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A review is presented of the present status of theoretical methods and of the principal results of their applica-
tion to elastic and inelastic scattering of electrons by nuclei with excitation of low-lying collective status in
the nuclei. The advantages and shortcomings of phenomenological methods and model-independent methods
for analyzing the experimental data are considered, The possibilities are demonstrated of directly describing
the data within the framework of the independent-particle model, of the c-cluster model, of approaches with
allowance for the short-range correlations in the nuclei, and of the macroscopic and microscopic nuclear mod-

els.

INTRODUCTION

Interestin the study of nuclear structure with the aid of
elastic and inelastic scattering of electrons has heen re-
newed of late, The reason is the appearance of accurate
data on the scattering by a number of nuclei at different
energies and at large momentum transfer, up to g ~ 3.5
F~, investigation of isotopic differences in the charge-
density distributions, attempts at jointly studying elastic
and inelastic form factors, and new data on quasielastic
proton knock-out from deep shells of the nucleus and on
the giant dipole resonance, and other factors (a detailed
bibliography up to 1970 is given in ref, 1). Notice should
also be taken of the development of the corresponding
theoretical methods, such as the model-independent anal-
ysis of form factors, calculations of ground states of nu-
clei by the Hartree —Fock method, etc.

Compared with the scattering of nuclear particles,
the electromagnetic character of the interaction of elec-
trons with nuclei greatly simplifies interpretation of the
experimental data. They are also preferable to photo-
nuclear reactions, since they make it possible to vary,
more or less independently, the energy and momentum
transferred to the nucleus. This makes it possible to
assess, €.8., the distribution of the charge in the nucleus
in those characteristic regions that are responsible for
nuclear transitions to excited states,

In this paper we consider the principal theoretical
approaches used to extract information on the structure
of the nucleus from data on electron scattering, and meth-
ods of directly calculating the form factors within the
framework of the most typical nuclear models and schemes.
We limit outselves to the study of only electric form fac-
tors for elastic and inelastic scattering with transition
of the nucleus to the lowest collective-excitation states.

1, HIGH-ENERGY APPROXIMATION

In problems where electrons for the corresponding
form factors or cross sections are used to study the nu-
cleus, it is convenient to use as simple expressions as
possible, This explains the physical principles of the
phenomenon and, what is of practical importance, permits
the performance of the many repeated calculations needed
to fit the parameters of the nuclear models or schemes
chosen for comparison with experiment. From this point
of view, a method based on numerical solution of the Dirac
equation to find the scattering phase shifts, followed by
summation of the partial amplitudes, which is traditionally
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called the phase-shift analysis method, is inconvenient,
The difficulties of this approach include also the need for
attaining high accuracy in caleculation of the Coulomb po-
tential from the specified charge density of the nucleus
and with the need for summing an alternating-sign series
of partial amplitudes (quantities on the order of unity) in
order to find exponentially small cross sections at large
momentum transfers,

In this respect, the simplest is the plane-wave Born
approximation., Practical experience has shown that this
method can be used with assurance for light nuclei with
Z = 6 in the entire presently accessible experimental re-
gion of momentum transfers, with the exception of the
points where the cross sections are minimal, As to me-
dium and heavy nuclei, it is possible to take into account
here the distortions of the incident and outgoing waves in
the Coulomb field of the nucleus. A sufficiently accurate
quantitative method for taking these distortions into ac-
count can be developed without resorting to the exact
phase-shift analysis method, by using the so-called high-
energy approximation,

We present below a methodological comparison of
these three methods, but we give first the fundamental
initial expression for the electron elastic and inelastic
scattering cross sections and the high-energy approxi-
mation, These expressions are not only convenient for
particular numerical calculations, but are quite illustra—
tive and reduce to the well-known Born approximation in
the particular case when there is no distortion.

Theoretical Methods in High-Energy
Electron Scattering

To study the details of nuclear structure it is neces-
sary that the wavelength of the electron be smaller than
the dimensions of the nucleus, i.e., kR > 1, The most
instructive in this case is the cross section for scatter-
ing through angles ¢ > (kR)~!, where there are charac-
teristic minima and maxima, Their positions and forms
depend strongly on the nuclear structure, Within the
framework of these conditions kR > 1, E > V, the high-
energy approximation is the most appropriate for our
problem. Theinitial conditions yield expressions of some-
what different form for the scattering amplitude, This
question was analyzed in detail in ref, 2, We present here
a brief listing of the methods, based on a general expres-
sion for the amplitude in the form

£ B) =5 | & owy) exp {ilar-+ ¢ (1} V (e) dr, @)
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where g and ¢ are the distorting amplitude and phase

functions; vj and vy are free spinors, and the Coulomb

potential is connected with the charge-density distribu-
tion by

iz | LBE 2)

J |r—x|

1t is obvious that the Born approximation is obtained
from (1) by putting
g=viviy ¢ (r)=0. (3)
The amplitude function g and the phase function ¢ depend

on the concrete utilization of the high-energy approxima-
tion conditions, Thus, the usual eikonal approach yields

oo

p=—7 |V @—hs)ds. )
0

g=Uv;;

Then, confining ourselves to small scattering angles 4 <
(kR)~! and to the assumption that the trajectory is linear,
we can reduce the amplitude to the following integrals?

fu= — ik (vf0) TJD (ko) {exp| —i - of V(p+ha)dz ] —1} pdp.

0
(5)

Methodological calculations performed on the basis of
this equation for the cross sections for scattering of elec-
trons by nuclei with a step-like charge-density distribu-
tion have shown® that the phase function ¢ and the preex-
ponential factor g must be determined with greater ac-
curacy. The factor g must take into account the distor-
tion of the front of the electron wave by the Coulomb field
in the region of the nucleus, Such a factor was introduced
artificially in ref. 4, but the method has not found use in
comparison with experiment.

Another approach was proposed inref, 5, where asymp-
totic summation of the Born series yielded

g = vivy; 4,=—%[fvu_z},-s)dwS'OV(r+kfs)ds], (6)
0 0

which is valid at large scattering angles & > &R)"/2, m
this case, on going over to linear trajectories, the expres-
sion for the amplitude (1) becomes explicitly definite. In
comparison with (4), we have here an additional term in
the phase shift and this term, roughly speaking, takes into
account the distortion of the wave function of the electron
on its path from the nucleus to +w, Although methodologi-
cal calculations on the basis of this approach,® when com-
pared with the exact phase-shift analysis methods, result
in agreement between the positions of the minima and
maxima of the angular distribution, the phase-shift-anal-
ysis cross sections turn out to be 10-15% higher and this
again appears to be due to inaccuracy in determination of
the preexponential factor g,

The most successful form of the amplitude was pro-
posed in ref, 7 specially for the case of scattering through
large angles 4 > (kR)™!:

g=uj (r)ui (r);
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0
where uj_¢(r) are obtained from the quasiclassical solu-

tion of th’e Dirac equation for the wave functions with re-
spect to the electron motion:

o0

5 U(r$fcs)ds]. (8)

0

W (1, k)= ul (r, k) exp [ ike—i -

To justify the initial expression (1) with functions g and ¢
in the form (7), the authors of ref, 7 have had to arbitra-
rily subdivide the Coulomb potential V into two parts, a
smooth part U containing the lower Fourier components
of the potential, which make the main contribution to scat-
tering through small angles ¢ < (kR)™!, and the high~fre-
guency component v, responsible for scattering through
large angles ¢ > (kR)™. Then, using the well-known ex-
pression for the transition matrix in the case of two po-
tentials

Ty = (5 (U) |v| 2" (V) + (¥ (U) | U exp (ikr)),  (9)

it is possible to neglect the contribution of the second term
to the amplitude at angles ¢ > (kR)™, and in the first term
it is possible, as usual, to replace the exact solution y{*)
by the wave ¥ (*) distorted in the potential U, Similar
arguments make it possible to replace in the obtained ex-
pression the potential v by the total Coulomb potential V,
since its low-frequency part U is in essence automatical-
1y cut off upon integration with the strongly oscillating
functions (8) in the investigated region of angles 4 > &R)™,
As a result we have

o0

fue(g E) = -%5 uf (r) wi (r) exp [iqr—i 2 j U (r— kus) ds
0

i fva+imas)vmar (10)
0

The authors of ref, 7 have calculated the amplitudes (10)
for the potential V with a step-function charge density
distribution p = 0(r —R). In this case the cross section
is expressed by an analytic equation and agrees well with
the corresponding exact calculation by the phase-shift-
analysis method.

Further development of this method for a realistic
form of a Fermi density pp(r) and for an arbitrary form
of the charge-density distribution was carried out in refs,
8 and 9, where a concrete comparison with the phase-shift
analysis has demonstrated its extensive capabilities and
the good accuracy for numerical calculations and for com-
parison with experiment,

Differential Elastic and Inelastic
Scattering Cross Sections

We write down the electron scattering cross section
in the general form

do
=0t =tz 5 3 2 11

The matrix element of the transition from the initial (i) to
the final (f) state will be represented in the form
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Tip=(J1 M| j e (1) V (e8) Wi (r) | T, M. (12)

The wave function of the nuclear state | M), which de-
pends on the corresponding coordinate ¢ of internal mo-
tion, is determined within the framework of some model
of the nucleus, The Coulomb interaction of the electron
with the nucleus is given by

V(g = —ze | SEOL

13)

Neglecting the electron energy loss AE <« E, i,e,, assum-
ing k; = kF, we write within the framework of the high-en-
ergy approximation

Wi WP — g (vwfvy) exp [iqr 4 i ()], (14)

where g and ¢ are given in (7).

Now, making the change of variable u = T —x and
using the expansions

g(utx, vip)=g(x, vivs)+...;
é(u+x):¢(x)+vu¢(u+x)|u=ou+...,} Rl
we obtain 5
Tyy= —4nZes S dx%
X exp{ifqx - ¢ ()1} (T M| p (xE) | T M), (16)
where
9 o(X) = a0+ Vg (04 X) [y (17

Substituting here p (x£) in the form of the expansion

p (x§) = 2 Prar (28)Yinr (-1:)

LM

(18)

and using the Wigner —Eckart theorem (L is an integer)

(TiMy| Prag| JiMiy= (T LMM | T M) (s || &1 7., (@19)

we obtain
(Jjﬂ/.[f | o (XE) I J;‘ﬂ]i} == Z Pr (.I:) )’iM (.27) {J—;L"lllﬂl I J_f.‘[_f) ) (20)
LM

where

Pr (2) = || Pr (x, E) || T2 1)

will be called the radial transition density of the nucleus.
Substituting (16) and (20) in the equation for the cross sec-
tion (11) and recognizing that in the high-energy ap-
proximation we have?

g (x, vfvi) =g (x) vjv,,

we obtain a final expression for the cross section:

27i4+1 <

T 1
Ot = Ontort 57157 2 L7 | Feae Py @)
LM

where oyfott = (2Ze?/¢?)? cos? #/2 is the Mott cross sec-
tion; the form factor is
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Fua=g* | ds i E}‘(’x) exp{ilgx+¢ ()1} pr. (2) Vi (). (23)

Thus, the problem of calculating the scattering cross
section breaks up into two independent parts, calculation
of the radial transition density by-means of Eq. (21) with-
in the framework of the chosen nuclear model, and the
calculation of the integrals using (23), The entire physi-
cal information on the structure of the nucleus is con-
tained in the form factors Fp g, which will therefore be
the principal object of the present research,

Calculation of the Form Factors
in the High-Energy Approximation

The wave functions ¥# (r, k) of the relative motion
of the electron, as solutions of the Dirac equation, were
obtained in the high-energy approximation in ref, 8, Ne-
glecting the electron mass, we express them in the form

U (r)
E

EVo™®) (1, k)
4B

+ 1 4
Y r, k) =55 (1~ o+ ) (6VS® (r, K)

+E—-U () vexp[iS (r, k)], (24)

where

e (r, k) =kr = () (r, k); ¢ (r, k) = g U(r== és) ds. (25)
]

Following ref, 7, we can obtain an explicit expression for
this function in the vicinity of the nucleus by expanding
the potential V in a Taylor series., Then the smooth po-
tential is

U (r) =V(0) 4 ak3r2. (26)
In the calculation of (25) we assume that the trajectories
are straight lines, Choosing then 0z # k and assuming
T =p + kz, where p is the impact distance, we obtain

B

UV ETR = | W00 FTEnd. @)

0 0

66 (r, k)= —

The first integral is evaluated directly following the
substitution (26), and the second is obtained after expand-
ing in powers of p? and retaining only the quadratic term.
The intermediate steps, the expressions for (24), the form
of the expansion coefficients, and also g, defpy and ¢ from
(23) are given in Appendix 1. The latter depend on the
chosen charge-density distribution in the nucleus,

We now consider the integrals (23), which are the
form factors of the nucleus in electron scattering, When
they are calculated it must be recognized that the region
where the principal contribution is made for angles & >
(kR)™! is the vicinity of the nucleus, where the expansion
(26) is valid, If 4> (kR)™!, gx ~ qR > 1, one can use the
method of asymptotic expansion in reciprocal powers of
the quantity (qx)inthe exponential of (23). We now choose
0z t q and put cos gx = . Then dx = —x2dxdude and the
corresponding integral with respect to du takes the form

1 .
Tove= | O oxp fi [gan+ ¢ (w0} pr. () Vrae (1) di. (28)

4, ‘Tzeff (zug)

Using the identity
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exp {i [gzp+ ¢ (zpg)]) = exp {i [gzp + ¢ (zue)1},(29)

1
igzD (zp) er
where
D (aug) = 1+ 5 (@), (30)

we obtain after integrating by parts

L
T G g ¥ 3%y Lar (ne)”
T S‘ E—— 7 ) [ i vgo (qz)° D'Fl(zpg) Ju=e
o l 1 L g(IP-'P)
»exp {1[qIE+¢' (ze ]}+{ (gz)2 [ "’l‘( L) O )Juie
X %%pl exp{i[gze + & (ze)]}. 61)

We can neglect here the second term, since it is of higher
order than the first, Indeed, estimates yield for their
ratio

