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A review is presented of investigations of inelastic scattering of protons of energy higher than 10 MeV with ex-
citation of low-lying collective levels of rare-earth nuclei. Theoretical analysis methods with allowance for
the strong coupling of the channels, including approximate methods, are considered. Attention is called to
new possibilities afforded by such an analysis, especially when polarized protons are used. The optical-poten-
tial parameters for the scattering of protons by spherical and deformed nuclei are given, as are the deformation
parameters obtained in studies of electromagnetic processes and of the scattering of protons, deuterons, and o

particles.

INTRODUCTION

The possibility of obtaining information on the properties
of nuclei in ground and excited states from data on the
scattering of protons and light nuclei by nuclei depends
considerably on the extent to which the interaction pro-
cess that leads to excitation of the nuclei is known, A
widely known method is that of Coulomb excitation, in
which the inelastic scattering of charged particles with
energy lower than the Coulomb barrier of the nuclei is
due entirely to electromagnetic interaction, This pro-
cess, however, yields information only on quantities con-
nected with the Coulomb field of the nucleus, Nuclear
effects become manifest in scattering when the energies
of the incident charged particles are increased or when
neutrons are scattered,

The most widely used method of approximating the
nuclear interaction is by introducing a complex optical
potential, which makes it possible to take effective ac-
count of the absorption, i,e,, of the discarded channels of
inelastic scattering and reactions, An appreciable amount
of experimental data on inelastic scattering of protons by
nuclei, in a wide range of energies, has been systematized
in ref, 1, where a spherically symmetrical optical po-
tential was used,

In the generalized optical model used to describe the
inelastic-scattering process, one introduces a deviation
of the potential from spherical, as a result of which col-
lective levels of the target nuclei become excited in the
inelastic scattering, As a rule, a strong coupling exists
between these collective states and can be either direct or
indirect (multistep). The inelastic elastic-scattering
channels are therefore coupled with one another, and this
leads to a system of coupled Schridinger equations,®?

The elastic-scattering channel is also coupled with
the inelastic-scattering channels, and if this coupling is
strong enough the elastic scattering cannot be analyzed
without taking the inelastic-scattering channels into ac-
count, In other words, the optical-potential parameters
determined only from data on elastic scattering by nuclei
having strongly excited collective states, e.g., rotational
states, should differ from the average set of parameters
for spherical nuclei,! The effect of the inelastic-scat-
tering channels on the elastic-scattering channel can be
represented as a rescattering in the input channel, which
is an effect of second or higher order, Consequently these
processes cannot be accounted for in the usual distorted-
wave method,

3569 Sov. J. Particles Nucl., Vol. 5, No. 4, April-June 1975

Although the model of strong coupling of channels with
a nonspherical potential is sometimes suitable even in the
case of scattering by light nuclei, it is most consistent to
use it to describe inelastic scattering of protons and other
charged particles by heavy nuclei, Indeed, the collective
character of the low-lying states of these nuclei has been
established from an analysis of the probabilities of the
electromagnetic transitions and of the sequence of the
low-lying levels, Therefore the methods developed for
solving the system of coupled equations, the role of the
various approximations used in the calculation, and the
verification of the applicability of the simplest collective
models to the description of excited states of nuclei should
all be primarily verified when investigations are made of
inelastic scattering of charged particles by heavy nuclei,
Although the use of charged particles complicates the
calculations somewhat, it offers advantages of a purely
experimental character over neutron scattering, The
levels of the heavy nuclei are so close together that the
energy resolution presently obtained in experiments with
neutrons is insufficient for detailed measurements of the
angular distributions,

When describing elastic and inelastic scattering of
medium-energy particles by heavy nuclei one can neglect
the compound-nucleus formation mechanism, thereby
greatly simplifying the calculations, The number of chan-
nels for the decay of the states of the compound nucleus
is large in this case, and the probability of decay in any
particular selected scattering channel is much smaller
than the probability of the direct process described in ac-
cordance with the generalized optical model,

A number of years have elapsed since the publication
of the review article by Tamura! and the papers of S, I,
Drozdov,® devoted to the development of the method of
coupled channels as applied to the scattering of particles
with excitation of collective states of nuclei, During that
time, new experiments were reported, performed with
higher accuracy and made possible by working with beams
of high energy resolution, by using single-isotope targets,
by improving the experimental procedure, and by using
semiconductor charged-particle detectors, In connection
with the increased operating speed and memory volume of
the computers, new calculation programs were accordingly
developed, in which unnecessary approximations were
eliminated, the required refinements in the type of inter-
nction were introduced, and the number of considered
scattering channels was increased, Particular attention
was paid to the writing of programs suitable for rapid
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reduction of the experimental data, particularly search
programs based on least squares,

