bethe—Reid (hard core) 6.50 0.842 0,277 0.548
Bethe—Reid (s0ft core) 6,47 0.842 0.280 0.057
Hulthén (without core) 4,00 0.850 0,271 0.000
Hulthén 4,00 0.856 0.271 0.432
Hulthén 4,00 0.856 0.271 0.561
Experiment 5o 0.85741 + 0,282+ e

=0.00008 +0.002
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(a) (b)

FIG. 5. Diagrams of {(d|j, |d) containing a nucleon—nucleon
intermediate state., The double line stands for the deuteron.

The difficulties of calculations with nonrelativistic
wave functions have stimulated the development of
other methods of describing the electromagnetic struc-
ture of the deuteron. One of them is the dispersion
approach. It is based on the assumption that the elec-
tromagnetic form factors of the deuteron satisfy a dis-
persion relation in terms of the squared momentum
transfer {, which takes the form, e.g., for the charge
form factor of the deuteron®

bt S" Im G ()
g = —

= (21)
where T? is the threshold value. The main contribution
to (21) is made by diagrams having the smallest 72, As
already noted in Sec. 3, the nearest singularity in the
deuteron form factor is the anomalous threshold, which
determines the value of T2. This singularity stems from
the diagrams containing two-nucleon intermediate states
(Fig. 5a). A detailed discussion of its properties can be
found, e.g., in Refs. 62 and 63. We note here only that
the position of this threshold depends on definite com-
binations of variables describing the diagram with the
anomalous singularities, in contrast to the normal
threshold, which is determined only by the mass of the
channel that is opened. For the diagram of Fig. ba, in
the limit of low deuteron binding energies ¢, the thresh-
old is T?=16Me=16a®< 4m?.

The simplest diagram having an anomalous threshold
and contributing to the imaginary part of (21) is shown
in Fig. 5b. Replacing the npd vertex by the constant T'),
we obtain for the imaginary part ImG% the expression

Ui~ (1)

Im GE™ () = ¥,
Hiae™ ) V=g

(22)
Here f(f) denotes the charge form factor of the nucleon,
and the symbol A stands for the calculation in the ap-
proximation of the triangular diagram of Fig. 5b. (We
shall henceforth omit the inessential numerical fac-
tors.) We recall that in the physical scattering region
we have £<0, It is clear from (22) that the integration
in (21) must be cut off at ' < 4M2, lest the current be-
come non-Hermitian; G% depends little on the choice of
the cutoff parameter. This is clear from the following
reasoning. If we write down the dispersion relation with
one substraction (as is usually done for the charge form
factor), then as ¢— 0 the integral (21) with ImG%(t’)
from (22) will diverge at the lower limit, i.e., at

small € the predominant role is played by the contribu-
tion from a small integration region near the lower
limit. From considerations of correspondence to the
Schridinger approach, we obtain for the cutoff param-
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eter precisely the maximum value ' =4M%, In this case

we have
A

day_ dat’
i VI—t,403 V —tlha
= eI I: Vf_t'4ad arctg Viif"'é‘ug'.] (23)
In the nonrelativistic limit ({/4M2=0, Y=7— Iql) ex-
pression (23) duplicates® the results of the Bethe—
Peierls theory
[GE (¢*) nonrel = (4a| g |) arctg (| g| 4e). (24)

At small ¢, there is hardly any difference between (23)
and (24).

So far we have disregarded the spins of the nucleons
and of the deuteron. Unfortunately, once spin is con-
sidered, the simplicity and clarity of the picture are
spoiled. In this case (22) is replaced by ImG&2(})
=1T2f(1)/VI(1 - {/4M%). Now, when calculating the dis-
persion integral (21), the contribution of the region at
small ¢’ tends to zero. Thus, the arguments presented
above are no longer valid, and the integral depends
essentially on the cutoff parameter. In addition, it can
be shown that when a more consistent account is taken
of the npd vertex function, the factor (1 —{/4M3)/?
vanishes and the integral diverges at the upper limit.
Thus, in the spin case we cannot confine ourselves to
calculation of the contribution of only one diagram that
is closest in mass and contains an anomalous threshold
(the triangular diagram shown in Fig, 5b). It is neces-
sary to take into consideration diagrams with higher
thresholds.

Thus, the dispersion method as applied to the de-
scription of the electromagnetic structure of the deu-
teron is quite complicated, and furthermore it results
in quantitative agreement only at small momentum
transfers. It demonstrates clearly the importance of
the singular structure of the Feynman diagrams. How-
ever, the properties of the dispersion method are such
that it tends to combine the internal structure of the in-
teracting particles, i.e., the deuteron wave functions
and the nucleon form factors, into a common deuteron
current, and this complicates the matter greatly. We
must agree with the assessment of this approach given
in Ref. 2: “Many workers (Jones, % Gross, %57 and
Nuttall®®) have attempted to improve these calculations
[i.e., calculations with the aid of the nonrelativistic
wave function (author’s remark)], using dispersion
relations to describe the deuteron structure. At the
present time, the results of these authors are suitable
only for an approximate estimate of the errors inherent

* in the nonrelativistic approach, and cannot be used for

exact numerical calculations.”

Many attempts to improve the description of the elec-
tromagnetic structure of the deuteron involve a rela-
tivistic generalization of the concept of the wave func-
tion. Being unable to analyze in detail all these ap-
proaches, we confine ourselves only to a brief summary
of the results. The starting point is the use of an equa-
tion of the Bethe—Salpeter type to find the wave func-
tion. One seeks as a rule relativistic corrections to the
impulse approximation. Some simplifying assumptions

Kirillov et al. 7



(a) (b)

FIG. 6. Diagrams with smallest intermediate-particle mass,
due to exchange meson currents: a) contribution to the electro-
disintegration of the deuteron; b) to elastic ed scattering;

---) pion; ===) p meson.

must be made with respect to the relativistic wave
function. Thus, in Ref. 69 they are obtained from a
simultaneous solution of the Bethe—Salpeter equation
with a kernel of separable form of the type of the
Yamaguchi nonrelativistic potential. Naturally, it is
difficult to establish here the reliability of the quantita-
tive estimates of the relativistic corrections. Quasi-
potential equations were used to calculate the relativ-
istic corrections to the magnetic moment of the S-wave
deuteron. ™ (A discussion of the possibility of using this
approach to describe bound states, primarily hydrogen-
like atoms, is presented in Ref. 71.)

