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Integral equations are derived by a diagram-summation method for the scattering amplitudes of three and four
nonrelativistic particles. The method is based on the rearrangement properties of the expansion of the scatter-
ing operator in a series given in the interaction representation. By defining the interaction operator in second-
quantization space it is possible to represent the series of the scattering-operator matrix elements in the form

of nonrelativistic diagrams.

INTRODUCTION

An integral-equation formalism for the determination of
the amplitudes of the transitions of a system from one
definite asymptotic state to another is being successfully
developed presently in the theory of the scattering of sev-
eral nonrelativistic particles, Ways of solving problems
involving the scattering of three particles, with positive
and negative energies, have by now been indicated, and
similar results are expected in the verynear future for

the solution of the four-body problem, The integral meth-
od of solving problems in scattering of three and more
particles was heretofore confined to the Lippman-—
Schwinger equation, which is known to be unsuitable for a
numerical solution of such problems, The nonintegrable

0 functions in the kernel of this equation, which result
from the mixing of the asymptotic channels when the equa-
tion is written down, were the principal obstacles to the
application of integral equations in the theory of many-
particle scattering,

New possibilities in the integral approach to the so-
lution of several-body problems were proposed by G, V.
Skornyakov and K, A, Ter-Martirosyan,! who considered the
reaction of elastic scattering of a nucleon by a deuteron
under the assumption of two-particle forces with zero ef-
fective radius, It was shown that if the amplitudes of
processes in which three particles take part are repre-
sented as sums of three amplitudes, each of which corre-
sponds to the transition of the system to one of the pos=-
sible asymptotic states, i.e., to states where one of the
three possible particle pairs interacts, then it is possible
to get rid of the kinematic 6 functions in the kernels of
the integral equations with these amplitudes,

The method proposed in ref, 1 for the derivation of
the equations is valid only in the case of a zero nuclear-
force radius, However, the idea of obtaining a system of
mutually coupled equations for the amplitudes of transi-
tions to various reaction channels with three particles
laid the ground work for further development of the theory
of integral equations for scattering amplitudes,

The next important contribution to this theory were
papers of L, D, ]Ei‘a.dcleev,2 who obtained integral equations
for three-body scattering amplitudes, within the frame-
work of the formalism of three-dimensional Green's
functions, These equations were generalizations of the
equations of ref, 1 to include a large class of two-par-
ticle potentials,

Subsequently, various methods of writing down the
integral equations for the four-body problem were pro-
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posed independently and almost simultaneously,’~? and
also for the case of N-body interaction., Most of the au-
thors of the cited papers used the formalism of three-
dimensional Green's functions, In this approach it is
necessary to separate the first two-particle interaction
(assuming two-particle forces), even if several indepen-
dent particle pairs can interact at the initial instant of
time, Thus, the amplitudes for which the systems of in-
tegral equations are written down are amplitudes of tran-
sitions from asymptotic states with the first interaction
separated, '

The diagram-summation method!=1 of writing

down the integral equations for the scattering amplitudes
differs in principle from the above-mentioned methods,
In this method, the equations are obtained by rearrang-
ing and summing an infinite series of matrix elements of
four-dimensional perturbation theory for the scattering
operator, under the condition that the particle interaction
is defined in second-quantization space,

In this approach, the matrix elements of the scatter-
ing operator can be represented as ladder-type diagrams,
Inasmuch as in the nonrelativistic case the number of
particles is conserved in the interaction process, the di-
rection of the particle propagation lines in the diagrams
coincides with the direction of the time, The amplitude
of the transition from one asymptotic state to another is
therefore determined by an infinite series of contributions
from diagrams that illustrate exactly the scattering pro-
cess,

The diagrams pertaining to the amplitude of a definite
transition can be summed into a graphic equation, i.e.,
what is actually effected is the summation of the entire
infinite series of the matrix elements of four-dimension-
al perturbation theory, Since all the elements of the dia-
grams have mathematical equivalence, it is possible, on
the basis of the graphic equation, to write down an inte-
gral equation for the probability amplitude of a givenpro=
cess, This method of writing down the integral equations
of scattering theory was called the diagram-summation
method, Subsequently, the results obtained by the dia-
gram-summation method were confirmed on the basis of
an operator formalism,%18

In the case of the three-body problem, the integral
equations for the interaction amplitudes, obtained in the
diagram-summation method, agree fully with the integral
equations of ref, 2, and in this sense the two methods give
identical results, The diagram=-summation method, how=-
ever, turned out to be more useful in the investigation of
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problems with four and more bodies and, importantly, for
application to nuclear-physics problems, The point is
that the sequence of the interactions occurring in inde-
pendent particle pairs is immaterial in the elements of
the four-dimensional perturbation-theory series, in agree-
ment with experiment, Therefore the amplitudes for
which the equations are written down are amplitudes of
transitions from real asymptotic states of the system,
The potentials are completely excluded from the equa-
tions, The number of equations is determined by the
number of the physical asymptotic values, the iterations
of the equations can be carried out directly, and they were
already used”® to explain the mechanisms of the scat-
tering process,

1, FORMALISM OF THE METHOD OF
SUMMATION OF NONRELATIVISTIC
DIAGRAMS

Formulation of Problem of
N-Particle Scattering

We consider a system with several nonrelativistic
particles, It is assumed that all particles are different,
interact only pairwise, and have neither spin nor isospin,

The Hamiltonian of this system is
H=H,+V, 1)

where Hj is the free-particle kinetic-energy operator; V
is the potential-energy operator and, assuming two-par-
ticle interaction, takes the form

N
V= }:. Vij; (2)
i<

Vjj is the operator of the interaction of the pair of par-
ticles i and j; N is the number of particles in the system,

We introduce an operator T connected with the scat-
tering matrix by the relation

S=14T. @®

T will henceforth be called the operator of scattering of

N particles in the system, since the matrix element of

the operator T is, by definition, the scattering amplitude,
In the diagram-summation method, the solution of the
problem of the scattering of N particles reduces to finding
the integral equations for the amplitude of scattering of
particles in a given system,

To this end we introduce the scattering operator T in
the interaction representation

o o0 oo

20T = 3 (—ifh)" (1/nl) S d ... [P @) .V @) @

n=1 —oo —00

where P is the time-ordering operator, and the interac-

N
tion operator V(t) = %} (t) is defined in second-quantiza-
. i

tion space:
V()= 2 af (ki t)af (kj, £) Vij (ki =k ki—kj)

K, kj, Ki, kj
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X a; (ki, 1) a; (kj, £) 6 (k; + Ky — ki — k). ©)

Here aJ{(ki, ) and a}“(kj, t) are the operators for the pro-
duction of the particles iand jatthe instant of time t, with
momenta ki and kj, respectively; aj(kj, t) and aj(k}, 1) are
the operators for the annihilation of the particles’i and j
at the instant t with momenta k} and kg, respectively; the
interaction Vij(ki —kj; Kk} —k;-l) is the Fourier transform of
the interaction potential function:

Vi (ki s ki—1kj) = [ drip¥ (v exp {es; (ks — ky — ki £ k). 6)

The time-dependent particle-creation and annihilation
operators are connnected with the time-independent oper
ators by the relations

ar (ki, t) = a; (ki) exp (—iEx 2); } @

at (ki, ) = af (k;) exp (iE ),

where El = ki /2m;,

The operators gj (ki) and a;'(k,-) are defined only for
the wave function of particle i in the following manner:

a: (ki) | ki) = | 0); } (8)

at (ki) | 0) = |Ks).

Therefore the following permutation relations hold for
the particle-creation and annihilation operators:

[a: (k) a; (k;)] = 0;
[af (ki) af (k;)] = 0.

[a: (ki) af (k;)] = 6 (i, 1) & (ki —k;);
} L)

The rule for determining the average, over the vacuum
state, of the product P of the time-dependent particle-
creation and annihilation operators is

O] P{ai (ki, 1) a; (kj, )} 0) = (0| N [af (k:, 2) @y (kj, )] 0)
+8 (is 1) 6 (ki —k;) g: (b0, 1), (10

where

i (for 1)) = o | AE1exp(—iE: (\—to)} (Ei—E, + 1)

is the pairing or convolution of the creation and annihila-
tion operators of the particle of type i with momentum k;
and energy Ej. Introduction of the second-quantization
formalism makes it possible to represent the matrix ele-
ments of the scattering operator T in the form of diagrams
that illustrate exactly the particle interaction process in
the given system,

Calculation of the Matrix Elements
of the Scattering Operator

The matrix elements of the scattering operator T,
specified in the form of an expansion in the order of in-
teraction in four-dimensional perturbation theory [Eq.