Dok JasE o
q2 ﬁ) 137 (kR)2 °

which exceeds the accuracy of the high-energy approxi-
mation V/E ~ (Z/137)(1/kR). In (31) we took into ac-
count the fact that at the points p = £ = +1 there is no
longer a dependence on the azimuthal angle in the func-
tions q‘éff and ¢ (see Appendix 1) and this dependence re-
mains only in D(xu¢), in the form

gz D (zpg) |y—e = A (z&) 4 B (z) cos® . (32)

The integration with respect to dy in (23) can then be car-
ried out exactly (Appendix 2), and the form factor reduces
to the one-dimensional integral

y T Goaze)
Fry = 2nig g | LM
M 311 § q;ff“me)

X exp {ilgze + ¢ (z€)]} pr. (2) z dz, (33)

where

7§ (ze); (34)

L
Gune=Go(@0) 3 1 [25 V(W) |,

p=0

2m-—2rn— 1)1 (2n—1)!!
2mm|

(—1)"cin

: 1
Jiiam (28) = —5

B )""’S<F(m—n+1/2, m—v, m+1, A(A+ B));(35)

x{ro%

gzg (ze) (35)

) s e
AMesina =0 Gulathe VA (ze) A (we) 1 B (ze)]

Here F(a, b, c, d) is a hypergeometric function, In prac-
tice it suffices to confine oneself in (35) to second-order
1/(qx)?, and for L. = 0 the main contribution to (34) is
made by the terms with M = 0, In Appendix 2 are given
the derivation of (35) and the expressions for Gyppat L =
2 and 3,

Thus, the subsequent task of finding the form factor
reduces to a calculation of the one-dimensional integrals
(33). This can be done numerically by choosing a suitable
upper integration limit, since the explicit forms of the
integrands are obtained only for the region of the prin-
cipal contribution in the vicinity x € R of the nucleus. The
answer can, however, be obtained also in explicit form
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by using the properties of the expressions py,(x), which
are typical for many calculations, We present below two
such examples,

Pole Method of Calculating the
Elastic-Scattering Form Factor
for a Fermi Density

In the analysis of elastic scattering of electrons by
medium and heavy nuclei one uses most frequently a Fermi
charge-density distribution

pr (2) = 0o (@) Yoo () = 0 g o=y @)
where p(© is defined by the normalization condition
{ or (@ ax=1; (38)

R is the density half-value parameter; b is the thickness
of the surface of the nucleus, The form factor (33) now
becomes

F¥ (g, E) = F5) (g, E) = 2nigp® S & G (ze)
@ B) = Fla (¢, B) = 2niap® 3 iqémm
xdx 39
xexp{ilgze+ ¢ O} o= - (39)

To calculate the radial integral, we use the fact that the
function (37) has simple poles at the complex-plane points®
2 — R4-inbe (2s+1), $=0,1, 2, ...; e=+1. (40)
We first analyze the simplest case of the Born ap-
proximation (¢ =0, Gy =1, qogr = @)« Then

2
FF (Q’) e U (U) gzi e ‘i (e) dz; @41)
= g £ exp (igz) 2
W8 == 42)
Representing the integrals (41) in the form
) 0
Sefwegd=Se{§— [ — |} weeod, @43)

€ 0 e cle) igoo

where the circling directions are shown in Fig, 1, we see
that the integrand has poles at the points (40) and tends to
zero on circles C(€) of infinite radius in the first quad-

Im x

nlt)
o

R Re x

Fig, 1, Choice of integration contours.
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rant (where £ = —1), The contribution from the imaginary
axis is conveniently estimated directly for the difference

0 oo
22 £ (igp) p 4
Al —l 21 5i§ W (ze) dxl—l 2 Ei 1+ex:?i-.lg$b)pex;(iep/b)

& —2i exp (— R/b) sin [2 arctg (1/gb)] I
(1—exp (—R/b))2 (¢2+ 1/52) .

(44)

It will be shown below that this contribution can be ne-
glected because exp(—R/b) is small, In addition, as q —
0 we have |A| — 0, Thus, the form factor is determined
by the residues at the poles (40) and can be expressed in
the form

8n2 - DR,
") = — 22 oRb 3| (cos gR —(25+1) Zr-singR)

=0

X exp [ — (25 4 1) ntbg]. (45)
At sufficiently large q > 1, the main contribution to (45)

is made by the first term of the series with s = 0, since
each succeeding term is smaller than the preceding term
by a factor exp(2nbq) and can be neglected if 2nbq > 1, In
(45), however, it is possible to carry out exact summation
by using

>, exp[—(2s41) 2] = 5t

s=0

cthz
2shz -~

D (2s4-1)exp[—(2s+1) 2] = (46)

=0

As the result we obtain for the Born form factor for elastic
scattering of electrons by a nucleus with a Fermi density
the final expression®

1
2shngh - (47)

FF(q)= — % pMRb [cos qR — HT}J sin gR cth ubq]

From this follows in the limiting case b— 0 an ex-
pression for the form factor of a step-function charge-
density distribution:

P (g)=lim F¥ \g)= 2 (SineR 48)
b0

@R T—cosqﬁ‘).

Expression (47) can be used to analyze qualitatively
the cross sections for scattering of electrons by medium
and heavy nuclei, We shall show below that for light nu-
clei this expression can be used also for quantitative com-
parisons. Comparing (47) with the estimate (44), we ob-
tain an upper bound on the region of its applicability:

a< R/(nb?), (49)

which yields a value close to the contemporary experi-
mental limit of eross-section measurements,

We now consider the same problem of scattering by a
nucleus with a Fermi density (37), but with allowance for
the distortion of the wave function of the electron in the
Coulomb field of the nucleus, We use the same pole meth-
od. Itis now necessary to take into account also the poles
due to the functions G(xe) and qéff(xe). Analysis shows
that they lie far from the poles x& [Eq, (40)] and that their
contribution is negligibly small. Further, the presence of
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the function ¢(xe) in the argument of the exponential changes
the behavior of the integrand on the contour c(®), 1t must
be remembered here, however, that at large |x| it is nee-
essary to use for it the exact asymptotic value ¢ — 2Ze2.
In 2kx, and not the value obtained. above, which is valid
only in the vicinity of the nucleus. At the true value of

¢, the integral along the contour C(®) turns out to tend to
zero, The difference between the integrals on the imagi-
nary axis is also bounded from above by the estimate (44),
Thus, the integral (39) is again determined by the poles of
the Fermi density, and is equal to

F¥(q, E) = — 4n2qp 3.3
s=0 eg==+1
Gp (z5e)

gt (ate) "+ P {ilegze+ ¢ (xis)]}} g

(50)
AtR >»b and q > 1, this series converges rapidly because
of the factor exp(—rbq(@s + 1)1, so that in practice we can
confine ourselves to the zero-order term with s = 0. How-
ever, it is possible here, too, to sum over s, taking out-
side the summation sign the weak function (Go/ dagp)exp(i¢)
at the point x of the principal contribution. We then ob-
tain the following final result for the form factor of elastic
scattering by a nucleus with the Fermi density:

F7 (g, E) = — 4n2qp0% o G;n (xﬁag
g=<1 qéff(xtle]

(51)

; s
% (R +ienb cth subg) “P_“[%i;m_ﬂ

1071

071 i 5, [ I sy
Jo 40 50 &0 00 720

] ]
740 8, deg

Fig. 2. Comparison of the methods of calculating the electron elastic-
scattering cross section: solid lines) phase-shift analysis, dashed lines)
high-energy approximation, dash—dot lines) Born approximation (taken
from ref, 8).
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In the limit as b —0, this yields an expression previously
obtained in ref, 7 for the form factor with a step-function
charge-density distribution.

Expression (51) can be used for direct calculations
and for comparison with experiments on electron scat-
tering by medium and heavy nuclei, if the conditions of
the high-energy approximation kR > Z /(137kR) « 1 are
satisfied in the angle region & > & ~ 1/kR; q < qp < R/7b%,
Thus, Fig. 2 shows a methodological comparison® of the
cross sections for elastic scattering of electrons by the
nuclei (R=4,19 F,b=10,52 F) and Bi R =6.64 F, b=
0.56 F) at an electron energy E = 300 MeV (k = 1.5204
F-1), calculated by the phase-shift-analysis method,!® by
the high-energy-approximation method and relation (51)
and in the Born approximation (47). We see that there is
good agreement between the phase-shift-analysis and high-
energy-approximation calculations, The slight discrep-
ancy at large angles in the case of bismuth is due to the
use of approximate functions and an approximate method
of calculating the angle integral in the high-energy ap-
proximation.

Thus, the high-energy-approximation expressions ob-
tained describe well the cross sections for scattering by
medium and heavy nuclei, and they can be conveniently
used for a quantitative analysis of the experimental data,
owing to the explicit dependence on the density parame-
ters R and b and on the electron energy E.

Form Factor for Symmetrized
Fermi Density

Interest in the use of the symmetrized Fermi density

psr (1) = p@ [{1 +exp [(r— R)BI* 4- {1 +exp[(—r— R)/BI} T —1]

— oy ShRb (52)
=0 RN RjbJ-ch b

has appeared relatively recently, mainly in connection
with the problem of phenomenological analysis of the de-
cay in light nuclei, Indeed, whereas analysis of the form
factors of medium and heavy nuclei made it possible to
choose a Fermi density in the unified form (37), which
accounted sufficiently well for the experimental data for
each of the nuclei in this region, it was impossible to ob-
tain for light nuclei a charge-density distribution in a
form common to all nuclei, To the contrary, in this re-
gion one operates with densities that differ in form for
each nucleus, These are most frequently multiparame-
ter functions with Gaussian fall-off, for which the form
factors can be calculated in explicit form, and in other
cases the fitting to the experimental data is impossible

on this basis, and it becomes necessary to choose charge-
density distributions with exponential asymptotic form,
for which the form factor usually cannot be calculated ex-
plicitly. We note immediately that charge-density dis-
tributions with Gaussian asymptotic forms are not the-
oretically justified, since the real nuclear functions, mean-
ing also the charge-densitydistributions, have an exponen-
tial behavior at large distances [exp(—cr), r > R],

At the same time, the symmetrized Fermi density
has the following important features, First, it is a sim-
ple two-parameter function, where R determines the den-
sity half-value and b determines the width of the charge-
density-distribution surface layer, Second, it decreases
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at large r in accordance with a correct exponential law,
Third, at the center of the nucleus this density always
flattens out, thereby differing from the Fermi density (37),
which has a nonzero derivative at r = 0, To be sure, for
medium and heavy nuclei, where this function is used, the
latter circumstance is immaterial, inasmuch as p'F(O) «

1 and both densities practically coincide, For light nu-
clei, on the other hand, this derivative is not small, and
here the density (52) offers the same advantages as a Gaus-
sian density.

Finally, the form factor corresponding to the density
(52) can be calculated in analytic form,! It is also pos-
sible, in an equally explicit form, to find the density nor-
malization constant p(©) and the rms radius:

3 o
0 = e (4 (bR
R='2=rY TV 1+4 (%)

All this is very valuable for the practical reduction of the
experimental data and when the form factor is used in
other theoretical investigations.

(53)

(54)

To obtain an explicit expression for the Born form
factor with a symmetrized Fermi density

oo

F5¥ (9) 54—;‘ S sin (gr)psp (1) rdr, (55)
0
we use the known integral'?
T = | R = (56)
Then, substituting (52) in (55), we find
o T ";;‘ 0© sh R/b- diq 7 (g) (57)
or
P (@)= — 220 o5 R — (b/R) sin gR cthnbg).  (58)

It is interesting that the exact expression for the Born
form factor with pg coincides with the approximation
(47) for the Fermi density pp obtained by the pole meth-
od, neglecting the contribution from the imaginary axis.
It is now clear that the appearance of this nonvanishing
contribution is due to the poor analytic properties of the
Fermi function, namely to the fact that its derivative dif-
fers from zero at the point r =0,

We note also some features of this form factor. Fore-
most among them is exponential decrease with increas-
ing q:

F (g) ~ exp (—nbg), (59)
which conforms with the experimental behavior at g > 1.
It is seen that this fall-off is steeper, the larger the smear-
ing of the charge in the surface layer of the nucleus. Fur-
ther, the form factor (58) has theoretical zeros at the
points gg defined by the equation

tg qsR = (R/mb) th nibgs, (60)
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this being a consequence of the finite dimensions of the
nucleus, In experiment, these points correspond to mini-
ma of the differential cross sections,

It will be necessary later on to compare the results
of the Born calculation with calculation by the high-en-
ergy approximation. Without presenting the details of the
calculations of the form factor within the framework of
the high-energy approximation, we indicate only that the
procedure itself is similar to that described above, The
explicit form of the form factor is obtained again after
replacing an integral of the type (41) by two integrals
along contours of infinite radius in the first and fourth
quadrants and summing the resultant residues at the poles
of the function (52) rg =R + inb(2s + 1 PR ) J (P
The results can be represented in the form

4n2bRpt®
F* (g, B) = — =250 D{oos (¢R + @)

— (mb/q) sin (gR + @) cth mubg], (61)

where D and & are complex functions of q and E and take
into account the distortion. They can easily be deter-
mined by comparison with the analogous equation for the
Fermi form factor (51). Naturally, in the Born approxi-
mation we obtain D=1 and & = 0,

2, ELASTIC SCATTERING

The investigation of elastic scattering (mainly of the
charge form factors) includes the determination of the
detailed behavior of the charge-density distribution for
each individual nucleus, and also the behavior of the "aver-
age" nuclear characteristics (radius, diffuseness, etc,)
with changing atomic number and changing nuclear struc-
ture., The solution of this problem is hindered by the in-
complete development of such methods for the analysis
of experimental form factors as the determination of the
inverse Fourier transforms of integrals with finite upper
limits or the corresponding mathematical methods op-
timizing incorrectly formulated problems, Itis precisely