The best known method of calculating relativistic cor-
rections to the impulse approximation is that developed
in the papers of Gross, '™ principally because of its
successful use to determine G, at small momentum
transfers™ (see Sec. 6). Gross, starting from a Bethe—
Salpeter relativistic wave function, has shown that,
accurate to (¢/¢c)?=¢%/4M?, the wave function of the
deuteron in the spinless case™ is

W, (p) = (1 —d? 16M2) W, [p*— A (p, d)].

where A(p, d)=M2[(p-d)? - 2(p-d)(p*+ a?)|/4; p is the
relative-motion momentum; d is the total three-
momentum of the deuteron; ¥ ( p) is the usual nonrela-
tivistic wave function in the rest system of the deu-
teron. Hence, expanding in a Taylor series in (v/c),
one can obtain the corrections to the wave function. The
details of the description in the case with spin are given
in Refs. 67 and 72.

So far we took into account only the two-particle np
and eN interactions, i.e., we confined ourselves to the
impulse approximation. We now dwell on the corrections
that go beyond the scope of this approximation, namely,
we attempt to take into account the contribution of
ternary forces to ed scattering. A typical example of
these forces is the so-called exchange meson currents.

An attempt to estimate the contribution of the ex-
change meson currents to the electromagnetic form
factors of the deuteron was made in Refs. 74—T7. In
Ref. T4, they calculated the simplest diagram, shown
in Fig. 6b (the contribution of the diagram of Fig. 6a
is equal to zero, since the deuteron is isoscalar), and
the two pions were replaced by a p meson. The results
can be represented in the form of additive increments
to the deuteron form factors; they take the form (see,
e.g., Ref. 21):
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AGE(g) = — (8 WO (g);
AG (q) = (Mg M) CIy (qh
B2V} BN L)+ L (g)

AG;Jn:u: (y) Cly(q)].

where I,(q), I,(g), and I,(g) are integrals that depend on
the deuteron wave functions; the constants C and C’ are
connected with the interaction constants by the relations

C == —3Cgynva/(16mye); €' = — 30g nva (16mye)

Here G?/4m=14 is the pion—nucleon interaction con-
stant; e is the electron charge; m, is the mass of the p
meson; a= Gg,(0)=3 and b=G,,(0)=2.35 are the con-
stants of the p-nucleon interaction. For electric scat-
tering at ¢*<10 F?, the corrections due to the meson
current make a small contribution. Principal interest
attaches to AG_,,, inasmuch as this increment makes it
possible to correct the theoretical value of the deuteron
magnetic moment, retaining at the same time the cor-
rect value of the D-wave admixture, namely Pp=7%.

A recent paper™ dealt with the correction to the
deuteron form factors necessitated by processes of the
type of the Glauber double-scattering model, namely,
a virtual photon is converted into an w meson, which is
scattered by one nucleon and is absorbed by another
nucleon. The scattered w meson can also be trans-
formed into a p meson. The magnetic moment is fitted
to this model by choosing the corresponding value of
one of the parameters that enter in the theory.

On the whole, the question of the corrections in-
troduced by the exchange meson currents into the
deuteron form factors is in a somewhat confused state.
The calculation results depend strongly on the interac-
tion constants, and even the sign of this correction is
not certain, nor is the size of the contribution of the
unaccounted-for diagrams. The problem of the ex-
change meson currents calls for further study.

5. THEORY OF DEUTERON ELECTRO-
DISINTEGRATION

The theoretical description of the electrodisintegra-
tion of the deuteron cannot be regarded as complete, in
spite of the number of papers devoted to it. In fact, the
uncertainties in the calculations of the cross section
for e+d—e+n+p are even larger than the uncertain-
tities in the calculations of the process e+d—e+d. It
follows from Sec. 3 that to describe the electrodis-
integration of the deuteron it is necessary to determine
the contribution of the diagrams shown in Fig. 7, i.e.,
to determine the form factors G,, and G,,. This means
that it is necessary to determine the amplitude of the
electrodisintegration in the Born approximation and to
take into account the contribution of the final-state
interaction. At the present time the Born amplitude is

(a) (b)

FIG. 7. Graphic representation of the matrix element

np 13, 1)
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calculated by the wave-function method or the disper-
sion-relation method. The contribution of the interac-
tion in the final state is taken into account by the dis-
torted-wave method or with the aid of the Muskhelishvi-
li—Omnes equation. Let us discuss first the non-
relativistic approach, since it is precisely in this
formalism that the greatest number of studies were
made and the principal practical results were obtained.
In principle it is possible, by solving the Schrodinger
equation for both the deuteron and for the uncoupled np
system with the same neutron—proton potential, to de-
scribe the electrodisintegration of the deuteron under
the same assumptions as elastic electron—deuteron
scattering (see, e.g., Ref. 78 and 79). However, the
Schrodinger equation with any kind of realistic np poten-
tial can be solved only numerically, and a realization
of this program would greatly complicate the prob-
lem. Therefore, as a rule, one determines only the
deuteron wave function, and the interaction in the final
state is taken into account only approximately and under
additional assumptions. *® We note here also a technical
difficulty that is common to all the calculations and is
connected with the need for taking into account a large
number of partial waves with respect to the relative
motion of the emitted nucleons. This circumstance
makes the calculations of the electrodisintegration
much more complicated.

In most theoretical papers, the cross section of the
electrodisintegration of the deuteron is calculated in the
region of the quasielastic peak. This circumstance is
not acecidental and is connected with the fact that in this
region it is possible to introduce many simplifications
in the calculations.