This article is an attempt to systematize the ex-
perimental data on inelastic scattering of protons, deu-
terons, and o particles, mainly by rare-earth nuclei,
Various employed calculation methods are compared, the
results of the analysis of the experimental data are dis-
cussed, and the nuclear deformation parameters obtained
in various studies are compared,

Included among the experimental investigations of
recent years are those by the present author and co-workers,
who proposed and used a comparative method of investigating
the inelastic scattering of protons.®™® The method con-
sists of measuring the angular distributions of the cross
sections, polarizations, asymmetry, and spin-flip prob-
ability, and also theoretical calculations for transition-
region nuclei that differ little in charge and atomic weight
but differ greatly in their collective properties, Such an
abrupt transition from spherical to deformed nuclei (sud-
den appearance of static deformation) occurs in the iso-
topes of samarium when the number of neutrons changes
from 88to 90, The near equality of the atomic masses of the
isotopes gives grounds for assuming that their optical-
potential parameters differ little, The difference between
the measured characteristics of elastic and inelastic scat-
tering can be attributed only to a change in the character
and in the coupling of the channels with changing collec-
tive properties of the target nuclei,

Even in the first measurements of the angular dis-
tributions of the scattering of 12-MeV protons by 148:1%5m
nuclei,6 notice was taken of an interesting isotopic ef-
fect, namely, the oscillations in the angular distribu-
tions of elastic and inelastic scattering with excitation of
the first 2" levels are much more pronounced for scat-
tering by the spherical nucleus 8sm, An analogous ef-
fect for samarium nuclei was described in ref, 9; it was
observed also in the much smoother region of the tran-
sition from the deformed to the spherical nuclei of the
platinum isotopes,!® The recently observed strong dif-
ference between the angular distributions of the asym-
metry of inelastically scattered polarized 24,5-MeV pro-
tons® by 148,152 9m nuclei is of interest for the determina-
tion of whether the excitation is rotational or vibrational,
In the analysis of the angular distributions by the coupled
channel method, the accuracy of the determined interac-
tion parameters of the optical potential and of the quad-
rupole and hexadecapole deformation increased by mea-
suring the angular distributions of the inelastic scattering
of protons with excitation of anumberoflevels [0F, 2%, 4%,
(67) ] of the ground-state rotational band at different proton
energies and by determining the polarization and asymmetry
in the scattering of polarized protons, All this increases
the number of equations but keeps the number of param-
eters constant, if we neglect the smooth dependence of
several of the optical-potential parameters on the en-
ergy,

The angular distributions of the elastic and inelastic
scattering of unpolarized 16 MeV protons by certainrare-
earth isotopes were méasured in ref, 10, Unfortunately,
the measurements were confined to one inelastic-scat-
tering channel (27), so that deformation parameters of
order higher than the second could not be determined,
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The inelastic scattering of protons by rare-earth nu-
clei and by actinides was investigated in Saclay,!1? The
nuclear-deformation parameters of »2Th and **U were
determined for the first time from the scattering, These
experimentally difficult studies are of interest because
they have confirmed the existence of a~decay studies,!®™¥

The most systematic data on the hexadecapole-de-
formation parameters of nuclei in the rare-earth region
were obtained in studies!®!” of the scattering of « par-
ticles with energies close to 30 and 50 MeV, Sixth-order
deformations were also estimated, The results of these
studies were subsequently used to assess the aggregate
of the experimental data on the deformations, in spite of
certain doubts concerning the legitimacy of using an ef-
fective optical potential for complex particles, This per-
tains also to data on inelastic scattering of deuterons on
rare-earthnuclei, 18720

In view of the recent increased tempo of work with
accelerated heavy ions, the improvement of accelerators
and sources of heavy ions, and also the technique of de-
tection of y radiation with the aid of germanium semi-
conductor detectors, many investigations of Coulomb ex-
citation and of electromagnetic transitions in rare-earth
nuclei have been reported, In addition to standard methods
for measurement of the cross sections for excitation of
low levels of nuclei by the Coulomb field of the incident
charged particles,? ™ measurements were made of the
quadrupole moments of the excited states by the reorien-
tation method,?® The lifetimes of the excited states of
nuclei were investigated by the method of the Doppler
shift of the y rays emitted as a result of Coulomb exci-
tation,*»® Owing to the appreciable increase in the mea-
surement accuracy, it was possible to obtain in these
studies estimates of the hexadecapole~deformation pa-
rameters, and to verify, by measuring the reduced prob-
abilities of the electromagnetic quadrupole transitions, the
applicability of the rigid-axially-symmetrical-rotator
model to a number of nuclei,”® Indications were obtained?’
11:?2% the rigidity of the rotator is violated in the case of