IFIZL

Fig. 3. Form factors for elastic scat=
[ _s tering by light nuclei in the high-en=~
ergy approximation for a symmetrized
yp-¢ Fermi density: solid curves) exact

high~energy approximation; dashed
71077 curves) Born approximation.!
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these methods which can yield model-independent infor-
mation on the charge-density distribution function of the
nucleus, which can then be compared with the predictions
of the nuclear models, The difficulties of such an anal-
ysis (which are frequently fundamental in nature) make
it necessary to resort to a simpler direct or model-de—
pendent method, wherein one first obtains the charge-den-
sity distribution within the framework of a definite cal-
culation scheme or nuclear model, and the subsequently
calculated form factors are compared with the experi-
mental ones, As to the "average" characteristics of the
nucleus, the most economical in this case ig an analysis
based on phenomenological charge-density distributions
chosen on the basis of very simple physical considera-
tions regarding the structure of the ground states of the
nuclei, This reveals more or less reliably certain pa-
rameter-behavior features that are common to a group
of nuclei, depending, e.g,, on the character of the filling
of the shells, of the isotopic shifts, of the "softness of the
nucleus" relative to collective excitations, etc, We shall
discuss some of these questions in detail,

Analysis of Form Factors with
the Aid of Phenomenological
Charge -Density Distributions

The method consists of choosing a definite form of
the charge-density distribution and calculating the cor-
responding form factors. Each nucleus has its own in-
dividual structure, Therefore an analysis on the basis
of a single form of the charge-density distribution is
meaningful only for a group of nuclei, Its purpose is to
find the principal regularities in the behavior of the gen-
eral characteristics ofnuclei, such as the mean-squared
radii, isotopic and isotonic shifts of the parameters, de-
viations of the course of the form factors of concrete nu-
clei from their general behavior, etc, It is possible some-
times to describe in this case quite accurately also the
entire form factor of some individual nucleus; this does
not mean, however, that the "experimental" charge-den-
sity distribution of the given nucleus has been obtained in
this way, The possible errors of such an interpretation
will be discussed later on,

The choice of the charge-density distribution function
is usually based on general properties of the nucleus,
such as its incompressihility, the behavior of the single-
particle functions near and outside the nuclear surface,
etc. It becomes necessary to take into account also the
traditions that have developed over twenty years. We shall
dwell on the main problems and results of the application
of this approach to analysis of the experimental data,

Light nuclei, Earlier, when experimental data
were available for only small momentum transfers q, it
turned out to be sufficient for their description to choose
a simple Gaussian charge-density distribution function
exp(—r?/a?) and multiply by a factor (1 + b?r?), and this
imitated the "bump" of the density in the region of the nu-
clear surface, The Born form factors for these charge-
density distributions can be caleulated in explicit form,
thereby definitely adding to the convenience in the anal-
ysis of the experiment, With appearance of new data at
large q, the desire to describe the entire form factor has
led to a complication of these simple charge-density dis-
tribution functions. Multiparameter Gaussian densities
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appeared for each individual nucleus (see, €.g., refs, 13-
15), Their shortcomings are obvious, namely the result-
ant nonrealistic Gaussian asymptotic form and the large
number of parameters (sometimes 5 to 8). We emphasized
earlier the advantage of a density of a different type,
namely the symmetrized Fermi function

s O sh R/b
psr (N =P Frrm T onmm °

(62)
which leads to explicit expressions for the Born and high-
energy form factors. To demonstrate the advantages of
this density in the phenomenological analysis of light nu~-
clei, let us examine the results of form-factor calcula-
tions made for this function,!! shown in Fig, 3 and plotted
as functions of the effective momentum transfer

4 Z 1
qe.ff=q(1 T3 R(A)-E ) d

(63)
in which account is taken of the dependence of the experi-
mental form factors on the energy. It is seen that the
charge-density distribution (62) leads to full agreement
with experiment for the nuclei *He and °Li, Only at the
largest measured values of q > gy (4.4 and 3.5 F! for ‘e
and %Li, respectively) do the calculated curves exhibit a
tendency to deviate from the experimental one, We con-
clude therefore that the introduction of a large number of
parameters to the Gaussian charge-density distribution
for these nuclei was needed primarily to correct the char-
acter of its fall-off in the surface layer of the nucleus and
to make it exponential. Thus, the region q < q; can be
called the region of "small" momentum transfers, where
the behavior of the form factor is determined mainly by
the distribution of the charge density on the nuclear bound-
ary.

For the nuclei 12C and %0, the density (62) describes
well the experimental data up to q, ~ 3.2 F~! (2C) and
qp ~ 2.85 F (1°0), while at q > q the theoretical calcula-
tions begin to deviate patently from the experimental val-
ues of the form factors. This means that at large q > q
the behavior of the form factors depends on the character
of the density distribution in the central region of the nu-
cleus, so that to improve the agreement with experiment
in this region it is necessary to take into account the pe-
culiarities of the behavior of the charge-density distribu-
tion within the nucleus,

It appears that the first deviations of this type were
pointed out in the analysis of the experiments on the medi-
um nuclei *’Ca and 4®Ca (ref. 16). The same can be stated
now concerning the light nuclei, Moreover, these devia-
tions could be noted here even before the experiments
were performed on the Ca isotopes, but their observation
was hindered by the traditional analysis method, wherein
a specialized form of the charge-density distribution was
chosen for each nucleus, An impression was gained that
the specifics of the structure of light nuclei becomes man-
ifest starting even with small g, and that rather than seek
the "deviations" it is necessary to perform direct calcula-
tions of the charge-density distribution within the frame-
work of nuclear models with allowance for all the pecu-
liarities of each nucleus,

The values of the mean-squared radii R and of qy ob-
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tained as a result of y? calculations at q < g, for each of
the nuclei considered showed that even though R and g,
are different for each of the nuclei, their product remains
constant with an error of 10%, qoR = 8.5(x 10%).

The scatter here is due both to the appearance of a
structure that is to a certain degree individual for each
of the nuclei, especially Li, which exhibits a "loose" sur-
face structure, and to the weak tendency of this quantity
to grow with increasing atomic number (of the nucleus).
In other words, for all the nuclei the form factors "begin
to feel" the deviations of the real charge-density distribu-
tions from the homogeneous "flattop" behavior in the in-
ternal region, starting only with a definite value of the
momentum transfer q > qo = 8,58~ F~!, which is rigor-
ously connected with the dimensions of the nucleus. At
q < gy, the behavior of the form factor is determined main-
1y by the structure of the charge-density distribution in
the region of the surface,

Figure 3 leads also to a general conclusion that the
Born calculations can be used for light nuclei, It is seen
that their deviations from the exact ones become notice-
able only when q and Z are increased, so that starting
with 1%0 the Born approximation can be used more readily
for qualitative than for quantitative comparisons.

Medium and heavy nuclei, Itis traditional
here to use the phenomenological Fermi density

1
or (=0 Trope—rm * 64)

even though, as already noted, this density practically
coincides for these nuclei (R > b) with the symmetrized
Fermi density (62). Nonetheless, many calculations were
performed with a charge-density distribution in the form
(64), and led to certain general conclusions concerning

the structure of the ground states of such nuclei, Natural-
ly, the Born approximation no longer holds here and al-
lowance for the distortions is obligatory.

Typical examples of the use of the Fermi density in
analysis of experimental data are illustrated in Fig, 4.
which shows certain data and calculations by means of Eq.
(50) of the high-energy approximation in the two-pol\e ap-
proximation, performed by a Khar'kov group.’'® An
analysis of these and other results is given in the review
24, which contains also references to papers devoted to cerl\
tain questions and to conclusions that will be noted later
on. \

It is seen first that up to momenta q ~ 2 F~! it is pos-
sible to obtain a good fit to the experimental data for these
nuclei (and for a number of others) with the aid of pp.

The authors note furthermore that a rather pronounced
correlation exists between the changes of the charge-den-
sity distribution parameters and the mean-squared charge
radii, on the one hand, and the shell-model structure of
the investigated nuclei on the other, Thus, the addition

of neutrons with orbital angular momentum smaller than
the orbital momentum of the last filled proton shell leads
to an increase in the charge radius, On the other hand,

if the neutron is added to a shell with equal or larger an-
gular momentum, then this leads to anomalously small
changes in the proton-density parameters, The studies
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of isotopic effects of this type, using Ca and Ti isotopes,
were started quite some time ago,'*®" To interpret the
isotopic deviations obtained in this manner it is neces-

sary Irequently to resort to modern microscopic models
of the nucleus,

Another, but as yet less definite, conclusion concerns
the comparison of a large number of data on the scatter-
ing of electrons and protons by nuclei, A reduction of
these data shows that, with aceptable accuracy, the charge
radii are characterized by the relation

(ry? ~ (22)'7, (65)

whereas for the nuclear-matter distribution (data on the
scattering of protons and « particles) the rms radius is

Y%~ 418, (66)

Comparing these results, we can advance the hypothesis
that the nuclei possess a "neutron jacket," whose thick-
ness amounts to approximately 0,5 F,

It is interesting that a similar conclusion is arrived
at in a study® of the scattering of protons of high energy
by nuclei, where the data were reduced by the multiple-
scattering method® using a Fermi distribution of nuclear
matter in the form (64), and these data were compared
with the already known charge-density distributions,

It has already been noted that to describe the form
factors in the region of large q it is necessary to intro-
duce new parameters in the phenomenological charge-
density distributions. One of the successful forms in this
case was a Fermi-like function of the type

p a8 p(g) (1 + wrz{,cz) {1 + E.‘(p [(f‘n—()")/in]}_l. (67)
Atn =1 this density is close to (64), and we shall there—

710 6, deg
L85

Ui L e e i

10725
10°%
w2l

028

Ei d5/dR, em? /st

0

esn x19

-32|
0 16g,

1
80 100 ¢, deg

L 1 ]
40 60
Fig. 4. Analysis based on the Fermi density of isotopic effects in elastic

scattering of electrons,”*™

393 Sov. J. Particles Nucl., Vol. §, No. 4, April=June 1975

fore not discuss studies in which this function was used
as a fit test, and consider only the case n = 2.

Figures 5 and 6 show some results of comparison with
experiment,®s?” where an optimal fit yielded a value n = 2,
i.e., a Fermi-like function with Gaussian asymptotic form
was arrived at. Arguments favoring this type of charge-
density distribution can be advanced with the aid of a sim-
ple single-particle model, where the charge-density dis-
tribution is constructed as the sum of the squares of the
moduli of the functions of the bound states of protons from
all the nuclear shells in the ground state,p(r)= Y| () [P

Naturally, at r > R the asymptotic density is determined
by only one function, having a slight exponential fall-off,
of the upper shell, At r ~R the functions of all shells
make approximately equal contributions, but these func-
tions have different exponential decreases. It appears
that the plot of the total contribution can be parametrized
by a Gaussian curve in a certain region of the nuclear
periphery p(r > R) » > ap exp(—2V2E,m/i’r), At the

same time it is probable that it is this region which makes
the largest contribution to the form factor at large q.

A similar feature of the charge-density distribution
should be manifest more strongly in relatively heavy nu-
clei, where many shells take part in the formation of the
density, and less strongly in light nuclei. This hypothesis
is confirmed to some degree by Fig, 5. We note, finally,
that excessive confidence in the interpretation of the form
factor of an individual nucleus with the aid of phenomeno-
logical densities can lead to erroneous results, A typical
example is the phenomenological analysis of the 2"8ph nu-
cleus,?” It is seen from Fig, 6 that the obtained best—fit
density (67) has atn = 2 a dip at the center of the nucleus,
On the other hand, many calculations by the Hartree—Fock
method and in a single-particle model with a Woods —Saxon
potential? yield a stable rise of the charge-density distri-
bution at this location, We shall show below that the rea-
son for this disparity is the ambiguity of the use of such an

Tﬁ?'wl;! I 1 L L
7 2 J deffe

Fig. 5. Fit of a parabolic Fermi=like density with Gaussian asymptotic
form to the experimental dara,®®
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analysis of the experimental data to search for an "experi-
mental" charge-density distribution of a concrete nucleus,
It turns out that there exist also other charge-density dis-
tributions that describe equally well the same experi-
ment but conform to the theoretical predictions.

Model-Independent Analysis

To understand the successes and failures of the phe-
nomenological approach to the description of form fac-
tors of particular nuclei, we must return to certain gen-
eral questions, namely: What information on the charge-
density distribution can be extracted from a specified ex-
perimental form factor? How can we formulate mathe-
matically the problem of its model-independent analysis?
What kind of additional information and limitations must
be introduced in this analysis?

We note immediately that within the framework of a
purely mathematical formulation of the problem it is im-
possible to determine the charge-density distribution func-
tion directly from the experimental form factor, which is
always "inaccurate,” The point is that this is an incor-
rectly formulated problem, in which it is required to de-
termine the function under an integral-operator sign from
the value specified for the integral with a certain error.
In this case the true solution [pexp(r) in our case] is al-
ways "mislaid" among the numerous false solutions that
contain indefinitely large and rapidly oscillating components,
Let us illustrate this with the Born approximation as an
example:

4

F(g)= L S sin grp (r) rdr. (68)
(]

q
The experimental form factor (and in general only its ab-
solute value) is known in a bounded region { qi} with an
error +AF(q;). Let one of the solutions of (68) be the
smooth function py(r). We can then construct another solu-
tion

P (r)=po(r)+Ap (1), (69)
to which are added radial variations of the type
Ap (r) = A (r) sin (25 (70)

with amplitude A(r) and with rapid oscillations (n is large)
within the limits of the nuclear radius R, For any A(r) we

394 Sov. J. Particles Nucl., Vol. 5, No. 4, April-June 1975

0,07
£=185 MeV

E=250 MeV
x107

S

e

d6/d9, em® /s

£=750 MeV
x10°?
1075

1073}

Tl?-‘” 13

L

0 80 100 M9 120 130 9,deg

W
0 w0

1 3 i
50 60 7
Fig. 7. Energy dependence of the differential cross sections for electron
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can find a value of n such that the form-factor increments
resulting from the substitution of (69) in (68) remain with-
in the limits of the form-factor errors, Strictly speaking,
the true solution of (68) is obtained by taking the inverse
TFourier transform of the exact function F(q), but since
such a function cannot be obtained by experiment, it is
meaningless to formulate the problem in this manner,

Thus, the problem reduces to finding a way of sepa-
rating the physically admissible solutions from all the
possible solutions when p(r) is to be determined from (68).
We firstassess the information that can be extracted from
the form factor concerning the charge-density distribu-
tion, if the form factor is specified in the range gpyjp <
d < Omax (Qmin — 0y dmax — 2E, where E is the electron
energy).