In view of the “looseness” of the deuteron, it can be
assumed as a first approximation that in the reaction
e+d—e+n+p the electron is scattered independently
by the proton and by the neutron®;

(do dD)1ne1 = (do/dS), - (do dQ),. (25)

This leads to the appearance of a large quasielastic
peak in the spectrum d?%c/dQ,dE/ at a final-electron
energy corresponding to scattering by a free nucleon®:

- E.—e

Allowance for the interaction of the nucleons in the
deuteron, i.e., for their relative motion, leads to a
“smearing” of the peak. In the region of the quasi-
elastic peak, the cross section is larger by approxi-
mately one order of magnitude than outside this region.
In this region, the relative energy of the nucleons w in
their c.m.s. is large (the ratio w/M is not small), and
the final-state interaction plays a minor role (it changes
the cross section by approximately 10%). This greatly
simplifies many theoretical calculations.

Taking these remarks into account, let us consider
first methods of calculating the Born amplitude, and
postpone the discussion of the final-state interaction.
The subject of our discussion will be the attempt at a
pure dispersion calculation of the Born amplitude (see
Fig. Ta).

The most consistent attempt to develop a dispersion
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theory of the electrodisintegration of a deuteron is con-
tained in Ref. 81. The method of Ref. 81 is based on a
postulated Mandelstam representation of the transition
current matrix (uplj,|d). However, as noted by the
authors of Ref. 81, the complete calculation of the
double spectral function is “presently beyond human
capabilities. ” It is therefore necessary to use the
nearest-singularity approach. In Ref. 81 they took into
account the pole terms in three Mandelstam variables,
single dispersion terms, and in part the contribution of
the double dispersion representation for gauge in-
variance (Fig. 8).

In the calculation it is necessary to known the npd
vertex off the mass shell. ®* This vertex is determined
from the condition of best agreement between the the-
oretical and experimental deuteron photodisintegration
cross sections. ®! It can also be determined® from the
condition that the dispersion theory in the nonrelativistic
limit agree with the Schrédinger theory.

There are interesting papers® in which the npd ver-
tex is calculated by the dispersion method with account
taken of the lowest-order (in perturbation theory)
diagrams of the np interaction (account is taken of ex-
change of 1, 2, and 3 pions). Insofar as we know, these
procedures were not used for a detailed calculation of
the process e+d—+e+n+p.

To take the final-state interaction into account, it is
necessary to carry out a partial-wave expansion of the
amplitude. In the region of the quasielastic peak, where
the parameter w/M is not small, this expansion con-
verges slowly, so that the calculation becomes very
cumbersome. The fact that the final-state interaction
is strong only at small [ leads to an appreciable simpli-
fication. Therefore the final-state interaction was taken
into account in Ref. 81 only for the lower partial waves

o
=
U

(b)

FIG. 8. Mandelstam dispersion representation for the transi=-
tion current (up |j, |d). The figure shows the diagrams that
contribute to the pole terms of representation a, to the single
dispersion terms b, and also in part to the terms of the double
dispersion representation c (see, e.g., Ref. 81).
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FIG. 9. Deuteron electrodisintegration cross section in ac-
cordance with the theory of Renard ef al.®!

(in the noninteracting-channel approximation), and the
remaining amplitudes were taken in the Born
approximation.

It is best to take the final-state interaction into ac-
count by the method based on the Muskhelishvili—
Omnes equation. ®® The advantages of this approach re-
duce to the following: 1) consistent relativism; 2) no
model assumptions are used. We describe the simplest
variant of this method, which is not cluttered up with
technical details.

Let % be the relative momentum of the nucleon in the
c.m.s. The transition matrix element (np|jld)=M(k)
=B(k)+ N(k) to a state with fixed orbital angular mo-
mentum in the final state takes, according to Watson’s
theorem, the form M, = |M,| exp(i5,), where &,(k) is the
np-scattering phase shift; B(k) is the Born matrix ele-
ment. It is assumed that N(k) is analytic in the entire
upper half of the % plane.*’ Then the dispersion repre-
sentation for N(k) leads to an equation of the Musk-
helishvili—Omnes type®!:®%:

o

M (k') exp[ —i6 (k)] sin & (k") dk’2
- ;

M ()= B (k) -+ — S e (26)
the solution of which is (w =#k?)
M (@) = exp lip (@)} { B (0) cos 8 (@) )|
] e [ -
p -1 222 |

Formula (27) solves the problem of taking into account
the two-particle final-state interaction in terms of the
Born amplitude and the experimentally known np-
scattering phase shift.

The procedure described above was used in Ref. 81
to calculate the cross section for electrodisintegration
of a deuteron in a rather wide kinematic region. A
typical result is shown in Fig. 9. The agreement be-
tween theory and experiment is good.
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In nuclear physics there is a proved Siegert the-
orem®®7 according to which the contribution of the ex-
change meson currents to the charge multipole @J
transitions is strongly suppressed. Therefore the prob-
lem of the contribution of the exchange meson currents
to the structure of the deuteron is best investigated in
magnetic multipole MJ transitions, for which it is
necessary to obtain the eross section of e+d—+e+n+p
at 6,=180°.

The question of the experimental determination of the
exact contribution of the exchange meson currents at
low energies and momentum transfers was succinctly
formulated in Ref. 88. The idea of the solution is that
the deviation of the cross section observed in experi-
ment at 8,=7 from that calculated from the formulas
of the relativistic impulse approximation yields pre-
cisely the value of this contribution.