Sm,

Thus, both inelastic scattering of charged particles
and Coulomb excitation have by now become exact methods
for obtaining spectroscopic nuclear data, After consider-
ing the main features of the experimental procedure, of the
theoretical calculation methods, and of the comparison
with the experiment, we discuss in the present articlethe
spectroscopic information that can be obtained by inves-
tigating inelastic scattering, and compare this informa-
tion with other data,

1, PRINCIPAL REQUIREMENTS ON THE
EXPERIMENTAL PROCEDURE

Measurement of the angular distributions of inelastic
scattering of charged particles by heavy nuclei is a dif-
ficult experimental task, This is due to the small differ-
ence between the energies of even the low-lying levels
of even—even nuclei, and consequently the need of at-
taining a sufficient energy resolution in order to separate
groups of charged particles scattered with excitation of
closely lying levels, The excitation energy of the first
rotational state amounts to 80-100 keV in the rare-earth
region and 40-60 keV for actinides, It must also be rec-
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ognized that the cross section for small-angle elastic
scattering greatly exceeds the inelastic-scattering cross
section, If the beam of the primary accelerated particles
is not monochromatic enough, or if the scattered-particle
detectors have poor resolution, an error is introduced
not only in the measured inelastic-scattering cross sec-
tion, but also in the elastic cross section,

The energy of the incident charged particles should
not be less than the height of the Coulomb barrier, i.e.,
not less than 12-16 MeV for protons., Among the accel-
erators capable of providing charged particles of this
energy, the best beam monochromaticity (about 2 x 1074
is possessed by tandem electrostatic generators, If cy-
clotrons are used, additional monochromatization of the
beam is required as a rule, The use of beams from spec-
trometric cyclotrons, with large beam currents and ap-
proximate monochromaticity 10_4, is quite promising,

As already noted, the use of a beam of polarized pro-
tons is of great importance for improvement of the ac-
curacy of the analysis of the experimental data, The
stringent requirements on the energy resolution of the
proton beam when measurements are made of the elastic
and inelastic scattering by heavy nuclei prevent the use of
the secondary polarized-proton beam obtained after the
primary beam is scattered by nuclei of targets having
good polarizing ability, To obtain a sufficient secondary-
beam intensity it is necessary to use thick targets, and
this produces, as a result of the loss of energy in the
target and of straggling, a considerable energy spread
in the secondary beam also leads to a decrease in the
experimental accuracy and to a lengthening of the mea~
surement time,

The development of sources of polarized protons and
deuterons, one of the most important attainments of mod-
ern experimental technique, makes it possible at present
to measure the angular distributions of the asymmetry of
scattering of polarized protons by all nuclei, including
heavy ones, The degree of proton polarization obtained
with such a source is close to unity.*® Polarized-particle
sources can be used in conjunction with a tandem accel-
erator or a cyclotron with external injection,?

The best results can be obtained with single-isotope
targets in the form of free-standing foils, At the con-
sidered accelerated-ion energies, such foils (0,5-1 mg/cm?
can be made from many isotopes of heavy nuclei, Fre-
quently thinner targets, evaporated on carbon substrates,
are used, Owing to the possible contamination of the
target or its sputtering by the beam, it is desirable to
perform the measurements simultaneously for all the
investigated excited levels of the target nuclei and at
several scattering angles, It is obvious that the last con-
dition is not satisfied by magnetic charged-particle spec-
trometers, although they can have a resolution of approx-
imately 107, which is the best attainable with the pres-
ently available instruments, Indeed, the momentum an-
alysis of particles is carried out in a limited range of
values, and it is practically impossible to use them for
the investigation of the excitation of many levels,

Magnetic spectrographs permit the analysis of scat-
tered particles in a wide range of momenta, but it is dif-
ficult to make their resolving power better than 1077 (refs,
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31, 32), Magnetic spectrographs and magnetic spectrom-
eters have a small aperture, and to obtain the total ang-
ular distribution of the elastically and inelastically scat-
tered particles it is sometimes necessary to operate the
apparatus for unrealistically long times,

The better surface-barrier semiconductor charged-
particle detectors are those prepared by the lithium-drift
method, They yield an approximate resolution 2. 1073 at
energies 10-20 MeV and can be used to study inelastic
scattering with excitation of not-too-high levels of heavy
nuclei, The aperture, which is limited only by the ang-
ular-resolution requirement, makes sufficiently rapid
measurements possible, Use can be made of several
detectors installed at different scattering angles, Re-
cently many laboratories have made considerable prog-
ress in the development of semiconductor detectors with
working-layer thickness of several millimeters, a thick-
ness needed to detect the total-absorption pulse of
charged particles of energy 10-30 MeV, When working
with higher-energy particles it will apparently be pref-
erable to use germanium in place of silicon,