Obviously, the form factor can "catch" only those
charge-density-distribution variations whose frequency
is lower than the frequency of the "measuring" function,
i.e.,

n & Ny =y R/27=E (MeV)R (F)/2007, (71)
in other words, it "senses" only those charge-density-
distribution variations thathave characteristic wavelengths:

Ar 3 Ring=2n/q .. =200x/E (MeV), F, (72)

Thus, when searching for solutions of (68) it is neces-
sary to exclude all the charge-density-distribution varia-
tions with frequencies outside the interval (71), This also
shows how important it is to raise the limit of the form-
factor measurement to qp, .. by increasing the electron
energy E, In modern experiments on nuclei, the limiting
values are g ax ~ 3-4 F~l, i.e,, one can "catch" physical
variations of the charge-density distribution in an interval
Ar ~1,5-2 F, Figure 7 shows? the variation of the "sen-
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sitivity" of the form factor to details of the charge-density
distribution with increasing electron energy, It is seen
that even a fairly smooth variation of the charge-density
distribution becomes manifest in the scattering-angle re-
gion that lends itself to measurements only at a sufficient-
ly high energy E ~ 500 MeV and higher,

We note now the most general features of the charge-
density distribution, which must be taken into account
when physical solutions of (68) are soughts

1) exponential fall-off at r > R;

2) the appearance of a "bump" in the region of the
nuclear surface atr ~ R, whichis a consequence of the " flex"
of the single-particle functions on going from an exponential
decrease outside the nucleus to saturation or oscillations
in the interior;

3) The number of possible radial variations Ap(r) of
the charge-density distribution should be determined,
roughly speaking, by the number of nuclear shells;

4) the minimum dimension of the variation should not
exceed the dimension of the nucleon (Ar > 1 F),

All these features are quite successfully accounted
for in the basis of charge-density-distribution trial func-
tions made up of derivatives of the Fermi density,® First,
the zeroth harmonic p; = pp(r) guarantees agreements
with experiment at low and medium q owing to its exponen-
tial fall-off, Second, p'F(r) gives a "bump" atr ~R. Fi-
nally, the remaining derivatives p%})(r) make it possible
to describe any spectrum of the radial variations of the
charge-distribution density outside the nucleus, since it
is possible to make up from them a complete set of func-
tions:

{én}m[%:- aip® (1)}, (73)
One more advantage of this set is that explicit expressions
for the form factors are available within the framework

of the high-energy approximation for all the derivatives
pg‘)(r). Thus, a charge-density distribution of any type
can be represented in the form?

N

pr)= >

n=0

N
anpf® ()= 3) C’na—a};n—pF (r, R).

n=10

(74)

Substituting this expression in the form factor (23), we
obtain

F=YC.F®, (75)
where
e Sl (76)
F aRn F-

Inasmuch as the form factor Fy of the Fermi density is
known in its explicit form (39), we can, by calculating its
derivatives, obtain’

G (z€, €)

n) = e Lrg2ah2(0) ¢ pn—i
F( (q! E) e 4o qb Po ( I) Z‘, gf:_ff.{'”gl e)

g=+1

X g5, ™" [+ igegplal, €) R—eq,(af, &) nbethagh]
expifegR4-¢ (a2, &)]

X sh gnb : i (77)
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At n =0 this expression goes over into the ordinary Fermi-
density form factor (39).

To realize technically such a program of selecting
only the physically reasonable charge~-density distribu-
tions corresponding to the conditions formulated above,
one can in principle use the Tikhonov method of regular-
izing the solution,’® wherein one minimizes the finctional

Z; |Ftheor{qi)—Fexp (g:) ]2-f-cc5 (d—f.}-irl)zdr,

i

(78)

where, unlike the usual x* method, there is an additional
term that excludes the contribution of the rapidly oscilat-
ing components to the integrand function p(r) of (68), This
contribution can be regularized by selecting the parame-
ter @, In practice, however, it is simpler just to specify
the error corridors of the amplitudes A(r) and of the fre-
quencies of n trial functions of the type (69). Then, by
fitting the form factor (75) to the experimental data and
determining the corresponding parameters R and b and
the coefficients {Cn} » We can use them to "reconstruct"
the model function which is independent of the charge-
density distribution on the basis of (74).

Such a program for a model-independent analysis was
first proposed and realized, with electron scattering by
“ca and **Ca as an example, in refs, 9 and 30, We pre-
sent below several examples from ref, 30,

The method described was used for a model-indepen-
dent analysis of elastic scattering of electrons by ¥°Ca
(E = 250 and 750 MeV) and **Ca (E = 750 MeV).

The availability of data for *'Ca at 250 MeV (ref, 31,
data I) and 750 MeV (ref, 32, data IT) makes it possible
to trace the manner in which the uncertainty of the ob-
tained charge~-density distributions becomes narrower
with increasing measured region of the momentum trans-
fers from Amax = 2 10 G qy = 3.3 F,

Figure 8 shows certain typical results of the model-
independent analysis of data I for 2°Ca, It is seen that the
agreement with experiment for all the charge~density dis-
tributions is almost complete, but in the region 4 >125°,
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where the cross section was not measured, the curves
differ noticeably from one another, We can thus conclude
that by using the data at E = 250 MeV (small q) we can
determine the charge-density distributions with the aid
of the model-independent analysis only in the region of
the surface fall-off, On the other hand, inclusion of the
density variations in the central region of the nucleus,
with amplitudes on the order of +20% of the mean value
of the charge-density distribution, and with a frequency
of two or three variations over R, does not lead to a dis-
crepancy between the corresponding calculated cross sec-
tions and experiment, The deviation of the rms radii ob-
tained from different variants of the charge-density dis-
tribution from the mean amounts to approximately 1.5%
and yields R = 3.4843 + 0,038 F, which agrees with the
values obtained on the basis of a phenomenological anal-
ysis with a Fermi density and a parabolic Fermi density.

To narrow down the possible error corridor of the
charge-density distributions and to determine the de-
tails of their behavior in the central region of the nu-
cleus, let us analyze the data IT at large q. It is seen
from Fig. 9 that here, too, there is an entire aggregate
of charge-density distribution curves that are in suffi-
ciently good agreement with experiment in the measured
range of cross sections., In comparison with the first
case, however, the corridor of the possible errors has
become narrower, and this allows us to assess the quali-
tative variation of the charge-density distribution in the
interior of the nucleus, The deviations from the rms ra-
dius for *°Ca, as obtained from different charge-density-
distribution variants, are already 0,8-1%, and R = 3,4792
+ 0,02 F, which agrees with the earlier results and the
results of ref, 20,
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For the 8Ca nucleus, the model-independent analysis
vields charge-density distribution sets that differ in ap-
pearance and in form from the density obtained in ref, 32,
Regardless of the choice of the input data, our method
leads to charge-density distributions close to the Fermi
density, but with a small oscillation in the region of F and
with a more gently sloping surface fall-off, The rms ra-
dius in accord with the obtained set of charge-density
distributions is R = 3.5198 + 0,022 F, which agrees with
the data of the phenomenological analysis of electron scat-
tering?® at 500 MeV on the basis of the parabolic Fermi
density (R = 3.517 F),

Figure 10 shows the difference of the charge-density
distributions of the nuclei °Ca and ‘*Ca, multiplied by
47r?, from which we gain an idea of their isotopic differ-
ence. The dash—dot curves correspond to the charge-
density distributions of Fig, 9. The solid curve is the
result of ref, 32, which predicted a negative isotopic shift
of the charge-density distribution of 43Ca relative to ‘’Ca,
and the dashed curve is the result of a theoretical calcula-
tion® that results in a relative increase of the rms ra-
dius on going from *’Ca to *8Ca, but in lower absolute val-
ues of the radii, Our analysis yields curves that lie be-
tween these two curves, and are more likely to be closer
to the dashed curve,

Attempts were made to reconstruct the charge-den-
sity distributions on the basis of a model-independent
analysis for other nuclei, and in each new investigation
the trial charge-density distributions were chosen differ-
ently, The most thoroughly investigated nucleus is 2%Pb,
for which, as already noted, a certain contradiction was
observed between the phenomenological analysis data and
the model calculations of the charge-density distributions,
In the former, preference was given to a Fermi-like den-~
sity with Gaussian asymptotic form, with a dip in the cen-
tral region of the nucleus, while the latter (calculation by
the Hartree —Fock method or by single-particle models)
lead instead to a uniform rise of the charge-density dis-
tribution in the center of the nucleus, Although the mod-
el-independent analysis of the data on 2%Pb did not re-

T ]

0 7 2
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Fig. 10. Differences between the charge-density distributions of #'Ca and
“8ca. solid curves) from ref. 32; dashes) from ref. 33; dash—dot curves)
from a model-independent analysissu and corresponding to the charge-den-
sity distributions of Fig, 9.
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Fig, 11, Charge~density distributions obtained as a result of the model=-in=-
dependent analysis of data on electron scattering and of muon data (curves
a) and of only electron data (curve b8

solve this disparity, and the general conclusions of this
analysis agreed in essence with those already drawn with
the Ca isotopes as an example, we shall nevertheless de-
scribe these results briefly by way of illustration of the
capabilities of the method,

Thus, in ref, 34 the model-independent analysis was
carried for data at E = 124 and 167 MeV on the basis of
the trial functions

N

p(r)=2 }z} 8(r—ny), (79)

i

where the charges of the py strips into which the nueleus
was subdivided, its radii Rj, and the thicknesses AR = R/N
were varied in a way as to make the spectrum of the pos-
sible charge-density distributions broad enough, As ex-
pected, the corridor of the possible charge-density dis-
tributions at these energies turned out to be very broad,
so that it was impossible to give preference to any par-
ticular direction of the curves (with or without a dip in
the center), In the same reference,* the permissible
scatter of the charge-density distribution was analyzed
with the aid of the moment functions

M (k)= r p(r) ri2dr) ™, (80)
0

for which the uncertainty corridor was made narrower as
a result of integration of p(r) with weighting functions, It
turned out that these data can lead to a definite conclusion
concerning the course of the charge-density distributions
only for the region r ~R, To narrow down this corridor
within the nucleus, r < R, and outside the nucleus, r >R,
it is necessary to introduce model-dependent assumptions.

In another model-independent analysis of all the data
on *®Pph, including® the energy E = 500 MeV, use was
made of the following radial-variation functions:

N
: sin (nnr/R)
Ap= 3 €, =220, (81)

n=1

The Fermi density py was assumed for pgs It turned out,
naturally, that the uncertainty corridor at these energies
became narrower. For the given form of the charge-den-
sity distribution, the shape of the curves inside the cor-
ridor recalls the bottom of a bottle (Fig, 11, curve b).
This result is curious, although its authors cannot insist
on it, since only a definite class of trial charge-density
distributions was chosen for the analysis. Inclusion in
the analysis of additional data on p-mesic energies of
this nucleus has narrowed down the uncertainties and
smoothed out the course of the curves somewhat, This
did not however, change, their qualitative behavior (curves
a). In addition, all curves a went beyond the uncertainty
corridor (curves b) of the charge-density distributions
obtained from data on electron scattering only, this being
due to inaccuracies in the allowance for radiative, dis-
persion, and other effects when the absolute experimen-
tal data were obtained, It is typical that in this model-
independent analysis the scatter of the theoretical and
experimental cross sections, A = (ogpeop = oexp) /(0theor
+ Ogxp)/2], did not exceed = 20% (Fig, 12),

In this respect, it is im;ﬁortant to include in the mod-
el-independent analysis not only (and not so much) the
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Fig. 12, Relative differences (in per cent) between the theoretical cross sections and the experimen=
tal ones obtained from a model~-independent analysis of the electron-scattering and muon data
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dataonp-mesic atoms, which are measured by a differ-
ent procedure and can disagree for this reason alone with
the (e, e) data, but also other data on electron scattering,

One such method was proposed in ref. 36, where data
on inelastic scattering of electrons with excitation of the
lowest 2" phonon state of **Ni were used together with the
elastic-scattering data. In this case, an additional con-
dition is imposed on the selection of the trial charge-den-
sity distribution curves, a condition that follows from
rather general albeit model-dependent assumptions where-
by the transition density py(r) for this type of inelastic
scattering is proportional to the first derivative of the
charge density with respect to R:

02 () ~ =5 0 ( B). (82)

Then, choosing the representation (74) for p(r), we find that

N
gn+l
pa () ~ 2 Cll—‘m_"ﬁ'pf'(ra R).
n=10

The variational parameters {Cn} are the same here
for the elastic and inelastic form factors, and this narrows
down greatly the uncertainties in their choice when the fit
to the experimental data is carried out, In addition, the
form (83) for the transition density makes it possible to
caleulate the inelastic form factor explicitly in the high-
energy approximation, An example of such an analysis
of the data of ref, 37 is shown by the dash—dot lines in
Tig, 13, which is taken from ref, 36. For comparison,
the solid lines show the results corresponding to the usual
approach, when p(r, R) = pp(r, R). The results show that
the relation (82) is a rather "stringent" requirement, and
narrows down the possible choices of the charge-density
distributions even in the case of the model-independent
analysis at low values of q.

(83)

Let us formulate the main conclusions of this section,
First, the method of model-independent analysis has not
yet been completely developed, although affirmative ex-
amples of its use already exist. Its main difficulty is the
large ambiguity of the charge-density distribution func-
tions obtained., In this respect it is important to resort
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to additional information of pu-mesic atoms, inelastic elec-
tron scattering, etc, Furthermore, the effect exerted on
the model-independent analysis by the choice of the class
of trial charge-density distribution functions has not yet
been determined, One of the principal problems is there-
fore how to choose correctly the initial approximation for
the density, namely the function pp. The most reasonable
is to choose it on the basis of model concepts. It can be
chosen to be the value averaged over a group of nuclei,

po = (p), using, e.g., the predictions of the single-particle
shell model, and then seek Ap as fluctuations of the radial
density variations, using, for example, the shell-correc-
tion method.*® In any case, experience in calculation of
the charge-density distribution within the framework of
some nuclear model can be quite useful here in the selec-
tion of the most realistic classes of trial charge-density
distributions, We shall deal with these questions below.