(4) 1, contain time integrals of the interaction operators
(5)s The technique for calculating these integrals isknown
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(see, €.8., ref, 19), but it is important to present several
examples of the calculation of the integrals in the second-
order matrix element for the case of secattering in a sys-
tem of N different particles, These examples will help
introduce the notation that will he subsequently encoun=-
tered,

Thus, we consider an integral in the form

©

W=ty | a | dPma@ V@) (D

—oo —o0

where (f | and |i) are the final and initial states of a sys-
tem of N different free particles; Vg, (ty) and Vp(ty) are the
two-particle interaction operators,

We calculate the integral (11) for the following three
products of two-particle interaction operators:

a) Let Vg(ty) = Vij(ty) and Vp(ty) = Vij(ty); then the in-
tegral (11) takes the form

G1Jal =Gl j at j P Vi) Vi @) (12)

We shall henceforth designate the integral (12) sym-
bolically by J, = VjjcVij. Here c is an operator product
such that the matrix element of this product is

E1Jalf) =57 | deidiiVey (i, ki) g (eis €,)
X gi(E—ey ekj) Vi (ki ki¥) 8 (piy—pis) 6 (pii— Pu )

x 6 (Eki-l_ehj_ By — sku) & (Bhi + Ekj""' e’hi_sh;)’

where
g1 (&is &) = (a1 —gy + i)™
ki = (ku—ki); kij = (ki—k;); ki = (ki—kj);
P = (ku+ky); piy=(ki+k); pis= (ki+kj)

Eij =€kj+ €k Ejj is the total energy of the system of two
particles i and j,

b) Let Vg(ty) = Vij(ty) and Vi(ty) = Vip(ty); then the in-
tegral (11) takes the form

@1Jslh =l § dt § P (V@) Vin (@)

—00 —o0

To=Vi;eVim2 4 VimeVi/2. (13)

Just as in the preceding case, the symbol ¢ stands
for an operator product with matrix element

| 1 o)
(g VigeVim | f) =5 Vij ((kigs ki) g1 (81—
# V (Kim, kif) 8 (pij—p1) 8 (p"—pi7)

B &)

X6 (en;+2n;+ Br,,—ER,— By Bry )

where

"1y .
iy — Bi ki}'!

k:}r: = kyi —kim;

ki = (ki —Ky);  Kim = ki~
p;, = ki'JFkijs IJ" = k3+km1 ll”’ = k]i+k1ﬂ1;
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Ejj is the energy of the system of particles i and j.

c) If the operators V,(t;) and Vi (ty) pertain to differ-
ent particles, i.e., Vg(t) = Vij(tp, Vp(t) = Vin(ty, then
the integral (11) becomes

oo

3 | dt | at (71 ) Vo @) 1 -

o0 -0

Vij ® an +_é an ® Vi)'s

where the symbol ® denotes an operator product such that
the matrix element of the operator Jy, is

(i | Jy | f} = "ﬂFVU (k!h k(z} ) Vinn (kmn_'km) 6 (plf_PU )

X & (Pn — Prin) O (e, + &n;— €ny; —en ;) 6 (er,, + 80, — 8, —8n,,)s

‘where

kmn =kn—kn; kith = klm“‘k!n;
Prn = km +kn; Phn = =k + Ky

Fundamental Theorems of the
Formalism of the Diagram-
Summation Method

The diagram-summation method employs certain
important regrouping properties of the series (4) for the
scaftering operator T in the system of N particles, These
properties are reflected in the following two theorems,

Theorem 1, Let the interaction operator Vy(t) of
the system particles be represented in the form of a sum

Vi) = 7\2 Ve (), (15)

where Vg(t) is a certain sum of pair interaction opera-
tors and is part of the total interaction operator of the
system particles. The terms V,(t) satisfy the following
conditions: The same particles can participate in inter-
actions that are included in different V,(t); different V,(t)
do not have equal pair-interaction operators,

In a system of particles whose interaction is given
by the operator Vy(T), the scattering operator T(!) isthen
a sum in the form

ny
e = E Ta, (16)

and to determine T, we have the system of equations

my
To=tyttse 2 T, (1
csta

where t, is the operator for the scattering of the particles
whose interaction is specified by the operator V,(t),

Proof, Consider the series (4) for the scattering
operator, We substitute in it the operator Vy(t), defined
in the form (15):

oo oo o ny ny
n 1
T — ar ) e [P { Ve ... IV}
?!'*I -0 &= a a
(18)
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Expanding the products of the sums in the integrand of
(18), we obtain the infinite series

(gy%fﬁw.

+HI[ (S S o S AP {Va(ty) ...

n4

-3

o0

5 At P{Va(ts) ... Va (tn)}:l

Va (i)} ])

*ings

oo

B

4% e
(g: [é (=)= idh idrnp{vb(m Vo) ])
+(Qj [é‘{ (F)'= idt e i P Vot ... Valta)} ])
(bé fé (F)"r f ... idtuP{Vb(n) R ASY)
(§f§(%ﬂ“%jwl &%fwwmnvmmp

¥ 19)

We denote by t, the scattering operator of the N particles
whose interaction is defined by the operator Vg (t). Then
the following representation holds true for the operator

o0

= B(EL e | apwam ...

=1 -0 — o0

Va(tu)}- (20)

Bearing this in mind, we rewrite the series (19):

111 ny ?u 711

'ﬂl_ 1’{1_
TO = Yo+ Dtee 2 z,,+ Didie ) he Rtk (21)
a a =;-

by-a c#b

Obviously, the series (21) can be represented as the sum
of series:

ro =37, (22)

where
ny

Ta=to+tac Z zﬁ+tac :bc > te-t . (23)

U-

the series (23) can be contracted to form the expression
ny
To =ta+tac E L (24)
b+a

Theorem 2, Let the interaction operator V,(t) of
the N particles in the system be a sum of operators:

Va(t) = i Vi(t), (25)

where Vj(t) is a certain sum of pair-interaction opera-
tors; the operators V;j(t) describe the interaction of the
particles in independent n, subsystems made up of the
N particles,

Then the operator T(? for the scattering of particles
whose interaction is given by the operator of type (25) is
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the sum

nz

T® = \‘t J1 \'f;®t,+ \‘ 1,®t Dbt ..
+t=®12®t3® ...®tn,, (26)

where t; is the scattering operator of the particles whose
interaction is given by the operator Vi(t).

Proof, Consider the series (4) for the operator
T. We substitute in it the operator V,(t) defined in the
form (25):

ng

7 =né (_Ti)n%l—j:dﬁ 3 j dt, P { Z Vi(ty) . i: Vi (‘!l)}'

@7

Expanding the product of the sums of the integrand in (27),
we obtain a sum in the form

T = (2 [il (55)"r 3; dy .. .—i P Vi (t) ... Vi ()} ])
+ (E‘:} [nil (F5)" = f dty . ji daPAVi(t) ... Vi (t)}]
® [é ()" };dt; syl jﬂ PV @) ... Vi) ]) +
4—([§i (52)" i dt ... jﬂ d,P Vi (t) . Vi (o)} ]
®[é (52)" j:dtl .idt,,p{vz(m...Vg(z,.)}]@,
@[%(%‘) | e idm]’{l’,,g(t,)...I’na(t.n)}J). 28)

t,-—.:ﬂ%(—;_ﬁi)“i_]j;dh :\idz,,p{r,-(n) LV )) (29)

The sum in the right-=hand side of (28) can be then ex=
pressed in the form

na na
IO =N+ D@+ ... 0@ L®:E® ...0,,. (30)
i i<y

2. EQUATIONS FOR THE THREE- AND
FOUR~-BODY SCATTERING AMPLITUDES

We proceed to an investigation of systems of three
and four pairwise-interacting particles, We assume that
the problem of the particle scattering has been solved if
a system of integral equations is obtained for the ampli-
tudes of the transitions of a given system from all the
possible asymptotic states, In the diagram-summation
method it is proposed to find these equations on the basis
of a rearrangement and subsequent summation of the ser-
ies (4) for the scattering operator of the particles in the
system,

The general rules for transforming the series (4) into
a system of equations for operators whose matrix elements
are the sought amplitudes consists in the following:
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1) The series corresponding to the scattering of two
particles with definite indices are first separated and
summed in the elements of the series (4), As a result
of this action, the series (4) breaks up into several series,
each of which corresponds to a certain scattering oper-
ator, These operators determine the transition from
states in which the particles are distributed in indepen-
dent systems of two interacting bodies, We call these
auxiliary operators, The series corresponding to the
auxiliary operators can be contracted, on the basis of
Theorems 1 and 2, into a system of equations which will
also be called auxiliary.