We turn now to attempts at a theoretical calculation of
the contribution of the exchange meson currents. The
results obtained since 1966 are the following. Since the
deuteron is a weakly bound system, it suffices to take
into account only the lower Feynman diagrams to cal-
culate the contribution of the exchange meson currents
to the electrodisintegration of the deuteron (as in the
case of elastic ed scattering). Such a calculation was
carried out in Refs. 78 and 79. Unlike elastic ed scat-
tering, the main contribution is made here by the
diagram of the two-pion exchange current (see Fig. 6a).
In the calculation of Ref. 78, the deuteron and the final
np system were described with the aid of the wave func-
tions of the Hamada-Johnston potential. In addition to
the contribution of the (77) current, they calculated also
the contributions of the diagrams of the (ww), (pn), and
(op) currents. As expected, these contributions turn
out to be smaller by one order of magnitude than the
contribution of the (r7) current. However, errors crept
into the addition of the partial S and D states of the
deuteron in Ref. 78, Therefore the conclusions drawn in
Ref. 78, that the contribution of the exchange meson
currents and of the deuteron D state to the cross sec-
tion is small at large ¢* (5—10 F?) and that there is an
appreciable discrepancy between theory and experiment,
are incorrect.

Recent calculations™ yielded practically the same
partial amplitudes as in Ref. 78. In Ref. 79, however,
the errors of Ref. 78 in the summation of the amplitudes
were corrected. The results of these calculations are
the following:a) at g>>5 F? the contribution of the two-
pion diagram of the exchange meson currents dominates
in the cross section d20/dQ,dE/l, .,; b) at ¢*=5-10 F2,
the calculated cross section agrees well with the experi-
mental one.

6. ELECTROMAGNETIC FORM FACTORS OF THE
NEUTRON

The neutron is a fundamental particle, and therefore
an investigation of all its properties, including the elec-
tromagnetic ones, is of undoubted interest. Unfor-
tunately, an experimental study of the electromagnetic
structure of the neutron is hindered greatly by the lack
of neutron targets. One of the ways of getting around
this difficulty is to interchange the roles of the electron
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and neutron in the en collisions, i.e., to scatter the
neutrons by electrons of atoms. Another way is to at-
tempt to determine the en scattering from its contribu-
tion to the ed scattering. This approach has a mixed
experimental-theoretical character, inasmuch as it is
necessary to “subtract” the presence of the proton
from the results of the measurement of the ed-scatter-
ing cross sections.

The interaction of thermal neutrons with electrons of
atoms is discussed in Refs. 89 and 90, and we shall not
concern ourselves with these questions further. Let us
dwell on the problem of extracting the neutron form fac-
tors from data on ed scattering,.

Information on neutron form factors in the region
0<¢2< 25 F2 can be obtained from the data on elastic
ed scattering. The elastic ed-scattering cross section
receives contribution only from the isoscalar form
factors of the nucleon, i.e., from the quantities (G Ep
+Gg,), (Gy,+Gy,). The form factors Gy, and G, are
known from experiments on ep scattering. When G,
is determined from the difference [(Gz,+ Gg,) - Gz, ],
the absolute errors in the measurement of (Gg,+ Gp,)
and Gy, combine. Since the form factor Gy, is close to
zero, this leads to large relative errors in its value.
Thus, to determine G, it is necessary to determine
very accurately the values of Gyg and Gp,. It is obvious
that we do not encounter this problem when determining
Gy, since this form factor is clese to G, in absolute
value. Therefore the determination of G, from GZ,,
is more reliable than that of Gy, from A(g?).%’

The determination of G, at small ¢ is facilitated by
the fact that in this case (e.g., at ¢?< 1 F?) the con-
tribution of G%(g®) and G, ,(¢%) to A(g?) is small. There-
fore measurement of the ratio of the cross sections of
ep and ed scattering in this case means measurement of
the ratios A(¢?)/G%,(¢%) = [GL(a®)F/G5%,(4?), i.e., the
measurement of

G4 GE,~Gg 2
G En Ep o " N p3
Cep  Crp (1 =557 Cet):

where Cj is the charge structure function of the deu-
teron (see, e.g., Ref. 21), and factor (1 — g2/8M?)
takes into account the relativistic corrections in ac-
cordance with Ref. 73.

For a long time, a contradiction existed between the
results of the direct measurements of the slope
dG g, (q%)/dg® at g°=0 and experiments on en scattering,
which yielded G ,(0)=(0.0189+0,0004) F** (Ref. 90),
and the fact that the value of Gz, extracted from the
deuteron form factors is zero on the average. The
reason for this discrepancy is that to extract G, it is
necessary to determine exactly the structure func-
tion, which takes into account, in particular, the
relativistic corrections. In Ref. 73 (see also Ref.
91) it was shown that allowance for the relativistic
corrections to Cg in the description of the deuteron
by the Feshbach-Lomon wave function eliminates this
contradiction.

The determination of Gg, from the form factors
of the deuteron at 1 F < ¢®>< 20 F2 can be found, e.g.,
in Ref. 20, where citations to earlier work can be found,
In the analysis of the experimental values of A(g?) it was
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assumed that G, = 1,Gz,. Therefore the unknown quan-
tities in A(g®) are (besides Gy,) the structure functions,
which were calculated by using various potentials. The
relativistic corrections were taken into aceount in ac-
cordance with Ref. 72. The value of G, depends on

the choice of the np-interaction potential. Thus, it was
found that Gg, agrees well with the relation G,

== W, 7Gg,/(1+p7); 7=¢/4M?, where p=5.6 for the
Feshbach-Lomon potential and p=10.7 for the Hamada-
Johnston potential (Fig. 10). Figure 11 shows that the
choice of the different values of G, from (- 0.05) to
(+0.05) yields the same scatter in the value of A(g?) as
the choice of different potentials (see Fig. 2).

At ¢® = 30 F2, the measurement of the cross sections
of elastic ed scattering becomes very complicated.
The main source of information on the neutron form
factors for these values of ¢ is experiments on deu-
teron electrodisintegration. The methods of extracting
neutron form factors from data on deuteron electrodis-
integration are described in detail in Ref. 81. We shall
describe three such methods: 1) the area method, 2) the
quasielastic peak method, 3) the method of simultaneous
registration of an electron and a nucleon.