Form Factors in the
Independent-Particle Model

The simplest variant of charge-density distribution
calculation is the one using the independent-particle mod-
el, This model makes it possible to analyze, albeit quali-
tatively, such questions as the appearance and character
of the radial variations of the charge density distribution,
the significance of the choice of the single-particle basis
in the charge-density-distribution calculations and of the
allowance for the residual interactions in the nucleus, the
differences in the behavior of the form factors at large
and small momentum transfers, etc. In addition, by re-
sorting directly to a nuclear model we can attempt to de-
scribe simultaneously the data on nuclear structure and
on scattering, for example, to explain, besides the form
factors, the binding energies of the upper nuclear shells,
the spectroscopic factors in direct nuclear reactions, etc.
This narrows down greatly the possible ambiguities that
arise in the charge-density distribution when the model-
independent analysis treats only elastic electron scatter-
ing,

The usual procedure of ealculating the charge-density
distribution in accordance with the independent-particle
model consists in the following: A single-particle poten-
tial, including Coulomb and spin—orbit forces, is chosen.
In the older calculations a harmonic-oscillator potential
was chosen, but it is natural to use in this problem a finite
well in Woods —Saxon form, where the radius R and the
diffuseness a are usually well known, and the well depth
is fitted to the experimental energies required to detach
the nucleon from the upper shell. The obtained proton
radial wave functions ¥ are usedto calculate the charge-
density distribution by means of the equation

@
P(r):%g(zi-H)i‘PnuF- (84)

The charge-density distribution of the nucleus is obtained
with allowance for the finite dimensions of the proton:

p0)= | p@ps(lr—ul)av, (85)

where we can use for the proton charge-density distribu-
tion pp, for example, the parametrization of ref. 39.

V. K. Luk'yanov and Yu. S. Pol' 398



el R TR

Fig. 14, Form factors of several nuclei, calculated on the basis of the
charge~-density distributions of the independent~particle model with a
Woods —Saxon potential 2

As an example of the use of this procedure, we cite
the calculation®® of the charge-density distributions and
form factors in the high-energy approximation for a num-
ber of nuclei with different atomic masses, The depth
parameter of the corresponding Woods—Saxon potential
was fitted to the binding energy of the proton from the up-
per shell, Figure 14 shows a comparison with experi-
ment. It is seen that on the whole the agreement with ex-
periment is satisfactory at low and medium momentum
transfers, q <2 F~!, thus indicating primarily the correct
rate of decrease of the calculated charge-density distribu-
tions near the nuclear boundary, It turns out, further,
that at the densities obtained the rms radii of the nuclei
58,680,845 10,480, 80y BNb, 11211850 and 13973 lie in the
ranges (r®)1/2/A1/3 = 0,95 + 30%; (12)Y/?/(22)/% = 0.99 +
10%, and their deviations from the mean values turn out
to be even less than for the rms radii of the Fermi den-
sities, corresponding to the best fit, This can serve as
additional evidence favoring the conclusions of ref, 41,
that the charge rms radii of the nuclei vary in propor-
tion to (2Z)V/3,

It is clear that at large q this simple approach of the
independent-particle model is insufficient for calculation
of the charge-density distributions, To verify this, we
turn to the data on light nuclei, for which appropriate ex-
periments and comparisons are available, As already
noted, the Born approximation, which distinguishes anum-
ber of calculations, can be used for 2C and in part for
180, Thus, the finite dimensions of the proton can be taken
into account explicitly in the Born approximation, Sub-
stituting (85) in the form factor (68) of the nucleus, it is
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Fig. 15, Comparison of the experimental form factors with those calculated
in the independent-particle model,*®

easy to separate from (68) the form factor of the proton,
which takes the following form for a Gaussian density:
Fp(g)=exp (—g*R? (p)/2), (86)
where R(p) is the rms radius of the proton, For light nu-
clei it is important to take into account also the motion of
the center of the nucleus as a whole. In the oscillator
basis, the variables of the single-particle motion and of
the motion of the mass center are rather easy to sepa-
rate,” As a result, taking (86) into account, we obtain
a common correction factor G(q), with which it is neces-
sary to multiply the square of the modulus of the theoreti-
cal form factor of the independent-particle model when
the latter is compared with experiment:

G (q) =exp [— g (R* (p) — R? (4)/4)/3]. (87)

Figure 15 shows the results®® of a comparison of the
experimental form factors with those calculated in this
manner for the p-shell nuclei 2C and 10, using the tradi-
tional harmonic-oscillator model and a Woods —Saxon po-
tential. We see that in the oscillator-potential approxi-
mation it is impossible to obtain even qualitative agree-
ment with experiment at large q, since this approxi-
mation does not result in the second minimum ob-
tained with a potential having a finite depth, It is interest-
ing that for these nuclei the spin — orbit forces do not
change the form factor significantly (the correction is of
the order of 1%). Further, allowance for four-quasipar-
ticle admixtures that result from inclusion of other nu-
clear shells likewise leads to no noticeable changes of
the elastic form factors, although it does affect the in-
elastic ones. The general course of the charge-density
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Fig. 16. Comparison of the experimental data and theoretical calculations
by the independent-particle model in 2 harmonic-oscillator potential
(dashes) and Woods —Saxon potential (solid curves), with occupation num-=
bers introduced. The lower part shows the charge-density distributions cor-
responding to Woods—Saxon calculations.”

distributions obtained shows that, as expected, when the
p-shell becomes filled, the density acquires a bump in
the region r ~R, where the functions of the 1p states
have a maximum,

It is clear that to explain quantitatively the behavior
of the form factors at large q it is necessary to improve
the independent-particle model by introducing nucleon—
nucleon correlations, This leads to such physical con-
sequences as clustering, nuclear deformation, etc. In
the wave function of the nucleus, this leads to a strong
configuration mixing., This mixing, however, can be in-
troduced formally, with the aid of occupation numbers
that determine the admixture components, Let us con-
gider in this connection, by way of example, the nuclei
2)g, 285, and 328 (rvef, 43), where the 1d;/, and 2s shells
are being filled. According to the independent-particle
model, the 1d;/, shell is filled in **si and the 2s shell is
completely filled in *2S, Since the 1d-state function has
a maximum on the periphery of the nucleus, and the func-
tion of the 2s state has a maximum at the center, an
abrupt rise of the charge-density distribution at the center
of the nucleus (by approximately two times) should be ob-
served on going from *88i to *8, An analysis of the ex-
periment!3 shows, however, that this change is much
smoother, starting with >*Mg, and is the result of the in-
fluence of 2s admixtures to the functions of the 1d state,
The corresponding calculation of the charge-density dis-
tributions and form factors within the framework of the
independent-particle model, with introduction ofthe oc-
cupation numbers of the 2s shell, is shown in Fig, 16, A
fit to the experimental results leads to the values 0.6 for
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24)\g, 0.9 for 2381, and 1.4 for *S, which are close to the
values 0,19 (0.46), 0.79, and 1.5 obtained from an analysis
ot the stripping and pickup reactions on the basis of the
sum rules,

It can thus be concluded that calculations within the
framework of the independent-particle model with a finite
Woods —Saxon potential account for the main features of
the charge-density distributions and make it possible to
describe the experimental data at low and medium mo-
mentum transfers, At large q it is necessary to introduce
into the charge-density distributions radial variations
with a wavelength on the order of 2 F, which can appear
only when components from other shells of the nucleus are
mixed with the ground-state functions. It is impossible to
obtain such mixing in the framework of the independent-
particle model itself, so that it is necessary to use more
perfect multiparticle nuclear models,

Effect of @ Clustering of Nuclei
on the Form Factors

The direct method for taking into account the mixing
of the single-particle configurations is to introduce resi-
dusal nucleon—nucleon interactions in addition to the aver-
age field, A more illustrative method is to construct out
of the single-particle functions configurations correspond-
ing to definite physical ideas concerning the structure of
the nucleus. Oneofthese approaches is based on the as-
sumption of @ clustering of a number of p- and sd-shell
nuclei.s The simplest @ model presupposes that the posi-
tion of the o particles in the nucleus is strictly fixed, and
antisymmetrization of the nucleons is not taken into ac-
count. By using this model it was possible to explain qual-
itatively the form factors of several light nuclei.® More
consistent is the a-cluster model with projection (ACMP)
or the Brink model.'” Here the wave functions of the rota-
tional nuclear states are generated out of an antisymme-
trized multiparticle function constructed on the basis of a
single-particle (usually Gaussian) function of the s states
of nucleons that move relative to the a-clustering centers.

It should be noted that all scattering problems, in-
cluding electron scattering, are quite sensitive to a short-
coming inherent in all multiparticle models, due to the
use of the harmonic-oscillator function basis in these
models, In this respect, the Brink multiparticle model
is an exception, since it is possible to use in it, as shown
in ref, 48, basis functions with realistic exponential as-
ymptotic behavior,

The gist of the model is to separate in the nucleus the
centers R (i =1, 4.+, N is the index of the cluster and N
is the total number of clusters in the nucleus), where the
o clusters are located, Relative to these centers, four
nucleons are in s states with functions

Ug (r—Rq) = Aot (| T —Ry]), (88)
where a =1, o, T is the index of the single-particle state.
A trial multiparticle antisymmetric function

A
U(R)= %} ,31[,0[:]l g (pa) (89)
is then constructed on the basis of (88) and used to make
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Fig. 17. Alpha configurations of p- and sd-shell nuclei, used in the form-
factor calculations.

up, with the aid of the parity operator i\)ﬂ and the projec-
tion operator PﬂIK (ref. 49), functions |JMKn) with speci-
fied quantum numbers, where K is the projection of the
angular momentum J on the internal axis of the nucleus,

The complete function is the superposition

[JMa)= ¥ Ck|J MKy, (90)
K

where the coefficients C‘IT{ for the lower states are deter-

mined from considerations of symmetry of the chosen a—
particle configuration of the nucleus, These functions are
used to calculate the matrix elements ofthe nuclear charge-
density operator

A

o =7 D edc—n) =3 P (r, © V() (91
LM

h=1

It can be shown®® that the charge-density distribution and
the transition density (11) are equal in this case fo

1

2172
4n ‘Vorma

+ P (U(R)| Prg | U (—S))],

07 =

3 CiN izt | d0KU (R) | e U (S
K

(93)

where N are normalization factors of the wave functions,
The integration is over the Euler angles and is due to the
rotation, prescribed by the projection operator, from the
initial @ configuration of the nucleus R = {Rl} to a new
rotated configuration § = {S; = R(6)Ri}. The multiparticle
matrix elements are expressed in terms of the deter-
minants

A
(U R)| Prxc | U (¢S)) = 2 [det By (e 2 det B (e), =1,

(94)
which are determined by the single-particle functions

B = (u (r—Ry), Pk (r—eS,)) 80+ By (e) (1 — Sni);
Bij(e) = (u({r—Ry),

(95)

u(r—eS))). (96)
Thus, from the technical point of view the problem consists
of calculating first the single-particle matrix elements
(95) and (96), and then the multiparticle elements (94),
followed by three-dimensional integration in (93) over the
Euler angles,

Naturally, the result depends on the choice of the
geometrical configurations of the location of the a-cluster
centers R; and on the type of trial functions u(r — R;) used
in the calculations, As to the o configurations, calcula-
tions of the characteristics of the ground states of a num-
ber of nuclei in accordance with the a-cluster model with
projection,'’s*® and also calculations of the form factors
by the a-particle model,’”! make it possible to choose the
configurations in the form shown in Fig, 17. Thatis to
say, an equilateral triangle for 12C, a tetrahedron for !fO,
a bitetrahedron for *Mg, a Dyq structure for ?%si, a Dy

where structure for 5§, and a tetrahedron inside an octahedron,
(Tq + Op) structure, for 49Ca, On the basis of the sym-
s, e ‘ 3 metries possessed by these figures we can find the co-
Fru= 2| PLir= 3 F0o(r—r) = Y (ra)- efficients C% in the wave function (90), The single-par-
r=1 R=1
F‘ T T T 1 T T T T T T T T T T i
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Fig, 18. Form factors of the nuclei C and md, calculated by the Brink mod -
el with Gaussian trial functions and with exponentially asymptotic functions
for various sets of parameters,®
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Fig. 19, The same as Fig, 18, but for Mg and *si,

ticle trial functions were chosen in refs. 48 and 52 in the
traditional Gaussian form:

ug (|r—Ri|)=exp[-—(r—R;)*bi] (97)

and in the form of functions with exponential asymptotic
behavior:

usp (|r—R;|) = [ch (Ras/bai) +ch (|r—Ri | /Bai) ] (98)

where Ry and by determine the radius and width of the
half-value region of the nucleon function around the cen-
ter of the i-th « cluster, It turns out that the single-par-
ticle matrix elements with the functions (97) and (98) can
be calculated in explicit form,’® a highly valuable result
for practical applications.

The results of the form-factor calculations in the
high-energy approximation, performed in accordance with
the described procedure, are shown in Figs. 18-21 (ref,

FZ T T T T s |

1 1
Geffs F

Fig. 20. Form factors of %3 and “°Ca. Calculation by the Brink model with
Gaussian trial functions.®
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52), It should be remarked in general, concerning all nu-
clei, that the applicability of Gaussian trial functions are
quite limited, Thus, calculations with these functions do
not account for the features of the behavior of the form
factors in the region of the second minimum of the p-shell
nuclei and the third minimum of the d-shell nuclei. Itis
of interest to relate this behavior to the appearance of the
diffraction minimum of the ‘He form factor at q ~3.3 F~1,
Indeed, the Gaussian charge-density distribution function
p(*He) = exp(—2r?/b®) cannot give a minimum in principle,
At the same time, the function (98) with a realistic asymp-
totic form gives a density p(‘He) = uéF(r, R; = 0) such

that at R = 1.59 F and b = 0,545 F it is possible to explain
not only the "size-effect” minimum of the free @ particle,
but also the entire variation of its experimental form fac-
tor,*® It is therefore natural to assume that those "addi-
tional" minima or singularities at g ~ 3-3.3 F"l, which
are observed in the form factors of the indicated nuclei,
are not the usual manifestation of the dimensions of the
nucleus as a whole, but contain the features of the a-cluster
structure inside the nucleus., At the same time, attempts®®
to describe the observed form factors of the nuclei 12C,
160, and 8Si with the parameters R and b of the free o
particle and with a fit based only on the configuration pa-
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Fig. 21. Charge-density distributions corresponding to calculations on Figs.
19 and 20,
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rameters R; yielded no agreement at medium and large
4 The only exception was Mg, which can thus be re—
garded as being close to an a~-particle nucleus, In the
remaining nuclei, on the other hand, the a~cluster dimen-
sions differ strongly from the a-particle dimensions.