2) During the second stage, the auxiliary scattering
operators are assigned to those types of operators whose
matrix elements are the amplitudes of transitions from
all possible asymptotic states of the system or from all
possible channels, These will be called the channel op-
erators, For the channel operators one can construct a
system of equations on the basis of the auxiliary equa-
tions,

Equations for the Operators for
the Scattering of Three
Pairwise-Interacting Particles

We shall show how to analyze the problem of three-
body scattering on the basis of the operator formalism
of the diagram-summation method, Assuming that only
two-particle forces exist, the three-particle interaction
operator V(t) takes the form

Viga (t) = Via () + Vaa (&) +Via (¢). B1)

To solve the problem it is necessary to represent the
operator Ty,; in the form of a sum of channel operators,
and then obtain a system of equations for the channel op-
erators in accordance with the scheme described above,
Following the algebra rules of the diagram-summation
method, we sum the infinite series corresponding to the
scattering operators of each of the three pairs of particles
(12), (23), and (31) in the elements of the series (4) for
the three-particle scattering operator,

Let us examine the structure of the interaction op-
erator Vyx(t). In the case of the three-body problem,
only one pair of particles can interact in a definite instant
of time, This means that each of the terms of the oper-
ator Vi (t) in (31) characterizes a certain state of the
system, wherein the interaction is turned on only between
particles that are joined into independent pairs at a fixed
instant of time,

Hence, as follows from Theorem 1, the operator Ty
of the three-particle scattering amplitude should be the
sum of three operators:

Tigg == T1p+Toz+ Ty (32)

The matrix elements of each of the operators Ty, Ty,

and Ty corresponds to the amplitude of a transition from
a state in which only one pair of particles interacts, Con-
sequently these are auxiliary operators, According to
Theorem 1, we have for the determination of the auxiliary
operators Ty Tjs, and Ty the following system of equa-
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tions:

Toy=tag+taac [T'12+T'i3]; (33)

Ty =tig+ tioe [Tz + T'asl; }

Tyg=tsat1ac [T1p+ Tzl
Here tyy ty, and ty; are the two-particle scattering op-
erators,

In the three-body problem, the operators Tys Tgs,
and Ty turn out to be channel operators, Therefore the
system (33) is the desired system of equations for the
channel operators,

If we introduce operators whose matrix elements are
amplitudes for the transition from one two-particle chan-
nel of a reaction with three bodies into another, then we
have instead of the three operators Ty, 12 Tz 23 Ti2,310
T, 120 Tas,290 Tas,s00 Tagy120 Tagoe a0 Ty g0

To determine these operators we can write on the
basis of (33) a system of nine equations, To simplify the
notation, we designate by o or B a certain pair of parti-
cles interacting in the initial or final state, Obviously,

o and B can assume the values (12), (23), or (31), Then
the nine operators defined above are designated by the
symbol Tq, po and the system of equations for them takes
the form

Tu.,u!.=ta+fucz Ty,
vFa
To,p=tac Z Ty, g
e

}
b (34)
|

p=a. )

If we write down integral equations for the kernels
of the operators Ty, o and Ty, g on the basis of (34), and
integrate over the energy of the intermediate particles,
we obtain a system of coupled equations equivalent to the
Faddeev equations,? This is understandable, for in the
case of the three-body problem, when only one pair of
particles can interact at a definite instant of time, a des-
cription of the free motion of the particles by the Green's
function of the entire system or by a product of Green's
functions of individual particles does not lead to different
results, as is the case in problems where four or more
particles take part,

The Four-Body Problem,
Equations for the Auxiliary
Amplitudes

We now consider a system consisting of four differ-
ent pairwise-interacting particles, The interaction oper-
ator of this system is a sum in the form

Vigay (1) = Vio (£) + Vs (8) + Viu (8) + Vs () + Voo (£) + Vi (2).  (35)

It is required to find the system of integral equations for
the channel operators, Following the algebra rules ofthe
diagram=summation methods, it is first necessary to
substitute Vyy, in the form (35) in the elements of the
series for the operator T, and then sum all the possible
infinite series corresponding to the two-particle scatter-
ing operators,
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Since two independent pairs of particles that interact
within each pair can exist simultaneously in the four-
particle system, it is necessary to sum in parallel two
infinite series corresponding to the operators of scat-
tering of two particles with fixed indices,

The interaction operator of a system of four particles
in a state when the particles are grouped into two inde-
pendent pairs, say (12) and (34), is given by

Vig, 3 (£) = Va2 () + Vs (2). (36)
It is easy to show, by cyclic permutation of the par-
ticles, that two other similar states can exist for a sys-

tem of four pairwise-interacting particles, and in these
states the particle-interaction operators are

Vig,ou (1) =V (£) +Vau (2); } 37

Vo () =V () + Vs (2).

Consequently, the interaction operator Vyss(t) breaks up
into a sum of four terms:

Vizsa (&) = Viz, 30 (8) + Vi, i (8) + Vig. 23 (8). (38)

Hence, by Theorem 1, the four-particle scattering opera-
tor T can be expressed as a sum of three operators:

T=le. as+T!3.u+Tu. 23 39

or

T= 3 Tyvs,

i, 1’3"

(40)

where the subscripts ij and i'j' obviously take on the val-
ues (12, 34), (13, 24), and (14, 23),

To determine the operators Tjj, j'j'» We can, as fol-
lows from Theorem 1, write down a system of equations
in the form
(41)

Tmn, m'n*

Tij, irgr =i, wre + bij, iojec E'

mn, m'n’
mn:,f:u
mns=i'j"

[the subscripts mn and m'n' canassume the values (12, 34);

(13, 24,) and (14, 23) ], In (41),the operator tjj, jrjt corre-

sponds to the four-particle scattering amplitude under the

condition that their interaction is given by an operator

Vij, ity in the form Vij, ity t) = Vij(t) + Virjr (). This

means that in accordance with Theorem 2 the operator

tij, iy can be written with the aid of the two-particle scat-

tering operators tij and tjr jts using the equation

tij, igr = bty 4113 @ Licje. (42)
Equation (41) for the operator Tij, i'j can then be re-
written in the form
Tij, w0 = (big+ torye -+ 15 @ tirye)
+@ttep @ tep)e N ‘mn, mn - (43)
mn, m'n’
mn = ij
mns=i'j"
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Let us examine the free term of this equation, The
two terms tjj and tyrjr in this equation are the operators
for the scattering of four particles in the case when the
interaction of only one pair of particles, ij or i'j', is con~
sidered, Theterm (tij ®t1' ;1) is the four-particle scatter-
ing operator when the part:.cles interact simultaneously
in the two independent pairs, In other words, the opera-
tors tjj or tjrj1, and the operator tjj @ tiryr determine two
fundamentally different processes of four-partlcle scat-
tering, We therefore introduce in place of the operator
Tyj, i'jt two four-particle scattering operators Tyj and
Tjj, i'j'» the matrix elements of which correspond to the
amplitudes of the transition of a system of four particles
from a state in which only one pair of particles interacts
or two independent pairs of particles interact, respectively,
The newly introduced operators will be called auxiliary
operators,

If we specify the system of equations for the auxiliary
operators Tij and T(®y; iy in the form

Tij=ti;+ tije 2 (Tinn+T1un ‘i‘-['m;z m'n’ )
mna&ﬁ, m'n zp‘:u |
mn =£'i%9°, m'n’ £ 1§
Tu, vir=1i; @ ty 14 rt (tij ® tirjr) i (44)
xc E % (Tmn+Tm'n'+Tnm,m'n‘); J
mn = ij, m'n’ = 4j
mn 5= iy, R

then, bearing (43) in mind, it can be shown that le o e
Tyj + Tiryr + T( , i1y
Consequently, the scattering operator T can be rep-
iy% X
resented as a sum of auxiliary operators: T = 4% (T