The first method consists of calculating (do/d%,),
from formula (25). It is clear that this method is essen-
tially approximate, since it does not take the np interac-
tions into account. It is attractive, however, because of
its simplicity, and also because the experiment does not
call for high energy resolution of the final electron,
i.e., resulis of not very accurate experiments can be
used for reduction by the area method. The area method
permits a calculation of the neutron form factors with
20% accuracy.

In the second method, the deuteron electrodisintegra-
tion cross section d?o/dQ2,dE, is measured in the re-
gion of the quasielastic peak (see Sec. 5). The experi-
mentally determined structure functions C and D of the
cross section [see (2)] are connected with the form fac-
tors of the nucleons by the following typical formulas®!:

4.05
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=
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FIG. 10. Experimental value of the charge form factor of the
neutron Gg,, obtained from A(q?) with the aid of the Feshbach-
Lomon wave function (cited from Ref. 20): dashed and dash-dot
curves—values Gg, calculated from the formulas Gg, ==K TGg,
and Gg, =— W, 7GR,/ (1+7) respectively; solid curve—result of
calculation of Gg, from the formula Gg,=—,7Gp,/(1+p7) with
»=5.6.
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C=0p+0y; D=og;
0 = Ap (Gitp - Gia) + 2B1GaryGarn + Cr (Ghp + Gln)
+2D4GppGen + 2Er (GG + GpnGarn)
4 2F 1 (GG + GenGarp)s
o= Ay (Gkp +GEy) + 2B1GpnGrp+Cr (Ghap + Girm)
4 2D1G 3 yGarn+ 2Er (GG arp + GenGan)
4 2Fp (GepGarn + Genlingy).

(28)

The quantities Ay ;,...,Fp ; are calculated theoreti-
cally with the aid of the methods described schematical-
ly in Sec. 5, and are tabulated in Ref. 81. The neutron
form factors Gy, and G, are calculated from formulas
(28).

We consider now the method of joint registration of
the electron and nucleon. Let 8, ,be the angle between
the 3-momentum transfer g and the 3-momentum of the
final proton (neutron) in the ¢. m.s. From the point of
view of the theory it is of great interest to measure, in
the region of the quasielastic peak, the following ratio:

_ (d%0/dE; d, dQn)y,_n
" (@0ldE, A% A g,

Indeed the quantity R, according to Ref. 80, depends
very little on the choice of the np-interaction model, so
that the neutron form factors can be extracted from R
with great reliability. This result was obtained in Ref.
80 in the wave-function formalism without allowance for
the final-state interaction, but in the region of the
quasielastic peak the contribution of the final-state in-
teraction is negligible. 8°:®! According to estimates
given in Ref. 81, allowance for the final-state interac-
tion changes R by 1%. Since this uncertainty is much
less than the experimental errors on the measurements
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of R, which as a rule amount to 3—5%, it is possible
to disregard the final-state interaction in determina-
tion of the neutron form factor from R, as is done,
e.g., in Ref. 47. Summarizing the foregoing, we con-
clude that in the third method the form factors of the
neutron in the region of the quasielastic peak can be
calculated from the formula

Girn {1(Grn/Carn)+11/(1 +1) - 2u4-tg? 0,2}

T Gigp Grp/Garp)® + (1) + 2n - tg20/2) °

The corrections to this formula are analyzed in Ref.
81.

The extraction of the neutron form factors from the
experimental data on deuteron electrodisintegration is
the subject of extensive studies, *®+%5 in which the values
of Gz, and G, are calculated from formulas analogous
to those given above (mainly with the aid of the first and
third methods).

By now, the study of the electrodisintegration of the
deuteron has made it possible to determine the mag-
netic form factor of the neutron G, (¢®) with 10% ac-
curacy in the interval ¢*<50 F™ (and with lower ac-
curacy at larger ¢?). For the charge form factor G q?),
however, only an upper bound could be obtained for its
absolute values, |Gg,|%<0.1 for all ¢°.

7. INTEGRAL REPRESENTATION FOR ELECTRO-
MAGNETIC FORM FACTORS OF THE np SYSTEM

In this section we describe a new method of calculat-
ing the electromagnetic properties of the np system, a
method having important advantages over those dis-
cussed in Secs. 4 and 5. In this approach, the np pair
interaction is taken into account consistently and rela-
tivistically, while the form factors of the np system
are expressed directly in terms of the np-scattering
phase shifts and the nucleon form factors.

The principal basis of the method was set forth in
Ref. 51 in connection with the general problem of the
relation between fields and particles off the mass shell.
A relativistic treatment is given in Ref. 52. The con-
crete case of ed interaction is considered on this basis
in Refs. 92—96, The initial premises of the method of
Ref. 51 are refined in Ref. 97, where this method is
generalized in such a way that inelastic interaction in
the np system can be taken into account in principle.

To illustrate the new approach clearly, we turn to
the model with separable potential, considered in Sec.
3. From the function ¥‘*Y(k, p) we can easily determine
the scattering matrix

(p| S| k= lim exp[—1i (k*— p*) t] ¥ (k. p). (29)
t+xc
By virtue of spherical symmetry, only the S-phase
8(E), defined by the relation
(p| S |k) =8 (E"— E) exp [2id (E)] (30)

does not vanish in this matrix. With the aid of 5(E) we
obtain the function

Bk 1 b(E)dE
B(B==taxp{ — | 2Flp

(31)

This function is a natural generalization of the Jost
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function, which is widely used in potential-scattering
theory. The Jost function is introduced here with an

eye to the following. We continue analytically the form
factors into the complex plane, but we take the scatter-
ing phase shifts only in the actually measurable physical
range of their values. Obviously, this purpose will be
accomplished if the form factors can be expressed in
terms of the Jost function. Indeed, it is seen from (31)
that B(E) is expressed, on the one hand, in terms of the
phase shift in the physical region, and on the other hand
is defined in the entire complex E plane with a cut along
the real semiaxis. The S matrix is obtained from B(E)
by taking the limit:

(32)

S (E)-=exp 216 (£)] - lim Lite=de)
.

n B(E+ie) ’