The sets of parameters obtained for 12C and %0
show!®?? that for 2C the distance from the center of the
nucleus to the @ clusters is Ri =0,7-1.1 F, i.e,, it is quite
small, Inasmuch as the alpha-cluster model with projec-
tion goes over into the shell model as R —0, this result
can be regarded as indicating weak clustering of 2C in
the ground state. With respect to %0 it can be concluded
that it is not clustered at all in the ground state, since
R ~0 for this nucleus, It is interesting that the cluster-
ing becomes more intense in the excited states of these
nuclei, 8552

The comparison for *2S and 4°Ca was made on the
basis of Gaussian trial functions (see Fig, 20), The num-
ber of introduced parameters, determined by the con-
figuration of the « clusters in the nucleus, increases in
this case, so that the agreement obtained may not neces-
sarily reflect at all times the physical picture of the true
charge-density distribution in the nucleus (see Fig, 21),

The last conclusion concerns the observed ambiguity
of the model description, Several sets of parameters, de-
scribing the experimental data with equal accuracy, are
obtained for many nuclei. There are also sets that are
close to those obtained in other studies*'s*® from varia-
tional calculations of the energies with nucleon—nucleon
forces of various types, In this respect, the hope for suc-
cessfully describing the form factors as criteria for the
selection of NN~force variants has not yet been fulfilled,
One can only emphasize once more the extent to which it
is necesSary to make use of data from other experiments
in the analysis,

Short-Range Correlations in
Nuclei and Form Factors

On going to large q, a natural idea®® is that allowance
must be made for the short-range correlations that appear
between the nucleons of the nucleus as a result of repul-
sion at short distances. One of the simplest ways of in-
troducing these correlations, the Jastrow method,? con-
sists in parametrizing the wave functions of the nucleons
of the nucleus relative to one another in such a way that
they "fade out" when the distance between them becomes
of the order of the nucleon "core," The fading function
is specified phenomenologically and its parameters are
determined by fitting to the experimental results, and the
connection with the real nucleon—nucleon potential is not
established, The second method is more complicated,
1t consists of introducing realistic or effective NN forces
and solving numerically the nuclear multiparticle prob-
lem by the Hartree—Fock or by the more complicated
Hartree— Fock—Bogolyubov method, in which long-range
correlations of the nucleons of the nucleus are taken into
account in addition to the short-range correlations,

We discuss first the results obtained in the Jastrow
method,’* " The multiparticle function of the nucleus is
expressed in this method in the form
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A
Virg...ora)=D(ry.... rA)i[JjF(rU), (99)

where

A
1 1
ra)= Z Ep A7z II u(pa)= T det {up}
p a=1

Dy ... (100)

is the uspal Slater determinant made up of single-parti-
cle functions, F(r) is parametrized to take into account
the short-range repulsion of the nucleons at short dis-
tances, e.g., F*(r) = 1 + h(r); h(r) = exp(—1?/b?), Here

b is a parameter that determines the fall-off rate at short
distances, Substituting (99) in expression (68) for the
Born form factor, with the charge-density distribution

of the nucleus given in the form of a sum of point-like
charges (91):

PP (g)=— <W|£ oxp (iqr) | T , (101)
=1

we can, using the cluster-expansion method®® and retain-
ing only the zero- and first-order terms in the pair cor-
relation function h(r), express the form factor in terms
of single-particle matrix elements:

B @ =5 { 3 o lar) 15— 3 i o (ars)  (rie) |1 — i
) ij
= 2 Glio(ar) |9 3} (k2| b (rua) | kL — 1y }

(102)
C X kl

We recall that the measured form factor is | F(g)|? =
G(a)| FP(q)| 2, where G(q) takes into account the nucleon
dimensions and the motion of the mass center of the nu-
cleus (87), The problem consists thus of separating the
variables in (102) and carrying out the corresponding in-
tegrations, The difficulties in the problem of separating
the variables make it necessary usually to resort to the
harmonic-oscillator basis functions, for which the Talmi—
Moshinsky transformation is used to change over to the
relative~motion variables, Itis then necessary to forego
the correct asymptotic form of the single-particle func-
tions. Figure 22 shows a typical example of such calcula-
tions® for the light nuclei ‘He, L1, 12C, and 0. Good
agreement with experiment is seen and, more interesting-
1y, it is possible to obtain hy this method the second mini-
mum in the form factors of the p-shell nuclei, a minimum
distinctly observed in %0, It can thus be concluded that
the Jastrow method accounts for the real features of the
charge-density distribution, in spite of the fact that the
calculation is based on basis functions that do not have
the correct asymptotic form, A characteristic fact is
that allowance for the short-range correlations leads to
a weakening of the contribution of the single~particle func-
tions to the charge-density distribution in the central part
of the nucleus and an increase of this density on the pe-
riphery of the nucleus,

The calculation of (102) with finite-potential functions
is a rather difficult task, and special methods must be
developed to separate the variables, and particularly to
single out the variables of the mass center of the nucleus,
Nonetheless, calculations by the Jastrow method, using
Woods —Saxon potentials, have already been made,’” Com-
paring these two approaches and the results of their com-
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Fig. 22. Form factors of light nuclei and the corresponding charge-density
distributions calculated with allowance for the short-range repulsion of the
nucleons (harmonic-oscillator basis functions).>

parison with experiment, we can conclude that introduc-
tion of short-range correlations into multiparticle func-
tions constructed on a basis of single-particle functions
of a finite well can improve the quantitative agreement
with experiment in the region of large q. Since the ques-
tion of estimating this contribution is connected in many
respects with some leeway in the choice of the single-
particle basis, it is still impossible to answer conclu-
sively the question of the true significance of the short-
range correlations in this momentum region. It is per-
fectly possible that the effect of the short-range correla-
tion is accounted for in many respects by introducing an
average field — a potential of finite depth.

From among the numerous calculations of the charge-
density distributions and of the other characteristics of
the nucleus by the self-consistent field method, we pre-
sent here only two examples: 1) Calculation by the Har-
tree—Fock method, which has recently become quite popu-
lar and economic, owing to the introduction of Skyrme's
effective NN potential,’® In this potential the short-range
repulsion of the nucleons and the dependence on the den-
sity of the nucleus are taken into account in a very simple
mamner, and this is equivalent to taking three-particle
forces into account, Figure 23 shows a typical illustra-
tion of calculation,® performed by this method, of the form
factor of the 2°%Pb nucleus for two types of Skyrme poten-
tial, Good agreement with experiment is obtained up to
the maximum momentum transfer. It is interesting that
the corresponding charge-density distributions do not
agree with the behavior predicted by the phenomenological
charge-density distribution function with Gaussian asym-
totic form (cf, Fig, 6). Typical of Hartree— Fock calcula-
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Fig. 23. Charge-density distribution
of 2%8pb, calculated by the Harree —
Fock method, and the corresponding
form factors.”
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Fig.24. Form factors of sd-shell nu-
clei calculated by the Hartree —Fock

" method. Solid curves) harmonic=-os-
cillator basis; dashes) Woods —Saxon
potential functions basis.®!
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tion is the use of an oscillator basis, 2) A calculation®!
that can be classified as a Hartree—Fock calculation only
arbitrarily. It consists of using multiparticle trial func-
tions obtained by projecting the rotation from the deter-
minant of the basis functions of the deformed field, The
basis functions themselves were chosen both in an oscil-
lator potential and in a Woods —Saxon potential.

Some results of such calculations for 2s—1d shell
nuclei are shown in Fig. 24. In view of the limited char-
acter of the chosen basis, and since there are difficulties
of principle when it comes to take into account the non-
bound states in a Woods —Saxon potential, the comparison
with experiment is only qualitative. Nonetheless, it is
from the figure that the advantages of finite-well func-
tions begin to manifest themselves with increasing mo-
mentum transfer.

Thus, summarizing the results of the "model com-
parisons," we can draw the general conclusion that there
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exists a model ambiguity of sorts when it comes to de-
scribing the elastic-scattering form factors, i.e., almost
each model, once brought to a certain degree of perfec~
tion, describes adequately the charge form factors at
practically all observed values of the momentum trans-
fer, including large q, This result is, on the one hand,
the consequence of much work performed in recent years
to improve the models, and the other hand stimulates a
search for new data, e.g,, the analysis of inelastic scat-
tering, so as to establish with the aid of the aggregate of
the numerous comparisons the advantages of the initial
premises on which a particular nuclear model is based.,

It can be stated with assurance, nevertheless, that
methods and models based on the use of oscillator-po-
tential functions call, as a rule, for the introduction of
additional assumptions, interactions, etc., which in final
analysis make it possible to correct simply the asymptotic
forms of these functions, The description of the experi-
mental data becomes more natural if the calculations are
based on functions having the correct exponential asymp-
totic behavior,

3. INELASTIC SCATTERING OF ELECTRONS
WITH EXCITATION OF LOW-LYING
COLLECTIVE NUCLEAR LEVELS

The inelastic scattering of electrons by nuclei yields
valuable information on the structure of the nucleus,
Besides the reduced transition probability, which can be
separated in some cases from such cross sections, the
very form of the angular distribution is connected with
the multipolarity of the transition and is quite sensitive
to the form of the radial transition density (21), In addi-
tion, the inelastic-scattering data yield further informa-
tion, the analysis of which, in conjunction with elastic—
scattering data, makes it possible to formulate more rig-
orous limitations on the choice of the charge-density
distribution and the radial transition density in the proce-
dure of the model-independent search or else, as a re-
sult of direct model calculations and comparisons with
experiments, will reveal the best founded nuclear models,

Just as in the case of elastic scattering, the inelastic
form factors can be calculated by using the Born approxi-
mation for light nuclei, and the exact phase-shift analysis
method or the high-energy approximation for heavy nuclei,
We presented above a general expression (23) for the in-
elastic-scattering form factor in the high-energy approxi-
mation, expressed in terms of integrals of the radial
transition-density functions p1,(X). The latter can be cal-
culated independently in any model of the nucleus, Below,
following ref, 36, we shall show how to calculate the cor-
responding form factors in an explicit analytic form by
using the characteristic general properties of the radial
transition density with excitation of low-lying collective
nuclear levels, We next describe in detail how to calcu~
late the radial transition densities within the framework
of macroscopic and microscopic models of the nucleus,
Particular examples of the calculation of inelastic form
factors and their comparison with experiment, as well as
some general conclusions, will be given below.

Inelastic Form Factors in the
High-Energy Approximation

We calculate the integral (23), which determines the
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inelastic-scattering form factor, in general form for an
arbitrary form of the radial transition density py,(x). To
this end, we focus our attention on a characteristic feature
inthe'behavior of the radial transition densities in single~-
phonon transitions, namely, all have a maximum in the
region of the nuclear houndary (x ~R), fall off exponen-
tially in the outer region (x > R), and undergo a number
of oscillations inside the nucleus (x <R). Itis possible
to use for functions of this type a method developed in
refs, 9 and 36, It consists in representing a Fermi-like
function as a series of derivatives of a Fermi density,

In our case we have

N %
Pr (@)= 3 aLs™ (z; R, b); (103)
m={0
sm) oy A0y L | _ z—R
FlR=gmd e e (2=25%). (o4

It is easiest to find here the expansion coefficients
aIT;l and the number N of terms in the series by a least-
squares fit of the series (103) to the specified function
pL(X)s The expansion (104) thus becomes fully defined,
Substituting it in (23), where we interchange the integra-
tion and differentiation, and using the pole method of eval-
uating the integrals obtained, we get

p
Fuo(@.E)= 3 ailiR (¢.E), (105)

where

) A T— G (.‘Z.'EB)
i q, E) = 4n2gb? —1i 1 —L0 \%e8)
¥ (g, E) qb? (—1i) e=§;!;i prysrpe

X (g pe(x5e)) ™1 [m - Tefi(@5e) (IR — enb cth ngh)]

exp i [egR - ¢ (z8e)]
2sh qnb '

Here xy =R + i enb; the functions ¢(x), Qefe(x), and GLo(x)
are known in explicit form and are given in Appendix 1,

If L = 0 this result coincides with the previously obtained
expression® for elastic scattering with an arbitrary charge-
density distribution py(x). It is easy to generalize this
result to include the case M =0, but this leads to 2 small
increment on the order of (qR)™2,

Thus, the problem of calculating the inelastic-scat-
tering cross section has now been reduced to expanding
the radial transition density obtained by some model into
the series (103) and using the obtained coefficients aIIﬁ to
calculate the integral (105), which determines the in-
elastic-scattering cross section,

Transition Density in the
Macroscopic Model

In this case the radial transition density is usually
found on the basis of the Fermi density pp(x, R, b) of the
nucleus, where the parameter R is regarded as a function
of the dynamie variables ay,, that characterize the oscil-
lations of the nuclear surface about the equilibrium spheri-
cal shape, namely

Pr (XRob) =po {1 + exp ([z— Ry— AR (Q)]/0)},  (106)
where
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AR @)= Ro ) e (@)= [(—1)" 4] -

Q are the angular coordinates of the moving electron,
Now expanding p in terms of the small quantity AR /R,
and retaining the first nonvanishing terms in each transi-
tion, we obtain for the radial density of the transition
p{®(x) from the ground state of the nucleus |0) to the ex-
cited state |n, JM) (n is the number of phonons) the fol-
lowing expressions:

1) for the ground state (n = 0, elastic scattering):

piO () = pi® (%) - (0 | 8ro [| 033 (107)

2) for a one-phonon transition (n =1, L = 2,3), in the
Tassie model:®
PR’ (2) =(3 1 ]| e[| 0) oo o (2); (108)

3) for a two-phonon transition (n =2, L = 2,4,...):

1

P () =(J; 2| el 0}—_@—9?‘ (z); (109)
4) for monopole transitions (n =2, L = 0):
o (2) =103 211 Mo 1 0) 755 (oW (2) — RefP (), (110)

where

Tie= 5 oi™ (z) 2“2 da; Ji=R? 5 1§ (2) — Rof? ()] z d;
i (111)
p%‘n) (:B) = mﬂ- Pr (X, Bo, b) 1AR=0 ’

and M1, is the operator of the electric and monopole (L =
0) transitions.