Ty + Ti(? jr)» and the system (44) can be used .to fmd
i}

the auxiliary operators,

Equations for the Channel Operators
of Four-Particle Scattering

In the four-body problem, the system (44) for the
auxiliary operators is not the final one, as was the case
for the three-body problem, The kernel of the equation
for the operator Tjj contains nonintegrable 6 functions,
To solve the four-body problem it is necessary to go over
from the auxiliary operators to channel operators,

In the present problem the channel operators arethose
whose matrix elements are the amplitudes of transitions
from three fundamentally different asymptotic states:
first from states where there are two independent pairs
of particles (states of the first type); second, from states
where there is a system of three pairwise-interacting
particles and one free particle (states of the second type);
third, from states where there is a system of two inter-
acting particles and two free particles (states of the third
type). The operators Tyj, ity obtained above are the chan-
nel operators of the first type. Consequently, our prob=-
lem is to determine the channel operators of the second
and thirdtypes. Tothis end we turn to the operators Tj;
and Tjr jte The free term in Eqs, (44) for these opera-
tors obviously belongs to the channel operators of the
third type. The kernel of the equations for the operators
Tjj and Tjrj shows that these operators should include
also operators whose matrix elements are the amplitudes
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of transitions from states of the first type, It follows
therefore that Tjj is a certain sum of channel operators,
To separate them, we integrate Eq, (44) once for Tjj:

Ty=tiy+tye 2 ta+tic Z tnie (Trn + Tmrne
Rl # ij =+ ij mn I m'n’ == hl
ktaf:i’j h.!qf:zJ mn k'L, m'n’ #:k‘t’
'}
+ T mn) tge X Ton, mens (45)
mn =k if, min’ = i3
mn=i'3, m'n £ i'j"
We shall show that the free term tjjc P ERM';- tr7 and the

kernel in Eq, (45) are sums of the second iterations of
the equations for the three-particle scattering operators
Tjj(ny) and Tij(n). The indices 7y and m, denote here
three-particle systems made up of a total of four parti-
cles in such a way that both systems contain two identical
particles i and j,

Indeed, the scattering operator of the three particles
making up the system n; or n, when the particles i and j
interact in the initial state, satisfies the equations

MCmT
Tij (M) =tig+tic 2 ke (M1);
kIl =+ ij

WSy (46)
Tyij(me) =tes+tise m%‘e‘ T (o)

We integrate equations (46) once:

h[cnl h[t::-rg1 mnCny
Ty, (Tli)s!ij+tu€ E tutye 2 twe 2 Tmn(m);
ij hl=£1j mn =+ kI

MC"E mnCm,

RLC : =
T3 (M2) =tij+tise Z -+t 2 tue 2 Tmn(M).
Rl 5 ij° mn =kl

Comparing the free terms in (45) and (47), we can show
that

t”c RICmny RlCna

2 NI Al
My =ty X tu+ fuc Z Lhie
Rlo£i5 RUE 1 RUF i)

We can therefore substitute the operator Tjj in the form
of a sum of three operators:

Tiy=TH+TH+TH (48)

which satisfy the equations

1 li
T‘?J’)=ii1+tiic T’El’fl,l’l’lﬂ'! .]
mn =k ij, m'n’ #£1j
mn 1§, m'n' F 1"
hiCTmy m Ny
) 9
T:}"=tf,c }_, thi+tijc Z, } 49)
1 L ij
ki =15 R 175"
=
X (Tmn |“Tm‘n'+Tmn,mn);
mns= R, mnF=h'1"
mr'n' F Rl,m'n" = R'L"

where v=1 or 2,

The equations for T?jl and T?j"’ can be rewritten in the
form

N1 \
= 2 Mi;.h!'l‘ % MY e
hY
mn==hl, mn==R"1, m'n"s=hi, mM* L'’

mnd-ny
W Nt

(T, Tl T2, one);
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n2 N n2 2
TH= Y MPu+ 2 MPiuc
klCne hiCTn2
] o I3
2 (1 #1.)11 £t T:'I:‘"m + Tm]‘n, m’n’) ’ (50)
mnskhl, mnF=k'l", m'n’ = kL, m'n'#=k1’
nd-n2
BN

where M:q‘ykl satisfies the equation

1),
% |
My =tictuttye X Muyn, (51)
ELCMy mm C My
mn == ij

Thus, we obtain three types of equations for the de-
termination of the channel operators in a system of four
particles:

\

T4) i =t @ tiyr + i ® Liryre iy 00+ T+ T, mew)

mn:ﬁi:i

1 ]
T =tiy+-tye b3 ) s

mn;u m'n'#ij
mn#i'j’, m'n'Fi'j’

n 1 r(52)
Ti'= 3 Miy'm
iﬂCﬂv
Ny 1 1
+ 2 Miflue (Thd - TRy TS )
y mns=hl, mnsEk’l
m'n'#£hl, m'n'=k"l
mndm,,, B, )

Equations (52) can be reduced to equations with com~-

pact kernels, by subtracting from the operators T(ﬂ '1‘%) pj
and T77-V the amplitudes of the partially-coupled processes,
i.€., by subtracting the operators that are free terms in

the equations,

We are interested, however, not in Egs, (52), but in
equations for operators whose matrix elements are the
amplitudes of transitions from a definite initial state to a
definite final state, In the four-body problem these oper-
ators are

T, v, wres Tig, vty Tz p0jematn

Tiimt, v Tiim Tt Timpmeze Tigmpme Tismpa, woere

The initial and final states are designated here by the
indices ij, i'j' and ki, k'I' if there are two pairs of inter-
acting particles; the indices ij and k! are used if there is
one pair of interacting particles and two free particles;
the indices ij7 and k¢ are used if there is a system of
three pairwise-interacting particles 7 and &,

We define the indicated operators in such a way that
they satisfy the equations

1;'|,tk[ }J M3, “C‘:‘[ Zi (..:;f Tmnu/k1+Tmn/h1)

mn#:u’t

Z) Tmn, m’n’,‘hl];

Tijm =158 (if, kl) +tyge D) . Town, memtyni;
mnii

mngi’i’
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Tijﬂ,fmﬁ = M:‘] wd (m, &)

k. Y n 1 Y
i ugf‘,n M:J, %tC [mn%).:c'l;C' (__'«I| Tmnﬂ/kl& + Tmn,fklE)
mn

+ 3 S
St mn, m'n’/kis?
mn=n'g’
T«:J‘. 5 /hi%
ul
=11 @ tirjrc [ m;?iij (%] Tmnuﬂcr% o Tmnlkl§) =} Tn'm. m-n'/k:E];
mnEity’
e by .
Timz=tue 2 Lo, mow s
mn£i’j*
r iMut, kU
N <)
=2 MY el X (2 T nnsur, e+ Tmnpn, wr)
%xECm mnd:rt ®
L
=
+ }.l Tmn, m'n'/hi, h’!'];
MmnER
momet

Tsj, weiopma, ko = tiy @ tyrjoB (i, Kl)
+ti1 ® ti'."'c[ 2} . (2 Tmull-‘t;,_g Rl +Tmr:,’k[, n.’.!') .
mnij n %

mnifi
+ Tmn, m'n’/kl, k'l']}
\1
Tism, wrr =tije 2 Ton, mowemi, vt (53)
i
mnski’jt

3. NONRELATIVISTIC DIAGRAMS AND
GRAPHICAL REPRESENTATION OF
INTEGRAL EQUATIONS FOR TWO-,
THREE-, AND FOUR-PARTICLE
SCATTERING AMPLITUDES

Rules for Reading Nonrelativistic
Diagrams

As already discussed in the introduction, the opera-
tor formalism described above was developed on thebasis
of a graphic representation of the matrix elements of the
scattering operator, followed by summation of the dia-
grams into graphic equations,

The diagram representation of iterations of integral
equations, and consequently also of the amplitudes of scat-
tering processes, is the method used to analyze many-
particle reactions in nuclear and atomic physics, It is
therefore important to describe here the graphical meth-
od of deriving the integral equations for the amplitudes
of scattering of several particles, and demonstrate by the
same token the exact correspondence between the itera-
tion series of the considered equation and the infinite ser-
ies of the contributions of the nonrelativistic diagrams,

The diagram-summation method is general because
of the unified rules for the representation of individual
functions that make up the matrix elements of the scat-
tering operator written down for a system with an arbi-
trary number of particles, The rules are the following:

1) The Green's function ge(Ec, Epg) of a particle ¢
with momentum pe and energy Eg, namely ge(Eg, Epg) =
i(Eg = Ep, + i) 7!, corresponds to the propagation line

fﬂ‘ Pe
¢

2) The product of the Green's functions of two parti-
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cles comprising a system with energy E and momentum
pis

1 de dp.
) o | B (e o) aa e o),

where p, = p—p; and ¢, = E—¢, are set in correspondence
to the loop:

€1 Py

&P

3) The functions iVij(k, k"), which are matrix elements
of the operator Vjj of the interaction of two particles (i, j),
are set in correspondence to the vertex of the intersec-
tion of the propagation lines of particles i and j:

4) On going from an amplitude obtained on the basis
of summation of matrix elements to an amplitude whose
square determines the differential cross sections, it is
necessary to multiply the former by the coefficient

—i dE _dE
In dk " dkg !

where E is the total energy of the system; k; is the rela-
tive momentum of the particles in the initial state; k is
the relative momentum of the particles after the scatter-

ing,

5) The momentum and energy conservation laws must
be satisfied in each two-particle interaction vertex,

Graphical Method of Obtaining
the Integral Equations

The diagram-summation method consists of repre-
senting the matrix elements of the series (4) of the four-
dimensional perturbation theory by diagrams of the lad-
der type, on the basis of the rules given in the preceding
section, The graphical representation of the matrix ele-
ments of the series (4), which determines the scattering
operator, makes it possible, first, to reconstruct this
series into infinite series that correspond to the channel
amplitudes, i,e,, to the amplitudes of transitions from one
definite asymptotic state to another, and second, deter-
mine the types of connections between the diagrams, and
consequently to convert the series into graphical equations
on the basis of which integral equations can be derived
for the channel amplitudes,

The sequence of the reconstruction of the series of
diagrams of four-dimensional perturbation theory is the
following, The series is first broken up into several ser-
ies in which the diagrams have definite starting-point and
end-point topologies, Partial summations of the diagrams
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are then carried out in succession in the newly obtained
series, so as to make the vertices correspond to the op=-
erators of the two-, three-, (N—1)-particle scattering
amplitudes, After this partial summation, the infinite
series of the diagrams are summed into graphical equa-
tions,

Integral Equation for the
Two=-Body Problem

In the two-body problem, the interaction operator is

Vis(2) =k2k‘ af (k, ) a5 (—k, £) Vij (k, k') a; (K', 2) a; (K', £), (54)

where k and k' are the relative momenta of the particles
before and after scattering, Our problem is to calculate
the matrix elements of the series (4) for an interaction
operator in the form (54) and to set them in correspon-
dence with diagrams, The first-order matrix element is

Mlz‘(aITilb);
ri= [ dn 3 ot (e, of (<K, 1) (55)
k, k*
X Vi (k, k’) a; (K', t)a; (—K', 2).
Hence
My= —2aiV (k, k') 6 (Ex+ E_n — Ex — E_y). (56)

The second-order matrix element in the two-body
problem is

My={a|Ts|b);

oo oo

T2=(—Ti)2% 5 dty 5 dt,P

] —oo

(57)
X{ D) laf(k, &) aj (—k, 1) Vi (k, p)a: (p, ts) a; (—Pp, t1)]
k,p, k', p’
X laf (0, t2) @] (—P's ) V (@', K as (K, 1) 2y (— K, 1)1 } -
Consequently
dp [ d . e
My=2n [ B | 2 Vi (o) Vi (0, K) [es— Ep- ]!
X [E—BiﬂE_n-{-‘iT]—la(Ek-i--E,k—Eh‘—E_k')
KXKO6(Ex+En—E,—E_;), (58)

where E, = Ex + E_x = E; Ep = Egt + E-k' = E, The third-
order matrix element is

¢ dey ¢ deg dpy [ dp=
My = i2n j e 5 In ( {2:-:)35 {Zn)3

XAV (k, P) V (pes Po) V (P2, k') [£1— Eop, i)
% [E—ru—]z'_pl—}—ir]‘jl [az-ﬁEpg»{-iT]‘l [E—Ez—E_pz+iT]‘1}
X8(E—Ep,—E_;) (“:(Epl—i-ls'_pj—Ep —E_p,)
% 8(En, + E-p,—E) » ete.

o

(59)

Bearing in mind the rules for reading the diagrams,
we can represent the two-particle scattering amplitude
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in the form of a sum of contributions from an infinite
number of diagrams:

; £ i { [ i L. A i
TOp<Tio= T + O D@
7 J / J J J 9 J
T(K.K,E) My My My (60)

The diagram series (60) can be summed into the
graphical equation

E
Sk =

T(k,K\E)

+ X

IS
M, T(k,k\E)  ¥ip,k) (61)
on the basis of which we can obtain the integral equation

dp_ Tk, p, E)V(p, k')
(2m)3 E— p2m-+tit

Toi (ki ¥ EY =V (&, B4 5 (62)
This result is the well-known equation for the two-
body scattering amplitude,

The derivation of this equation was presented only to
illustrate, with a simple example, the diagram-summa-
tion method, In addition, since problems of scattering
of several particles will be considered under the assump-
tion that pair forces are present, the principal parts of
the matrix elements of the amplitudes for the scattering
of several particles, as will be shown later on, will be the
two-particle scattering amplitudes, - The graphical rep-
resentation of the two-particle scattering amplitude will
therefore be essential for the solution of problems with
three and more particles,

Three-Particle Scattering
Amplitude

On the basis of the diagram-summation method, as
shown above, we can obtain integral equations for the am-
plitudes of scattering of three free particles, We present
a graphical derivation of these equations, Assuming the
presence of two-particle forces, the scattering operator
of a system of free particles is

Vigs (1) =Via (£) + Vg (1) + Vaa (), (63)

where the operator Vijj(t) is defined in (5),

Substituting the interaction operator (62) in the ele-
ments of the series (4), we obtain a representation for the
three-particle scattering operator, in the form

Tias—TE0 PR g 10 et 2 (64)
where
Ty ==L S AtV 155 (1);
: il 2 1 0o 00
rg= ()7 | at | P (Vi @) Vias ()
o S (65)
‘ L 5 o o0 T oo
rn=(5)" 50§ du | dP@int) ... Vi (ta)}
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The matrix elements of the series (65) can be represented,

using the rules described above, by means of the follow-
ing diagrams:

Mr 2><2 4 J><J i 3
J—3 2 ——7 ==

1 7 7 7 2 2
N -
* g — 7 ] —1

Ji—— g

7 7 T 7

z\r z\zak
Nzﬁ+2 e X—l- s 7
J'ki-Z 3
J

My <

In the diagram series (66) we can sum the vertices
corresponding to the scattering of two identical particles,
as the result of which we obtain diagrams whose vertices
correspond to two-particle scattering amplitudes: *
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The diagrams of the series (69) can then be distri-
buted in nine series, in each of which the diagrams have
the same initial-point and end-point topology, The series
obtained will obviously determine the channel amplitudes,
We denote these amplitudes by T, p» Where o and 8 stand
for the interacting pair of particles in the initial and fi-
nal states [@ and 8 can assume the values (12), (23), and
B

Let us consider the next sequence of diagrams for
the amplitude Ty, 45

Obviously, an analogous structure is possessed by the se-
quence for the amplitudes T23, o3 and T3y, 310

The sequence of diagrams for the amplitudes Ty, 13
takes the following form:

(71)

1t should be noted that all six sequences of diagrams for
the amplitudes Toe, B where o # 8, are similar in struc=-
ture.