We now represent the form factors G,;,, G,;, and G,;
in the form®’

(r‘,—,,(l"—i(l 8, by
ki e 7 il A dp
= TR (E—10) | 7 o 0 g K )‘\H( "-I) (33)
Fl—q3 k2 ¢
_‘ﬁ‘% 1 ﬂ”““ g K[ (R —F(m:
G (B, E' i), —¢?)
F{—gHk, p'3dp’
“ SmAB (E 4 10) \ FE—p o0 O k. g, ;»)\B( r'.r) (34)
F(—ghi2 t p2dp g 4
R T
g e ks 2 F(—a3)
Gui(E—i0), E' 10, —¢")= — g =)
C pSdpAR (p22M) | :’dp\B(,nl 11’)
e | T 8(p.q. 1 (35)
F(—q%) ( _p2dp'i(p)

g P dpf U')*
ae B(E—i0) B(E'=-10) ) E2—p2—ij0 ]

O g pYER P — 1) ]

EE—p2—i0

In each of the representations (33)—(35), the in-
vestigated form factor breaks up into a sum of two
terms. The first term is expressed directly in terms of
the scattering phase shift and has an anomalous singu-
larity. The second term has no anomalous singularity.
It is precisely this separation which is the basis of the
new method.

We consider the four current matrix elements
(PSet]j, | P2 of a system consisting of a proton and
a neutron that are in the S state of relative motion.
These matrix elements can be expressed in terms of
the form factors in the following manner”’

Floikg a.h{hu ()'lﬁ()}'

(23

(s, P(B)| jul0)| 8. P’ (1)) = (36)
where K, =P, +P,; Q,=P,-P;, s=P% s'=P'2

t=@Q?%, while k and ! label the out and in bases. The vec-
tors of the out-basis have an index k (or I)=+1, and

those of the in-basis an index % (or ) - 1.

The form factor F(s,k;s’, 1) can be represented in the
form

Fiso by by 87 D)= Fos, £, 8) =~ Fe (s, ki 1567, 1), (37

where F is the form factor of the system of the free
proton and neutron in the S state of relative motion.
The contribution of the np interaction is fully taken into
account by the form factor F.(s, &; t; s’,1). We emphas-

13 Sov. J. Part. Nucl., Vol. 6, No. 1

ize that the breakdown (37) is not connected in any way
with perturbation theory or with any model of the in-
teraction of the system particles. This breakdown is
due only to the possibility of representing the current
matrix of a two-particle system by a sum of connected
and unconnected parts.

The form factor F (s, {, s") is expressed explicitly in
terms of the nucleon form factors with the aid of the
methods of relativistic kinematics. *?'*2 To determine
F,, we assume that this form factor can be represented
in the form (Ref. 97)%":

Fo(s,kit; o', 1= Fug (s 43R0, ki 65.8', ) & Foy (s, ki 15 8 —i00, 1), (38)

The function F (s + ik0, k; t; s’, 1) is assumed here to
be analytic in s + ie in a certain upper (k=1) or lower
(k=-1) semi-region of the physical region of varia-
tion of the variable s: 4M® < s <+, The function F,,
as a function of s’ cannot be continued from the real
axis. To the contrary, F,, is analytic in a certain upper
(I=-1) or lower (I=+1) semi-region of the physical
region of values of s/, and cannot be continued from the
real axis as a function of s. We note that the form
factor F,(s,k;t; s’,1) on the whole is not assumed to be
analytic in either s or s’.

The conditions for finding F,, and F, are realizable
by the S matrix that connects the in- and out-basis.
With the aid of these connections it was shown in Refs.
51 and 97 that Eq. (38) leads to an integral representa-
tion for F(s, k; t; s, 1) in the form

SN 4 1 T AB (2} Fa (ro . 2"y =
Fols. i 68" )=y P =i o
4M2
1 ¢ Fols. t, 5) AB (y)
+ T e —m ;3 T %
a2
(39)
i 4 drAB (r)
An2B (s - ik0) B (s —il0) §--x FikO
4de

¢ s

X\ sl t.y)
M2

(GGl G50 8 k>

L i

THB s k) H (s —il0) *

Here
3 { 86
z—1] 1 g) dz”
(z)_ v\p{;— S ——}
e =
PEIE = ), (40)

6(z) is the nucleon-nucleon scattering phase shift; AB(x)
= B(x + i0) — B(x — i0). The function G(s;;s’,1) is analytic
in s in the vicinity of the physical region 4M? < s< + =,
Expression (39) is obtained from formula (17) of Ref.

97, if we neglect in the latter the contribution of the in-
elastic interactions, designate

wgienags 1 dx
Cls: 8" ) + sppe—im) S il
aM2

|B(r-=i0)C (s; t; &, —1)—B(x—i0)C(s; t; x, ~1)]

by G(s;;s’,1), and recognize that B(s’ +iI0)

=B(s' - il0)*, AB(x)*=- AB(x) because the np-scatter-
ing phase shift 6 is real. The physical meaning of (39)
is illustrated by Fig. 4.

We note that the functions B have zeros at the point
M2, Therefore the form factor F(s, k;(; s’, 1) has poles
at s, 8’ =M2. As indicated in See. 3, the residues at
these poles determine the form factors of the current
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FIG. 12, Graphic representation
of the deuteron current (dlj,|d).

matrix elements (d|j,1d) and (npij,1d). Namely, the
form factor of the electrodisintegration current is given
by

ey £ r-t v AB (z) dx 3 "
F(t; s l)#m S i Fy(a, t,8")
LM2
-1 T AB@dz [ AB()dy
+435B‘(J1§]B(s’—iiﬁj “Sm M} —z &i g—su;-imFa (z,t, y). (41)
M2

For the deuteron form factor we obtain the expression

o
AB (y) du

M3 — ME —
4% e Ma—y

o
r-2 AB (z) dr

Ft)=—mp (arg)?
AM2

(42)

Fo(z, t, y)

where B’ is the derivative. In (41) and (42) we have
neglected the contribution of the functions G(s;t; s’, 1)
and G(s’; t; s; B)*. This can be done because G and G*
do not contain a contribution from the anomalous cut.
The constant I" is determined from the normalization
condition F(0)=1 of the charge form factor. Formulas
(41) and (42) are represented graphically in Figs. 7 and
12.