Using the definition of the reduced transition prob-
ability®

B™ (EL; J —0)=|(J; n|| W11 0) (112)

we thus obtain the following expression for the scattering
cross section:

(n) 12
(g% ):j)_r = (%)Mett. %‘% Zﬂ’{ -;ii B(n' (EL’ Jf_yji) _1;1%—
. (113)
Here
N
B0, E) =g oI, E), (114)
2

where we have respectively in the case of single-phonon,
two-phonon, and monopole transitions: a(mn) = (1/pMémns
afd) = [6;n/b — Réym /b1

It should be noted that the traditional approach to in-
elastic scattering, based on a hydrodynamic description
of the oscillations or rotations of the nucleus, is most
convenient for the reduction of the experimental data,
What is analyzed in this case is only the kinematic part
of the cross section, which describes the angular distribu-
tion, while the comparison of the absolute values of the
cross sections gives the reduced probability of an elec-
tric transition of multipolarity L. It is possible, however,
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to generalize this approach somewhat, with account taken,
at least formally, of certain characteristic features of
the charge-density distributions (their "fine" shell struc-
ture); these charaeteristics have become known in recent
years. On the other hand, calculations of charge-density
distributions and of radial transition densities on the
basis of microscopic nuclear models always yield radial
variations of similar type, and their behavior conforms
in the main to that described above, Namely, the transi-
tion density of a one-phonon transition is quite close to
the derivative of the charge density, All this allows us
to construct a unified phenomenological description of
elastic and inelastic electron scattering on the basis of

a single charge-density distribution of arbitrary form:

N
p(@)= 2 an¢™ (= R, b).

(115)

In this case the functions p®@ (x)(n = 1, 2) from Egs.
(107)-(114) acquire a more general meaning, wherein they
are now derivatives of the charge-density distributions
(115) and are expressed in terms of the same coefficients:

N
- 1 +
p™ (@) =g 2 am$™" (z R, D). (116)
m=0

Although this generalization is somewhat formal, it
is valid to the same degree (i.e., it violates the principles
of the hydrodynamic model of the nucleus) that the tradi-
tional scheme described above is valid., On the other hand,
this generalization can be used in the model-independent
analysis of the experimental data, for the purpose of ex-
tracting information on the charge~-density distributions.
This analysis can now be carried out simultaneously for
elastic and inelastic scattering using expression (115) for
the charge-density distribution and (116) for the radial
transition density with the same set of coefficients ayy,
which are found as variable parameters when theory and
experiment are compared by the x? method, This simul®
taneous analysis can reduce the uncertainty inthe variation
of the charge-density distribution in the interior of the
nueleus, i,e,, the uncertainty obtained when only the elastic-
scattering data are analyzed at the usual electron energies
(see Fig, 13).

Transition Density and
Microscopic Models

In the microscopic model, the variables £ describing
the states of a spherical nucleus are the operators a;,r
and ay for the creation and annihilation of a particle in
the state v = n, I, j, m with isospin projection 7. In terms
of these operators, the charge-density distribution takes
the following form common to all microscopic models:

(Ras

p(xB) = plx—r)= 3

(Vi | p (X —1) | VaTs) 5,0, 0vazee (117)
VIV2TIT2

n:

||

The wave functions | v7) of the basis are defined by

l"T}=RG (r) x"it l‘—}i ]'m> = ‘
. 1 . = e
|1'—z f’"’>=3 (z?u, mﬂtl]m) Yo (1) 412" (118)
i
(v=n,1,J).
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For point charges we have

. (Iz;r) 3 Yoar (7) YEu (2),

LM

px—r)=ed(x—r1)=¢,

and then
P (xE) = X} &rar (2, 8) Yin (@),
LM

where

3 L
Pray = _;J A;ﬂ_.ﬂ— (2) [a34x@var] 1ars

VivaT
AL, (@) =eRg, () Ry, (2)
s jha—ta—t - i)ix V @i+ D)/én (jljz -?T—%/LO) :

[a;navzr]LM= E (szsz”lmi) a::ta\?z‘r'
mymsa

Thus, the radial transition density is expressed in gen-
eral form by

pr (@) =T | Fr (z, E) | T2
T __2 Aé;’;zt (@) (11l [ avaclag || T2,

viveT

(119)

where 1Ji,f) are the wave functions of the ground (i) and
excited (f) states of the nucleus and are defined within
the framework of some concrete mieroscopic model,

The expression (119) for point-like particles can be
generalized to the case when the nucleus have a smeared-
out charge with density pp(x). Then the radial transition
density py,(x) is defined as follows:

Pz (@) Yin (D)= () Via (D pp(x—rxDdr.  (120)

It is of interest to verify the method proposed above
for calculating inelastic scattering with the correspond-
ing exact calculations, using the same microscopic model
of the nucleus as a basis, Exact calculations of this kind
were performed in ref, 28, where inelastic scattering of
electrons by spherical nuclei was considered, and the
wave functions of the relative motion of the electron were
obtained by numerically solving the Dirac equation, while
the low-lying excited states were regarded as phonon states
on the basis of a microscopic nuclear model with account
taken of the residual pair and quadrupole interactions of
the nucleus, Models of this type are frequently employed
of late, but in ref, 28 there were introduced certain modi-
fications needed in order to consider questions comnected
with scattering, Namely, the single-particle basis (118)
was chosen in the form of functions in the field of a Woods —
Saxon potential with 1- 8 terms included. This gives the
correct (experimental) asymptotic form of these functions
and of the corresponding charge-density distributions and
radial transition densities in the region of the nuclear
boundary, a factor ofimportance in the description of elas-
tic and inelastic scattering,

This model yields for the transition to the single-
phonon state |JM) = Bj;{0), in agreement with ref, 28,
the following expression for the radial transition density:

\' —1/2
Pr (.'L') = __\/=I (1' o 675}\';-2) (U-Fl'ru;zt o v;z‘ru;ﬂ)
VavaT
(i1<i2)
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e e
* (EY" — AY™™) A7 (2).

(121)
Here (u, v) and (If, A) are the amplitudes of the quasipar-
ticle and phonon transformations,

Comparison with Experiment

So far, the Tassie phenomenological model is one of
the most popular radial transition density models, and is
used for the analysis of inelastic scattering of electrons
by nuclei with excitation of the lowest single-phonon lev~
els, The purpose of this analysis is usually to obtain with
the aid of (113) exact information (in view of the electro-
magnetic character of the interaction) on the transition
probabilities B(EL) and the main characteristics of the
size of the nuclear region where the transition is effected,
such as its "centroid" R and its "width" b, Since the low-
est derivatives of the Fermi density, which determine the
radial transition density functions in the phenomenologi-
cal approach, do not contain fast variations of the shell
type, it follows that models of this type can claim agree-
ment with experiment only at low and medium momentum
transfers,

By way of example we present the results of an anal-
ysis® of earlier experimental data®® on inelastic electron
scattering by the nucleus 2Cr, with excitation in this nu-
cleus of a single-phonon 2% state or two two-phonon states
2%+ and ot (Fig. 25). The calculation was carried out in
the high-energy approximation, and the parameters R and
b were fixed in ref, 8 in accordance with the data on the

‘elastic scattering by the same nucleus, A comparison of

the experimental and theoretical cross sections (113) has
made it possible to determine the corresponding B(EL),
A comparison of the calculations in the high-energy ap-
proximation and in the Born approximation shows that the
distortion effects are of important significance and yield
not only the shift and the filling of the diffraction minima,
but also alter the absolute values of the cross sections,
which is of importance when it comes to obtaining exact
information on B(EL),

2 i ’
W e
i ;

7 £
127043 MV )Y

. Fig. 25, Form factors of inelastic elec~
tron scattering by ®Cr, calculated in
the Tassie macroscopic model: solid
curves) high~energy approximation;
dashes) Born approximation,
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Fig. 26. Inelastic electron scattering by *®sm with excitation of levels of
the ground rotational bands. Calculation by the macroscopic model.%

Recently, following the appearance of data on scat-
tering from deformed nuclei, this model came into use
for the determination of the main characteristics of such
nuclei, namely the deformation parameters By. Thus,
the inelastic scattering of electrons by 2Sm with excita-
ton of the levels 0%, 2+, and 4* of the ground rotational
band was analyzed in ref, 66 (Fig. 26). The Tassie mod-
el was generalized there in such a way that account was
taken of the higher-order corrections for the possible
nuclear deformation:

AR=Ry(1+B:¥V 0 Q)+ BV a0 (@) +Be¥w (@), (122)

By optimal fitting, the following values were obtained:
By = 0,287 and B, = 0.070 (the parameter 8z was taken from
data on a-particle scattering, {1’2)1 2 was taken from p-
mesic atom data, and B(E2) was known). 1t should be
noted, however, that in addition to the increase of the dif-
fuseness parameter, an important role in the scattering
by deformed nuclei?! with excitation of rotational-band
levels is assumed also by effects of higher order of per-
turbation theory, namely multiple scattering, as pointed
out in ref, 67. It should also be easy to excite in de-
formed nuclei g- and y-vibrational levels, for which the
corresponding form factors can be caleulated®® within the
framework of the Davydov phenomenological models. In-
terest in this question has recently been renewed.

It can thus be concluded that a phenomenological anal-
ysis of inelastic scattering, within the framework of the
Tassie model or models close to it, is a typical first
stage of the reduction of the experimental data for the
purpose of establishing the main characteristics of ex-
cited nuclei, (A brief survey of the data obtained by the
Khar'kov group and their analysis are given in ref, 24,
and some other studies are reviewed in ref, 69.)

On going to large g, or if a more detailed analysis of
the experiment is needed, it is natural to use calculations
with the radial transition density microscopic model, By
way of example, we consider the analysis®® of the ¥*Ni nu-
cleus, The charge-density distribution and the radial tran-
sition density of this nucleus were calculated in ref, 28
on the basis of Eq. (121). The results are shown in Figs.
279 and 28a, We see that the radial transition density has
a characteristic maximum on the nuclear boundary (dashed
curve), Averaging with the aid of Eq. (120) using the em-
pirical nucleon charge density yields a smoother radial
transition density (solid.curve). The solid curve of Fig.

408 Sov. J. Particles Nucl., Vol. 5, No, 4, April-June 1975

(o)1

107

)
|
|
|

1 1 1
20 30 40 50

1 1

: : :
g0 70 80 90 100

1

4, deg

Fig. 27. Comparison of the exact (dash—dot curve) and approximate (using
the high-energy approximation) calculations of inelastic scattering with ex=
citation of the first 2% level in ®Ni: The dashed and solid curves represent
the "pointlike” and "smeared” transition densities calculated with a micro=
scopic model in ref, 28, and the carresponding form factors.®

28 shows the charge-density distribution calculated in ref,
28 and reveals the predicted radial variations of this func-
tion, which are typical of the microscopic model and in-
deed distinguish it from the Fermi density (dashed curve).
Following the procedure described above, we represent
the function in the form of the series (103) and obtain by
least squares the set{al;} of the coefficients, It turns
out that at a sufficient accuracy of the fit (99%) it suffices
to take only N = 10 terms of this series, Substituting the
obtained set {ak} in relation (105) for the amplitude and
next in expression (23) for the cross section, we obtain
the final result, which is shown in Fig, 27b, where the
form factor | F|2 = Uiaf/”Mott is plotted (the solid and

dashed curves correspond to the transition densities shown
in Fig, 27a). The dash—dot curve shows the exact calcula-
tions®® with the transition density in the case ofa"smeared"
proton charge, Itis seen that the proposed method results
in good agreement (within the framework of the initial
high-energy approximation, starting with &= 40° and fur-
ther) with the exact calculations,

We now analyze the latest experimental data on elas-
tic scattering of electrons of energy E = 225 MeV by the
nucleus 5Ni (ref, 37), using the same charge and transi-
tion densities. Figure 28b shows theresults of this anal-
ysis, The dashed curves represent calculations based on
a hydrodynamic macroscopic model with the Fermi den-
sity (Ry = 4.148, b = 0.559), while the solid curves corre-
spond to the charge-density distributions and radial tran-
sition densities obtained in the microscopic model of ref,
28, Comparison with experiment shows that the calculated
"microdensity" has too large a radius; this is manifest in
a shift of the first elastic-scattering minimum towards
smaller angles. What is more interesting is that both
models yield a patently unsatisfactory description of the
inelastic scattering in the region of the minimum, where
the deviation from experiment reaches 70%.