Comparing the sequences (70) and (71), we can sum
them into an equation of the form

Ti3,13 Te3,13 :

Ti2,17
We can therefore write down a system of nine equations,
in which six equations for the case a = S take the form

& = 7
i =
A o A (72)
e
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and three equations for the case o = 8 take the form

On the basis of the graphical equations (72) and (73)
we can write down mtegral equations by introducing the

following notation: Tyj, 1J(kl], ky; ku’ kg. E) is the three-
particle scattering amplitude; kjj and k ij are the relative
momenta of the two interacting particles in the initial and
final states, respectively; k; and k'l are the momenta of
the third (free) particle, in the c.m,s,, in the initial and
final states; E is the energy of the entire system; t(kl],
k13- gj) is the amphtude for the scattering of the twopar-
ticles (ij); k1 and li are the relative momenta of the par-
ticlesiand j 1nthe initial and final states; €;j is the energy

of the two-particle system,

Bearing in mind the rules for reading the diagrams,
we write down the integral equations for the amplitudes
Tij, 1 and Ty, 572

' . 3 5 ’
Tijois (ks iy ki, ki, B) =t (kiy, Kij, &) 0 (k;—kj)
- dk;’-dk:} t (kij, k.{l-’, ) J . ;
~4s |y —~2Hij6.'j+(;u,f2—-k;’)a Lot ey iy ik o K3, )
dky;ky t(kij ki, eg5) e
— 4w S (27:)3 . —2l.lijBiJ+(lj(1[2—ki)2 Tyj.15\ks, ki ki, ki E),

Tijyir(kejy kys ki, kj; E)

dkydk; t(kyy kP e) g N T
At j B T ian e L ity s Kio, ks E)
1 T 7
dky;dk} t(kij ki, e15) T TR
—4 S @ o K T 500 (ki ki ki, kj; E),(74)

where

k= (ki +1j)/2 — K = — k2 — Kj;
KiP = (ki + k)2 — ki = —ky/2— K.

Graphical Representation of the
Scattering Amplitudes in-a
Four-Body System

We consider a system of four different particles, As-
suming pair forces, the interaction operator of these par-
ticles is

Visaa (8) = Via (£) 4 Vs () ++ Vi (€) Vs (2) - Vg (2) - Vaa(2). (75)

Substituting this representation of the interaction in the
series (4) for the scattering operator, we obtain the ex-
pansion

1) 2) 3 I J (d) 1 .
T 139, = T123¢+T5°34"LT1254+ 1234 Rl it amis

Tie=—- 3 dtsV i, (1);

oo

T{;‘;,ﬁ(_Ti)z% 5 dt, 5 dtyP {Vigsi (t1) Vion (82)}5

—oa —o0
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i \' dtnP {Viggs (81) « . . Vigai (En)}-

The matrix elements of the scattering operator of the
particles of this system can be set in correspondence with
a sequence of diagrams in the form

-+ --o-(?ﬁ)
2

4

The diagrams (76) can be discriminated by the topol-
ogies of their starting and end points, First, two particles,
say (ij), can interact in the initial state, and two can be
free. We designate this state by the symbol a:

(i 3 [t i gl i ;
e k ol [Pex]
J 'L >l

b L o J

Second, in the initial state, three particles that inter-
act pairwise can form a subsystem (1), while the fourth
particle can remain free, The amplitude for the scatter-
ing of the particles in the system (1) is then an infinite
sum of only coupled diagrams, We designate such a state
by the symbol b (77), We separate the first pair (ij) of the
interacting particles in the subsystem (77), It must be
born in mind that when four different particles are broken
up, in all possible ways, into subsystems consisting of
three particles and one particle, the pair of particles (ij)
can belong to two subsystems, n(® and n(

—_—
—_——
a

), Therefore
the three-particle subsystem (77b) is designated by the
symbol T’I;j’ where ¥ =1 or 2,

Third, there can exist in the initial state two inde-
pendent particle pairs (ij) and (mn) (with ij = mn), The
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particles within each pair interact with each other, We
designate this state by the symbol ¢ (77c). The same
pertains to the final state of the diagrams, i.e., there ex-
ist three fundamentally different final states of the four
particles, We designate them by the same respective
symbols with primes,?

Thus, nine different types of transitions can be dis-
tinguished in a system of four particles,

To describe these transitions, we introduce the fol-
lowing nine types of amplitudes:

i P ki k
jﬁl J | Jﬁl
’ Ed

K
1
Tij/kt Tijskif T s
i o K0
L k [ =g ﬁ % k
: ] Z, %
7
7
Tijn/k ! Tijnsms % Tynsey e

Tijm Ty, ijpad Ty ij7m, kv
From the infinite sequence of diagrams (76) we can sep-
arate a different infinite sequence of diagrams for each
of the indicated types of amplitudes, By summing these

sequences we can obtain the following graphical equations:

)
+
p

mne. /
LY H;f,-,,,; am. k) Mx‘?‘.x( i ,?'? ‘ an/k
EY 44
kK m & ]
i 1 n i 3
g 2 e m'
n |
Iinn/ﬁf Tmn,m’n‘ (o

y i/miE ty®tye o0 fj' Trnn /¥ Toayet
i
1 =7 % x K — m k
n e.eé 4 L " .
+m 7 J' = J':@: m
n' é n
t: = o
Ton, mnfects Tt g n’;"‘ﬁ‘fj, Trnnym'm/kis

These equations are fully equivalent to those obtained

by the algebraic methods above, It was shown in ref, 20

that these equations have a unique physical solution satis-
fying the Schridinger equation for the analogous problem,
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4, CERTAIN PROPERTIES OF THE
EQUATIONS OBTAINED BY THE
DIAGRAM-SUMMATION METHOD

Elementary and Complex Particles
in Nonrelativistic Diagrams

We have considered above a system of several non-
relativistic particles that interact pairwise, We call these
particles elementary, It was shown that the scattering
amplitude of elementary particles can be represented in
the form of an infinite sum of diagrams of the laddertype,
which correspond to the matrix elements of the four-dim-
ensional perturbation theory, The basis functions of the
system of scattered particles are the set of plane waves
of the elementary particles,

In order not to violate the completeness of the sys-
tem of basis functions, only elementary particles can
serve as virtual particles in the intermediate states of
nonrelativistic diagrams,

In addition, in the nonrelativistic-perturbation-theory
diagrams, the vertices that represent the interaction of
virtual elementary particles in the intermediate state is
set in correspondence with the exact scattering amplitude
of these particles in the general case off the energy shell,
For example, the interaction vertex of two elementary
particles (ij) corresponds to the scattering amplitude
t(kijs k'ij; £ij) of these two particles, which is a function
of the relative-motion momenta kj; and k‘ij before and after
the scattering, respectively, and of the energy €ij of the
relative motion, It can be shown that any other represen-
tation of the intermediate-scattering vertex, such as sim-
ulation of this vertex by a complex quasiparticle, is an
approximation,

Indeed, if the interacting elementary particles can
form a bound state at i == of; /2y, then the following
representation holds true for tﬁe amplitude t(kij, k;j; eij):

Gyj(kiy) Giy (ki)
i+ 205
+ [ ek, i abir2u £10) (ghi2uey— o)
x t (ki Qijy q1i/20i5 £ 10) dgy 5. (78)

¢ (kyy, kij, €15) = + v (kiy, ki)

The function Gij(kij) is connected here with the eigenfunc-
tion z,b(kij) of the Hamiltonian of the system of two inter-
acting particles by the relation

P (kiy) = Guy (ki) / (k52015 + odi/21045). (79)

We note that for the function Gij (kij) there exists a nor-
malization in the form

S Gis (kez) (k3/200; + odi/20005) 2G5 (ki) dhy =1,

Further, v(kjj, k'ij) in (78) is the Fourier transform of the
two-particle interaction potential; pjj is the reduced mass
of these particles,

The representation (78) for the scattering amplitude
t(kij» kij» €jj) was obtained on the basis of an analysis of
its analytic properties, The term of the type Gijlkij) Gije
(k'ij) o (kgj/zﬂij + ij/2pj) in (78) is a contribution from
the pole of the amplitude t(kyj, k'ij, Eij)e
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Consequently, replacement of the exact intermediate-
state particle-scattering amplitude by its pole approxi-
mation, which is seen to be the amplitude for the produc-
tion and subsequent decay of a certain new complex par-
ticle, is an unjustified operation when the contributions
from the diagrams are written down., The pole approxi-
mation is valid if the energy of the elementary-particle
subsystem is close to the binding energy of the complex
particle, Inasmuch as in the virtual state the energy of
the subsystem of the interacting elementary particles is
not fixed and varies in a wide range, the choice of the
pole approximation for the virtual-particle scattering
amplitude is most arbitrary, It follows therefore that in-
troduction of a complex particle consisting of several el-
ementary particles in the intermediate state calls for a
special corroboration,