Using relations (26) and (27), we can easily verify
that the double integral in (41) is a correction, for the
final-state interaction, to the first single integral. Con-
sequently, the single integral in (41) is the analog of the
Born amplitude of the electrodisintegration. This am-
plitude is usually calculated with the aid of wave func-
tions or by perturbation theory (see Sec. 5). In our ap-
proach, the Born amplitude turned out to be automatical-
ly expressed in terms of the physical np-scattering
phase shift.

We shall use the Omnes-Muskhelishvili equation to
determine directly the Born amplitude (the first diagram
of Fig. 7). To this end we consider the form factor
F(s,t,s") [see (37)], which describes the electromag-
netic properties of the free np system, and take into
account the interaction in the initial state. The form
factor F(s, t, s’), which contains the contribution of the
interaction in the initial state, is determined from the
equation [cf. (26)]

h(z) F(x, t, &) dx
r—g--10 4

Fs,t, ') = Fo(s. t.8') + — S (43)

4M2
where &i(x) = exp[id(x)] sind(x); 6(x) is the np scattering
phase shift. The solution of (43) is

F(s,t,s')y=Fy(s,1,5)

; T AB () Fo lxa t, 57) dr. (44)
i,

2B (x—i(l)‘ s—r—i0
Taking the residue at the deuteron pole in F, we obtain

r-1 5 AB (1) Fo (2, . 8") i
TiH (M) M3 -z *
Ad2

Fn(_t. Sl)i

(45)

This expression coincides fully with the single integral
in (41).
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It was shown above that the representations for the
form factors in (41) and (42) took consistent account of
the inelastic np interaction in the initial and final states.
Using (39), we can obtain for the form factor F=F,+ F
an integral representation in which the contribution of
the elastic interaction is expressed in terms of the np-
scattering phase shift. It is shown in Ref. 97 that the
contribution of the inelastic interaction can also be ex-
pressed in terms of observable quantities, namely the
multiparticle matrix elements of the electromagnetic
current and the scattering amplitudes. The functions
G contain the contributions of the exchange currents.
Within the framework of our approach, there is no
special prescription for the calculation of this contri-
bution. However, since the representation (37)—(39)
enables us to take into account the elastic interaction
consistently and relativistically, the deviation of the
experimentally observed cross section from that cal-
culated by formulas (41) and (42) enables us to estimate
the exact contribution of the exchange currents and of
the inelastic interaction.

8. CALCULATION OF ed SCATTERING

It was shown in Sec. 3 that calculation of the elastic
ed scattering and of the electrodisintegration can be
carried out in a unified manner by starting from the
matrix element of the np-system current. In Sec. 7 we
have described a method that permits a realization of
this possibility., We now describe the main stages of
actual calculations based on this method.

For a realistic calculation it is necessary to deter-
mine the form factors F (s, f, s’) of the matrix element
of a system consisting of a free proton and a free
neutron, and also the Jost function B(s). The form fac-
tors of the deuteron and of the matrix element of the
electrodisintegration current are then determined from
formulas (41) and (42).

The matrix element of the current of a free np
system is

(P My Ppye g | | Pre M3 P Mg
=Py M | P 1) (s 10| | Pro )
= Pas M | G| P B (P s | pre g,

(46)

where p are the nucleon momenta and m are the projec-
tions of their spins on the z axis. This relation corre-
sponds to the unconnected diagram of Fig. 4a. Starting
from (46), we can determine the matrix element of the
current between the states with definite values of
P,s,Jd,8, 1, m;:

B8 T, 8, Lomy|ga| P8, I, 870 omiy, (47

where P, =p,, +p,,, s=P? dJ, I, and S are respectively
the total, orbital, and spin angular momenta of the np
system; m is the projection of J on the z axis. The
matrix element (47) is determined from (46) with the
aid of the Clebsch-Gordan coefficient of the Poincaré
group (see, e.g., Refs. 98 and 99). The form factors
F, are obtained by parametrization of the “partial”

matrix elements of the current (47) and are given by
Fols,s' . 1)=0(s. 8", 1) [A(s, ', ) Gus (t) - B (s, 8', 1) Gys (D], (48)

where 6(s, s’, t) is the relativistic analog of the function
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FIG. 13. Experimental set of 3S; phase shifts with different
variants of extrapolation, used in the calculation given in Ref.
94,

8(p,q,p") [see (12)]; A and B are matrices in (J, S, 1),
(J’,8",1’), the elements of which are algebraic functions
of the variables s, s, and [{. To calculate the elastic
ed scattering we need A and B with indices §=5'=1,
J=J'=1, [,I'’=0;2. In this case, each form factor

of the free np system is a 2X2 matrix in / and I'. To
calculate the electrodisintegration we need form fac-
tors with S=1;J=1;l=00r 2; S’=00r 1; J' =0, 1;
ete.; I’=J+1, J—1 (the latter, of course, only at J=1).
The explicit form factors for certain values of (J, S, I),
(J’,8’,I') are given in Refs. 12, 94, and 96.

In the general case B(s) is a matrix in [ and I'. Its
elements are determined from the physical scattering
matrix S;;{s) with the aid of the system of equations

By (s—i0) ; S () Bpe, - (5 - 0), (49)

This system is the matrix analog of relation (32). If we
neglect the admixture of partial waves with / or I’'>0,
then the Jost function B(s) takes the form (40). We con-
fine ourselves here to this simplest case. The integrals
in (41) and (42) were calculated with a computer. The
experimental set of phase shifts at energies up to 750
MeV was taken from Ref. 100. The phase shifts at
higher energies were obtained with the aid of different
extrapolations, each of which was reconciled with the
results of high-energy phase-shift analyses (see, e.g.,
Ref. 101). Examples of the extrapolation of S, phase
shift are shown in Fig. 13.