In connection with the noted discrepancy, a model-
independent search was undertaken for possible transi-
tion densities capable of adequately describing all the ex-
perimental inelastic-scattering points. In our approach,
this task is easy, since the cross section (23) takes the
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Fig.28. Analysis of elastic and inelastic scattering of electrons with ex-
citation of the first 2% level of ®Ni. Dashed curves) calculation in ma-
croscopic model with Fermi density; solid) calculation with microscopic
model of ref, 28; dash—dot) one of the variants of the charge-density dis-
tribution and radial transition density, reconstructed from the elastic and

inelastic form factors, respectively, by the method of model-independent
analysis.“

form of a series of known functions having the same co-
efficients ay, as in the transition density (103), There-
fore, through a y? analysis of the experimental points,
wherein these coefficients serve as variable parameters,
it is possible to find one of the possible sets of ay,, and
consequently also the corresponding transition density,
which was normalized everywhere to the value of B(E2)

so as to have B(E2)/e’ = | [ pz(x)x4dx|2 (the analysis has
shown that the best value is B(E2)/e? = 120 ¥?), The mod-
el-independent analysis was already used for elastic scat-
tering; it was shown that from the available experimental
data it is impossible to determine the charge-density dis-
tribution in the central part of the nucleus, In our case
we obtain a similar result., The dash—dotcurvein Fig, 28a
shows one of the possible transition densities that yields good
agreement with the experimental form factor, but differs
significantly from the model radial transition densities

in that it has a smoothed-out peak at the nuclear bound-
ary and has a more complicated variation outside the nu-
cleus. The result of an independent analysis for elastic
scatteringis shownin thesame figure (dash—dot curve), A
comparison of the curves obtained shows that the behavior
of the transition density at the boundary of the nucleus
does not coincide with the behavior of the derivative of
the charge density, as postulated in the Tassie model,

The last result may seem curious, for hitherto all the

attempts to describe inelastic scattering were based main--

ly on macroscopic models, where this dependence was
postulated from the very outset, A joint model-indepen-
dent analysis of elastic and inelastic scattering was there-
fore carried out, in which this condition was also intro-
duced, although the form of the initial charge-density dis-
tribution could be arbitrary, as shown above. The dash—
dot curve of Fig, 13 show the results of this analysis., For
comparison, the solid curves represent calculations cor-
responding to the usual approach on the basis of the Fermi
density., The results show that the postulated connection
between the charge-density distributions and the radial
transition densities is a rather stringent condition and
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does not make it possible to describe inelastic scattering
completely, in spite of the fact that there is a wide leeway
in the variation of the density in the interior of the nu-
cleus,

We consider now one more example, namely the re-
sults of an analysis of the inelastic form factors of the
light nuclei C and 10 within the framework of Brink's
a-cluster model. We derived above the corresponding ex-
pressions (93) for the charge-density distribution and the
radial transition densities, and drew certain conclusions
regarding the a~cluster properties of the ground states of
a number of nuclei, properties that follow from elastic-
scattering analysis. It turns out, in particular, that the
clustering in *C is weak, and there is in fact no clustering
in 0 in the ground state. As to inelastic scattering, the
analysis of refs, 48 and 52 leads to the following results:
First, the calculations of the form factors of the rotational
2% and 3~ states of 12C (ref, 48) with parameters corre-
sponding to the best fit of elastic scattering (see Fig. 17)
result in only qualitative agreement with experiment,
mainly at small momentum transfers, Further, in either
case it is impossible to obtain a set of parameters that
describe equally well the elastic and inelastic scattering
at all values of q. This is evidence that the approach in
which the parameters of the a-cluster model with projec-
tion are assumed to be the same for all rotational-band
states is of limited value,

It is therefore of interest to obtain an independent
fit by varying the parameters of the trial functions of the
form factors of the inelastic scattering with excitation of
2% and 3~ levels without any connection to the elastic-
scattering parameters, This permits a detailed under-
standing of the structure of the excited states of the nu-
cleus, e.g., their transition densities and the correspond-
ing rms radii, Naturally, the fit should be based on trial
functions with exponential asymptotic forms, so as to ac-
count for the region of the minimum of the inelastic form
factor in the region q ~ 2,5-3.0 F~1,

Figure 29 shows the results of such calculations and
their comparison with experiment, First, it is seen from
the figure that in this case, too, the ambiguity of the mod-~
el comes into play, since at least three curves for each
state can be regarded as in satisfactory agreement with
experiment, A table of the corresponding parameters is
given in ref, 52, Next, the rms nuclear radii, with fit pa-
rameters based on elastic scattering, turn out to be ap-
proximately 0.2 F larger than the corresponding elastic=-
scattering radii, A more interesting result, however, is
for example the requirement that the best fit for inelastic
scattering lead in the case of '*C to the parameters Ry =
2,0 F and by = 0,5-0,6 F [R(‘He) = 1,77-1,9 F]. They can
be estimated in such a way that the @ clusters in the ex-
cited states of *C become more compact than in the
ground state, and have a tendency to approach the param-
eters of the free o particle, The same effect of cluster
formation upon excitation of the nucleus is observed also
in an analysis of the corresponding transition densities.
Thus, for 1C the transition densities with the best-fit
parameters of the inelastic form factors are shifted much
farther away from the center of the nucleus (by approxi-
mately 1 F) than those calculated with the parameters of
the elastic scattering best fit, This is also confirmed by
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Fig. 29. Different variants of calculations of the inelastic form factors of
26 and 0 within the framework of the Brink a-cluster model with trial
functions that are exponentially aSymptotic.E

Geff, F~*

the change of the configuration parameter R, According
to the elastic-scattering data, this parameter is much
smaller than for the excited states.

The fact that the nuclear-structure parameters turn
out to be different for different states indicates that the
relation between the rotations and the oscillations plays
an essential role, We note in this connection that an anal-
ysis of the form factors in the simple a-particle model
with allowance for the possible a-cluster oscillations
about their centers’? extends the possibility of a unified
description of an entire group of nuclear states,

Let us summarize our analysis of the inelastic scat-
tering., Thus, the phenomenological approach itself yields
much information on such important structural charac-
teristics of the nucleus as the transition probabilities, the
nuclear-shape parameters, ete, On the other hand, this
approach is used also to establish the main geometrical
characteristics of the region of the nucleus where the
transition is concentrated, At small and medium g this
region can be determined in accordance with the Tassie
model, by relating the radial transition density with the
derivative of the charge-density distribution, However,

a detailed analysis of the experiment, including the re-
gion of large q, reveals that this relation is violated, and
the radial transition density function must be specified in-
dependently. This function can be obtained with some de-
gree of accuracy by using the methods of the model-in-
dependent analysis, But to understand the main features
of the radial transition densities inthe periphery of the
nucleus (particularly if the nucleus is a medium or heavy
one) it is important to make use of microscopic models,
which yield the "fine structure" of the transition density
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function, Contemporary experimentis make it possible to
discern this structure, It is possible even now to draw
certain conclusions concerning the behavior of the nucleus
in the excited states. For a number of light nuclei, in
particular, it turns out that their @ clustering in certain
excited states is enhanced in comparison with the ground
state.

CONCLUSION

The time has already passed for reconciliation with
experiment and satisfaction of simple phenomenological
models, such as Gaussian or Fermi charge-density dis-
tribution functions for elastic scattering or the Tassie-
model radial transition density for inelastic scattering.
Modern experimental data call for a theoretical analysis
on a new level, Mathematical principles are being devel-
oped for the method of model-independent analysis of the
form factors, with an aim at extracting from the latter
direct information on the true charge-density distribu-
tion and radial transition density functions of the nucleus.
This is in essence a further development of the methods
of the inverse scattering problem, As yet, the model in-
dependent analysis is incapable of singling out an un-
ambiguous (of course, within the limits of some errors)
charge-density distribution or radial transition density
function that can be identified as the experimental func-
tion, In view of the limited amount of experimental in-
formation and in view of its own imperfection, this method
is still incapable of getting rid of the ambiguities of the
solutions, Much depends here on the choice of the form
of the trial charge-density distribution and radial transi-
tion density functions, and on the additional information
that can be introduced on the basis of other experiments.
At the same time, nuclear-structure models are being
perfected to make it possible to explain on the basis of a
direct analysis not only the general qualitative laws gov-
erning the form factors, but also all the details of their
behavior, especially at large momentum transfers.

Tt is obvious that the form factors are nuclear charac-
teristics much more sensitive to various errors in the
approaches and models than the "cruder" integral nuclear
characteristics such as the energy or transition probability.
Nonetheless, even here we encounter in the analysis of
modern very precise data a rather curious situation,
Indeed, a number of nuclear models give an approximately
equally good description of the same experimental data
after certain improvements are introduced in them., (We
have purposely chosen the same data for the comparison,
so as to illustrate this premise,) Thus, a direct model-
dependent analysis does not make it possible to choose
between the employed models solely on the basis of elec-
tron-scattering data. It is necessary to analyze the "jus-
tification" for the particular assumptions on which the
models compared are based, using by way of tests addi-
tional data from other experiments. It is interesting that’
even within the framework of one model it is possible, by
stretching things somewhat, to provide different explana-
tions for the same set of form factors, although this is
accomplished hy changing the internal parameters of the
model within "admissible" limits, so as not to violate the
degree of agreement with other data. We have seen this
with the a-cluster model of the nucleus as an example,
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It can be concluded from all this that at the contem—
porary level of development of computer techniques, when
practically any hypothesis can be readily fitted to the ex-
perimental data, one must be particularly careful to choose
just scientific approaches and models, rather than spec—
ulative ones, Otherwise excessive faith in the illustra-
tion provided by any good fit to the experimental data can
turn after some time into wasted effects exerted in the
wrong direction,

In conclusion, the authors thank V, V, Burov for help
in selecting and presenting the materials used in the re-
view,

APPENDIX 1

Let us derive an expression for the functions g(r, o)
and ¢(r) from (14) and (23) in explicit form, To this end,
following ref, 7, we expand the Coulomb potential in a
Taylor series and retain the quadratic term., For a spheri-
cally symmetrical distribution of the charge density p(x)
we have

V(r)= —4ny {%f p(z)z2dz4- Fp(x)xdz} (A1)
0 T

and

V (r) = V(0) - ak3r2/2, (A.2)

where
y==Ze2/(he) = ZN3T; V (0)= —dny S p (@) = dz; a = (4m/3) yp (0)/K3.
0

The first integral of the function (27) can then be
evaluated by direct substitution of (A.2), while the second
is estimated by expanding it in powers of the impact dis-
tance (p?) and retaining the quadratic term

oM (r, k)= —V (0)-3— a (B¥pz+-k322/3)/2 b (pk)2+-c (pk)s,  (A.3)

where
I 1 ¢4 g
b:-—r% 5 p(z)dz; c= —T.—H- 5 = -Ep(:r)d.’c.
0 [i]
Recognizing that r = p + 1;2. and p L k, we can re-
write (A.3) in the form

&) (1, k)= —V (0) (ke)/k— 5 a (kr) (3k2r2—2 (kr) F b [rk]? o= ¢ [rk]4.(A.4)

Substituting (A.4) and (A.2) in (24) and (14) and con-
fining ourselves to the terms linear in V(0), a, b, and ¢,
we get

g (x, o) =(1—V(0)/k) {1-+a ((kx)®— [kix]2 -+ (kyx)2— [ksx]?) |
-+ 3b ((kx) — (kyx)) — 10e ((k;x) [k;x]2— (kyx) [kyx]2) — [a ((k;x) - (kysx))/2

—2¢ ([kx]2— [kex]®)](ox)(1 —V (0)/k) 3 (A.5)
& (x) = — (k; —ky) x [V (0)/k] — e (3k%2 (k;x — kyx) — 2 (kyx)3
+2 (kyx)?) /2 —b{[xk;] 24 [xkj]2) 4 ([xk;]4 4 [xk;]4). (A.6)
We choose the axis oz tt q, where q = kj—k; = 2ksind/2 =

2k, @ = sin ¢ /2, and the axis 0x 1 q. Then cos(x) = p, x
= {xug};
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cosz by =pat YT YT—a2 cos i;

ST I?f-.: —po+VT—12 V1—a2cos q.

Taking into account this fact and |k;| = |kr| =k, we
obtain forp =g=+1 ;

g(@ug) |y =g (=, &)=(1—V (0)/k)2- {1 eb3gz + a (g2 — 2k?) 22

— 5ecq (442 — q2) 3/2}; (AT)
@ (@) Jyme = @ (2, &)= —eV (O)gz/k —b (4k2— q2) 22/2 —ea (gh?/2
—g3/12) 28 ¢ (42— g2) 24/8. (A.8)

Let us find also an expression for deff(Xs £) and D(x,
€y )2

Goff (xpeg) Iu:a = qeff(me) =gq (1 —V (0)/k)—eaq (3k2/2 — q2/4) 22

—b (442 —g%) 2+ (4h2— g2)2 23/2; (A.9)

qzD (rsm)=qz+'%¢(w.llq) ly—e =4 (2, &)= B (z, e)cos?p;  (A,10)

A (ze) =gz (1-~V (0)/k) —a (k?q%/2— ¢%/4) 2%+ ebg?z2— ecq?/2 (4k2 — g2) o;
J (A.11)
B (xe)= —aq/2 (4k?— q%) 2% —eb (4k% — g2) 22 - ec (2k2 — 3q%/2) (4k2 — g2) 24,
(A.12)
APPENDIX 2

In the calculation of Gy (%, £) in (31) we encounter
integrals of the type

2n
\‘ cos Mg ip (A,13)
[}

[A+ B cosZg)¥
which differ from zero only at even M: M = 2m, Using

m
cos2mp= 3| (—1)n C5™ cos2m-2n g sinZn ¢
n=0

(A.14)

and making the substitution ¢ — ¢ + 1/2, we arrive at the
integrall?

/2 .

n mn
{ sin® ¢ cos™ do
i (A+B)—Beostql

! 1 B( n--1 m:l—~i

2(4+8)° 7 ) PP v B4 2), Ads)

where the hypergeometric function Fi, 3, s Z) is ex~
pressed in the form of a series in Z = B/(A + B),

We present several expressions for Gy i, &):
Gnes gzg (z, &)
VA(z, €)[A(z, &)+ B (z, &)

Gio==Goo V3 [e+i (1—2/2)/A];

Gao=Goo V5 [14i8e (1 —Z/2)/A—3 (1 — Z + 32%/8)/42);

Gy n=VB0 Gy [ie (Z—322)/A—(3Z/2— 152%/2) [ A2)/4;

Gao=Goo V7 [e+16 (1 —Z/2)/A — 158 (1 — Z + 322/8) /A2 —
—i15 (1 —3Z/2 4 922/8)/43);

Gypg="V210 Gyo[i (Z—322)/A— 3¢ (3Z/4— 158%/4)/A2 — i3 (2 —722)/43] /4.
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