It should be noted that the scattering of three and
more elementary particles having indeterminate momen-
tum and energy in the initial and final states is not en-
countered as a rule in a real experiment, On the contrary,
we always deal with the collision of two particles at least
one of which is complex, and complex particles can be
produced in the final state, This rdises the question of
introducing the complex particle, but only in the initial
or final state, without violating the formalism in which
a plane-wave basis is used, It turns out that a complex
particle can be introduced in the initial (or final) state
because the energy of the particles that enter in the reac-
tion, including the relative energy of the particle subsys—
tem, can be determined exactly. For example, the rela-
tive energy of a subsystem of basis particles in the initial
(or final) state can be arbitrarily close to the bound-state
energy, In this case the pole approximation is perfectly
valid for the scattering amplitude of elementary—-particle
subsystems, e,g,, in the case of a subsystem of two par-
ticles, This means that the scattering amplitude is de-
termined mainly by one pole term in the expansion (78).
The denominator of (78 can be interpreted as the Green's
function of the complex particle, and the numerator as the
product of the decay vertex by the production vertex of the
complex particle,

Vertices in Nonrelativistic Diagrams

As shown above, nonrelativistic diagrams correspond-
ing to scattering amplitudes can contain complex-particle
decay (production) vertices in the initial and final states,
depending on how the transition channels are stipulated,
The following rule can be derived for the determination
of the vertices: The vertex G(Ky, «.., k) for the decay
(production) of a complex particle into its component el-
ementary particles is equal to the square root of the resi-
due at the pole of the scattering amplitude of these ele-
mentary particles, obtained under the conditions that the
momenta have the same configuration in the initial and
final states,

Indeed, let us designate the amplitude for the scat-
tering of N particles, assuming identical momentum con-
figurations in the initial and final states, by T (Kys e .. kN3
Kis e s kN3 E). Here kj is the momentum of the i-th par-
ticle and E is the energy of the N-particle system, If the
energy E of the particle system is close to the pole value
Eg, then the scattering amplitude can be represented in
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the pole approximation:

T (ka ..
EsEp

where G2(Kyy ¢4« KN) is the vertex for the decay or forma-
tion of a complex particle with binding energy E, Since
the quantity 7 (Kyee 2 KNG Kgg 000 kN3 E) o (E—Ep) is
the residue ;fir’éie pole of the scattering amplitude, we can
determine the decay (production) vertex of the complex
particle from the relation G(Kyseeos KN) = [T(Kys 000y KNS
kyp oo o KNG E) (E-E9 1%,

i3 k.‘\.‘; kil [FCaE] k.\'; E):Gz(kl.‘ Ay k;v),(E—En),(Sl)

Integral Equations for the
Amplitudes of Multiparticle
Reactions

We have obtained above, by operator and graphical
methods, equations for the scattering amplitudes of two,
three, and four free particles,

From the point of view of applications, say to prob-
lems of nuclear physics, however, we are interested in
the equations for the transition amplitudes in a system of

_several nonrelativistic particles, when the elementary

particles in the initial state are components of two com-
plex particles or one complex particle, This pertains,

of course, to the scattering amplitudes for three and more
bodies, Consider, e.g., the problem of three different
particles, In the initial state, the system of three parti-
cles can be broken up into two subsystems in only one
manner, namely, two particles combine to form a com-
plex particle C, and the third particle is free, In nuclear
physics, e,g., such a process is the interaction of a deu-
teron with a nucleon,

It can be shown that in the case of the scattering of
three particles i, j, and [, the amplitude Tij, i7 (@5 P73
kiz, pjs E) of the transition from the state zp(aij, P, in
which the particles ij are bound, into the state y(kiz, Py,
inwhich the particles are free, and the amplitude Tjj, 7 *

(@ij, P13 @j]s Py E) for the transition from the state

P(ajjs D7) into the state Y(aigs pj), where the particle pairs
ij and il are bound, are determined from the relation

Tijti (@i pi ki pjs E)

; [erj+ i/ 2044]
=T4jy i (kijy Pi5 Kirs Pis E)_ﬁf,%l:.-}}—’
eej— ki 2005 — —odi 2
Tijy i (@ijs P %irs Pio E)

[Eij+a;.;jﬂ'2},l-(jl [Bi(+0ti2h’2a”]
Gyj (kij) Gu (kap) ¥

2 2 &
&)~ kii/20 5 — — /205

(82)

=Tyj 00 ki pi; Kigs ;3 E)

2 5
ey — kh/20 — —ab2p.

Here kfj /2pijand oegj /2pij are the energies of the relative
motion of the particle pair in the free and bound states,
respectively; p; is the momentum of the particle Z; Gij(k
is the form factor of the system of two bound particles
(ij) or the vertex for the production (decay) of the complex
particle C into (from) the particles (i, j).

ij)

If we have in mind the representation of the function
Gij(kij by the diagrams representing the vertex of the de-
cay of a bound particle into two components
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i, 11050 Py s Kip s Pri E)

(83)

then the amplitudes Ty, i1y Pgs kig, Pj E) and Ty; 4;°
(ozij, P75 @il p5s E) can be represented as infinite series
of diagrams that add up to form the following equations:

Ty, a1(®ips Py Xy s Py E)

Particular Solutions of the Integral
Equations of the Method of Diagram
Summation for the Analysis of
Multiparticle Nuclear Reactions

We shall now show how the integral equations of the
diagram-summation method can be used in nuclear phys-
ics to analyze differential cross sections of reactions,

We represent a multiparticle nuclear reaction as a
process of scattering of n particles, Assume that in the
initial state the particles are subdivided into two sub-
systems, each comprising a bound system, In the final
state, the particles can be distributed into m subsystems,
with m taking on the values from 2 to n, The amplitude
of the transition of the system of particles to the final
state with m subsystems (where n =m > 2) is the sum of
the amplitudes corresponding to transitions to the differ-
ent possible channels of the final state,? There is a sys-
tem of coupled integral equations for the determination
of the terms of the amplitudes, At m < n, however, to ob-
tain the terms of the amplitudes it is necessary to solve
the system of equations for the case m =n, It is known
that the numerical solution of the integral equations of
scattering theory in the case n > 2 is a difficult mathe-
matical task, so that it is of interest to find particular
solutions of these equations in analytic form, In the dia-
gram-summation method, the integral equation for the
amplitude term has as a rule the following structure:

Ty (m) =T} (m)+ 2 T:in) CKy (m). (85)

In this schematic representation of the equation we
use the following notation: Tk (m) is the amplitude term
from the set of amplitudes for a definite value of m;
Ti(m) is the amplitude term from the set_at m = n;
Th(m) is the free term of the equation; 'gTi(n)CKik(m)
is the integral term of the equation; Kjk(m) istheker-
nel of the equation; C is the product of the Green's
functions of all the n particles,

We integrate this equation once:

Ty (m)=Tj (m)+ Ei T (n) CK;p (m) + ; T;(n) CKji (n) CEyy (m).

We seek the amplitude Tk(m) in the form of a sum

Ty (m) =T3 (m) + T4 (m),
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where
TP (m) =T} (m)+ 2 77 (n) CKyp (),

and we can write for 'I‘l(f) (m) an equation represented sche-
matically in the form

T2 (m) = X T3 (n) CK jt (n) CK 1 (n)

ij

o+ ST m) CKes (n) €Kt (n) CKin
+ DT (n) CK 1 (n) CKn (m).