A systematic two-channel relativistic numerical cal-
culation of ed scattering, by the method described in
Sec. 7, has not yet been completed. We present here
the results obtained by neglecting the contribution of
the D state of the np system. In this approximation,
physical interest attaches only to G%4(g?), inasmuch as
for G§(q*), and GZ,,(q°) a correct allowance for the
D-wave admixture is one of the most important prob-
lems (see Sec. 4). The results of numerical integra-
tion in accordance with (42) are shown in Fig. 14, which
is taken from Refs. 94 and 102, A value 2.12 F was ob-
tained for the rms radius, in agreement with the experi-
mental value. ® At ¢°> <6 F we have A(g%)=[G.(¢*)F,
so that the numerical value of |1G%(g®)| can be compared
with the experimental value A(q?). It is seen from Fig.
14 that the value of 1G%(¢*)| obtained in the calculations
agrees within 10% with the experimental value (the re-
sults of the calculations by dispersion theory agree
somewhat worse with experiment). To determine the
contribution of the relativistic corrections to the S-wave

15 Sov. J. Part. Nucl., Vol. 6, No. 1

b Pl

FIG, 14. Charge form factor of deuteron, calculated in Refs.
94 and 102: the dotted line shows the contribution made to
1G4(g®) | by the second term of (48), which is proporticnal to
Gy (t). This term is of pure relativistic origin, !?

deuteron, the integral (42) was calculated with the form
factor F, taken both in accordance with the complete
relativistic formula® and in the nonrelativistic ap-
proximation. It is seen from Fig. 14 that the use of the
nonrelativistic approach leads to a small decrease of
1G4(g®)| (~10% for all ¢%).

Formula (41) was used to calculate the electrodis-
integration of a deuteron for backward scattering of
the electron near the deuteron disintegration threshold
(s —4M?)/4M? <« 1. The results are shown in Fig. 15.
The cross section calculated for 0.16 F2<¢*<5 F?
agrees within the limits of errors with the experimental
results [two points of (Ref. 40) do not fall on the curve
but these data seem to be in error*®®]. The relativistic
corrections are negative and do not exceed 5%.

Formulas (41) and (43) duplicate the results of the
Schridinger theory. Namely, in the nonrelativistic ap-
proximation for F,, with effective-range phase shifts
Gi(4®) (Ref. 92), the form factors of the electrodis-
integration®® agree in the Born approximation with those

500}
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FIG. 15. Cross section for deuteron electrodisintegration in
backward scattering of the electron, as calculated in Ref. 96.
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obtained with the aid of the Hulthén wave function of the
deuteron.

A complete calculation of ed scattering must take
into account the contribution of the np-system states
with £>0. The main difficulties in such a calculation
lie in the purely computational problem of obtaining
the rather cumbersome expressions for the form fac-
tors F,, and principally in finding the solutions of the
system (49). These difficulties are gradually being
overcome (see, e.g., Refs. 104 and 105).

CONCLUSION

Let us summarize the main features of the present
state of the experimental and theoretical studies of ed
scattering. At the present time it is possible, within the
framework of the impulse approximation, to carry out a
unified consistent relativistic calculation of elastic ed
scattering and of the electrodisintegration process with
allowance for the D-state admixture as well as for
the interaction in the final state. The impulse approxi-
mation is described here in a model-independent man-
ner, so that it is not necessary to make use of theoreti-
cal assumptions concerning the character of the np
interaction.

We have seen above that the ed-scattering cross sec-
tions are expressed in terms of form factors of the
nucleons and the phase shifts of the np interaction. To
be able to extract from the ed scattering reliable data
on the neutron form factors (or on the np-interaction
phase shifts), it is necessary to have reliable estimates
of the errors of the impulse approximation, i.e.,
estimates of the contribution made by the exchange cur-
rents and by the inelastic channels. The evaluation of
these estimates is the basic problem of ed scattering.

It is still impossible to do so theoretically, owing to

the lack of a consistent theory of strong interactions.
Another way is to determine them experimentally, by
determining the quantitative discrepancy between the
detailed theoretical calculation and the experimental

data.

The existing experimental situation makes this pro-
cedure impossible, since the accuracy of the data at
large ¢* is low, and especially because no polarization
experiments have been made.

It can thus be stated that even if a detailed numerical
analysis of ed scattering is performed at present, the
existing experimental information will not make it
possible to use this calculation fully to establish the
limits of applicability of the impulse approximation.

The authors are grateful to V.I. Kukulin for numer-
ous useful discussions and to S.A. Smirnov for help
with preparing the manuscript for publication.

DA review of the properties of this family of multipoles is
given in Ref. 11; toroidal form factors of the np system are
considered in Ref. 12,

DFor a detailed discussion of these questions see Ref. 26.

$The separable potential is nonlocal, so that no conserved-
current local operator can be introduced for the particles
whose interaction is described by this potential. For the
purposes of the present section, however, the current-con-
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servation condition is inessential. We therefore use the usual
local current operator within the framework of the model.
Current conservation can be ensured by introducing a non-
local increment to the usual current operator.

D1f the final-state quantum numbers coincide with the deuteron
numbers, then N(2) has a pole in this half-plane, and this
leads to a slight modification of the formulas of Ref. 86.

5)3ee, however, Secs, 4 and 5, where it is indicated that the
exchange meson currents can make an appreciable contribu-
tion to the transverse part of the cross section and to Ggy;
this leads to systematic errors in the determination of G,.

6'We took account here of the fact that

B(EA4-i0) —B(E—i0) = AB () - —2xi Vm, 2E | f (2mE) |2

DThe nucleons in (36) are assumed to have zero spin. The
case of real nucleons is considered in Sec. 8.

8In the particular case of the matrix element (P, |j, 1P{,)
(=1, I==1), the representation for the form factor is a
relativistic generalization of the representation (13).
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