Let us explain the meaning of this solution with a con-
crete example, In the case of the three-body problem
(m = n = 3) the first terms of the free member corre-
spond to the contribution made by the diagram with two
closed loops, while the second corresponds to the contri-
bution from the diagram with three closed loops, The
amplitude T‘i:) (m) corresponds to the sum of contributions

from a pole-type diagram and from diagrams with one
closed loop, These contributions can be calculated rela-
tively simply in certain cases in analytic form, It was
shown in ref, 14 that the sum of contributions from the
pole diagram and the quadratic diagram is equivalent to
the amplitude of the impulse approximation; thus, Ti?(m)

has a clear-cut physical meaning, A similar situation
arises also in the case of reactions that reduce to prob-
lems involving four and more bodies, The function
T (m) is as a rule equivalent to the impulse-approxi-
mation amplitude,

In the determination of Tf((m) it is necessary to con-
sider two cases:

1) The initial energy is large, i.e., the primary mo-
mentum k; in the e,m,s, is much larger than the probable
momenta p; of the particles in the initial subsystems,
and the scattering of particles with large relative momen-
tum in the intermediate states can be regarded as free,
proceeding predominantly forward or backward in a nar-
row cone, In this case the iteration series of equations
for T{? (m) converges? and the function Tigz) (m) can be
represented by the sum of the first iterations,

2) We consider the case of low energies, Obviously,
under these conditions the terms of the iteration series
for Tff) (m) do not have a small parameter, and the rep-
resentation of the function Tl({z) (m) by several iterations

is meaningless,

It is possible, however, to obtain the amplitude Tl(f)(m)
in parametrized form, by investigating the corresponding
equation,

Like the amplitude of the considered transition, the
amplitude T@(m) is a complicated function that depends
on the total energy of the system and on (3m —4) vari-
ables that characterize the magnitudes in the directions
of the momenta of the m particles produced,

Inthe study of multiparticle processes, the main inter-
est lies in the dependence of the differential cross sections,
ortransition amplitudes, on the angle or energy of one of the
particles inthe final state, Itistherefore perfectly suffi-
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cient to represent Tl({z) (m) with accuracy to within a con-
stant quantity in the form of a function of the given vari-
able,

Scattering of Nucleons
by Deuterons

To illustrate the proposed method for the analysis
of amplitudes of multiparticle nuclear reactions, let us
consider the decay of a deuteron under the influence of a
nucleon,

Assuming two-particle forces, the amplitude T(N +
d — 3N) of this reaction is the sum of the amplitudes cor-
responding to the interaction of each pair of nucleons
(1,2), (1,3), (2,3) in the final state:

T(N+d—>3N)=Tp+ T+ s (86)

Each of these three amplitude terms Tjj can be deter-
mined on the basis of integral equation (83), the solution
of which we seek in the form of a sum of two functions:
Tij = T(ilj +Ti("f). Here T(l- is the sum of the free terms

of the once—in%egrated equation for Tjje Graphically, Ti(I')
is a sum of a pole diagram and a quadratic diagram, It
should be noted that the sum 'I‘g) i T%) + Tgi) corresponds

to the amplitude of the reaction N + d — 3N, calculated in
the impulse approximation, Let us consider methods of
determining the functions Tjj @,

At high energy, when the initial momentum k; notice-
ably exceeds the momentum of the nucleons in the deu-
teron, and when it can be assumed that the scattering of
the nucleons in the intermediate state is free, the iteration

series of the equation for TP converges rapidly, The
convergence parameter is the quantity (8/kg)? (ref, 21),
where f is the parameter of the deuteron Hulthen wave
function, Then Ti-(z) can be represented by the first iter-
ations, At low energies, the amplitude Tij(z) must be

sought in parametric form as a function of a definite var-
iable,

Let us consider, e,g,, the dependence of the ampli-
tude (86) of the deuteron decay under the influence of nu-
cleons on the energy Ej; = f7, /m of the relative motion
of the two nucleons (1, 2) in the region of their resonant
interaction, i,e,, in the region where Ey, is close to zero,
Let the initial energy be much larger than the binding en-
ergy of the nucleons in the deuteron (E; = k% /2m > o /m),
but let E; be smaller than the depth of the two-nucleon in-
teraction potential,

Under the foregoing assumptions, the amplitude T},
which takes into account the interaction of the nucleons
(1, 2) in the final state, can be factorized:

Tin=ayy () L2 + 421,

where ay n(f12 is the amplitude for the scattering of the
particles (1, 2) for fy, =~ 0, Bearingthis in mind, we rep-
resent the amplitude of the reaction N + d — 3N by the
sum

T (N +d—>3N) = axy (f) [4R + AT+ T + T2+ T + T

3 3.
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If the angle ¢ of the emission of the nucleon 3, which does
not take part in the interaction, is fixed, then for fy, ~ 0
the corrections to the amplitudes A(ii;)_', T(iig, Tg) turn out
to be constant, accurate to terms of order (fy,/k)% In
this case the amplitude T(N + d — 3N) takes the form

T (N 4 d—3N)=ayy (f) [42 + C1) + T +Cal + (T3 +Cal.
Since the amplitude ay N(f12, as a function of fyy, is near

its resonant value, the terms C?‘[czl\u\;(fm)]'1 and C3[aNN"®
(f 12)]'1 can be neglected, and we obtain for T(N + d —3N)

T (N+d—3N)=ayy (f)[ F1+C1], (87
where the function
w o TR
Fy=Ag ann (fi:le) (88)

can be calculated, The behavior of Fy as a function of fy,
in the region of f, ~ 0 depends essentially on the value
of the fixed emission angle of the nucleon 3, Two limiting
cases can be considered here:

1., & ~180° i.e., the momentum gy transferred to the
nucleon 3 has a maximum value |q;| = [ky—ks[/2 ~ k.
Under these conditions the function Fy, accurate to terms
of order (fys/kp?% is constant, Therefore the behavior
of the amplitude of the reaction N + d — 3N as a function
of f, is determined only by the resonant factor ay n(f1):

T (N +d—3N)=-const a (fiz)- (89)
This result is confirmed by an analysis of a number of
experimental data (Fig, 1),

2, &% =~ 0, i,e,, the momentum transfer qq is very
small: |qy] = |k;—k|/2 ~ 0, Inthis case the function Fy
(88) is itself strongly dependent on f, and consequently
the reaction amplitude T(N + d — 3N) obtained on the basis
of the particular solution of the integral equations

T (N+d—»3N) = ayy (fr) [F1+C], (90)

=
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Fig. 1. Energy spectra of the neutrons from the reaction n(d, p)2n: a) in-
cident-deuteron energy 1.86 MeV (ref. 23); b) neutron energy 14.0 MeV
(ref. 13). The curves were calculated in the Migdal— Watson approximation.
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Fig. 2. Energy spectra of protons: a) from the reaction p(d, n)2p at inci-
dent-proton energies 7 and 10 MeV, for different emission angles.® The
solid curves were calculated in the present paper; the dashed curves were
calculated assuming an equally probable distribution in phase space; b)
from the reaction n(d, p)2n at an incident-neutron energy 13.9 MeV for
the angle 4° (ref. 13). The dashed curve was calculated in the present
paper; the dash—dot curve represents caleulation in the impulse approxi-
mation; ¢) from the reaction n(d, p)2n with 14-MeV incident neutrons at
an angle 4°. The dash—dot curve shows the experimental data; the solid
curve was calculated in ref. 25; the dashed curve was calculated in the
present paper.

differs from the amplitude AjmpM™ + d = 3N) calculated
in the impulse approximation,

Aimp(N‘Fd—"'SN) =ayy (f1) F1,

by the function ay (f12) « C.

Figure 2a shows the experimentally measured spectra
of the protons from the reaction p + d — n + p; + p, in the
region fnp ~ 0 (ref, 24), and the curves calculated by
representing the reaction amplitude in the form (90), It
is seen from the figure that the proper choice of the con-
stant C in (90) results in good agreement with the experi-
mental data, Further, this parametrized equation for the
N+ d — 3N amplitude was used in the analysis of the ex-
perimental spectra of the protons from the reaction n +
d=ny+mny+pat fnn,~ 0and gy < fpn, to obtain the
neutron—neutron scattering length (see Fig, 2b), It was
shown that only if the scattering length ey ranges from
19 Fto 24 F canthe calculated curves be reconciled with the
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experimental data by proper choice of the constant C in
Eq. (90).

It is interesting to note that the function ayn N(f NN)*
Fyy being the sum of the contributions from the first two
iterations of the expressions for Tyy, Ty, and T34, contains,
in the case of the considered particle configuration and of
the initial reaction energy E, <« U,, the nucleon—nucleon
scattering amplitudes practically on the energy shell, The
quantity C in (90) is the sum of the solutions of the inte-
gral equations for the amplitude Ay, 9, and therefore de-
pends essentially on the character of the pair potentials,
Consequently the absolute magnitude and the behavior of
the differential cross section for the production of nu-
cleons 3 in the region of the upper limits, under the con-
dition q; ~ 0, obtained by numerically solving the integral
equations, depends strongly on the choice of the charac-
ter of the two-nucleon potentials, This is confirmed by
a relative analysis of the experimentally measured spec-
trum of the protons from the reactionn+d —ny +ny + p
with that calculated on the basis of the exact solution of
the integral equations written down in the approximation
of a separable nucleon—nucleon potential,® As seen from
Fig, 2¢, either spectrum can be fitted by proper choice of
the quantity C in the representation (90) for the amplitude
of the reaction N+ d — 3N,
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