Attention should be called to the following shortcom-
ing of semiconductor detectors as compared with mag-
netic analyzers: The distribution of the counts from a
semiconductor detector, when a monochromatic particle
beam is detected, is not symmetrical, The number of
smaller-amplitude pulses is increased because of the
temporary capture of the carriers by the traps,’* and at
higher energies, in addition, there may be an increase due
to possible nuclear reactions in the detector material,®
The asymmetry depends on the quality of the crystal, The
region of lower-amplitude counts corresponds to higher
levels excited in inelastic scattering, As a rule, these
levels are excited with lower probability than the low-
lying levels, For example, the excitation of each suc-
ceeding level of the rotational band 2%, 47, 6% is smaller
by approximately one order of magnitude than the pre-
ceding one, The aforementioned background of low-
amplitude counts is a hindrance in the investigation of
highly excited states,

The more stringent requirements with respect to
monochromaticity of the beams and the energy resolu-
tion of the recording apparatus when measuring inelastic
scattering from rare-earthnuclei give rise to large dif-
ficulties in the investigation of proton spin flip in inelas-
tic scattering, These measurements consist of detect-
ing the coincidences of the scattered protons with exci-
tation of the 2% levels and the radiation from the decay
of these states in a direction perpendicular to the scat-
tering plane, In the case of heavy nuclei and at higher
energies of the incident particles, the y-radiation back-
ground is large and leads to an increase in the number of
random coincidences, At the same time, at low energies
of the 27 levels, the yield of v radiation from the decay
of these states decreases with increasing internal-con-
version coefficient, Consequently, in addition to the re-
quirement of a high energy resolution, it becomes neces-
sary to use coincidence circuits with a high time resolu-
tion, on the order of several nanoseconds, The only known
measurement of the spin—flip probability on deformed nu-
clei is in ref, 7.

The questions involved in the experimental proce-
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dure used inour studies are considered in greater detail
by Kurepin,® who discusses the interpretation and re-
duction of the spectra of pulses obtained from semicon-
ductor detectors, and also the absolute normalization of
the cross sections and the possible measurement errors,

Let us list the main requirements that must be sat-
isfied in an experiment on inelastic scattering in order to
obtain with sufficient accuracy the parameters of the
theory, An energy two or three times higher than the
Coulomb barrier is optimal for the incident charged par-
ticles, In the case of particles with spin, one can use
beams of polarized ions and measure the angular distri-
butions of the polarization and of the analyzing ability, It
is desirable to obtain the angular distribution of inelastic
scattering with excitation of a large number of states,
For deformed even—even nuclei, a sufficient accuracy
can be attained only by using data on the excitation of the
rotational states 0%, 2%, 4%, (6) of the band constructed
on the ground state, The interval of the measured an-
glesfor elastic and inelastic scattering should be 30-170°,
and it turns out that the calculations are more sensitive
in the large-angle region,

At the present time, the aforementioned require-
ments can be satisfied in certain experimental inves-
tigations, and this will lead to the appearance of new
studies of inelastic scattering of protons, deuterons, and
a particles with excitation of collective states of heavy
nuclei.

2, CALCULATION OF INELASTIC SCATTERING
OF PROTONS BY THE METHOD OF
COUPLING OF THE CHANNELS

In the theoretical reduction of the experimental data
on inelastic scattering of protons by nuclei in the rare-
earth region, attention must be called first to the appre-
ciable cross sections for inelastic scattering with exci-
tation of the lower levels of the nuclei, expecially in the
case of strongly-deformed nuclei, The traditional meth-
ods of calculation in first-order perturbation theory no
longer hold, A more accurate theory calls for allowance
for the most essential inelastic-scattering channels when
they are strongly coupled, We shall write down later a
system of coupled equations for the scattering of nucleons
by nuclei, We consider various methods of numerically
solving this system, Particular attention will be paid to
the justification and development of approximate calcu-
lation methods, such as allowance for second-order ef-
fects*™? and the method of successive approximation,?
The approximate methods, which in certain cases yield
results that agree with the exact calculation methods, are
of great importance in the reduction of the experimental
data, Indeed, the approximate methods result in con-
siderable economy of computer time and therefore per-
mit a larger number of calculations to be performed for
a more accurate determination of the interaction param-
eters, As mentioned in the introduction, the low-lying
excited states of heavy nuclei have clearly pronounced
collective properties, Therefore, to deseribe the levels
excited in inelastic seattering we use in this paper col-
lective models, and treat the interaction of the incident
particles with the nucleus in the form of a deformed op~-
tical potential, Since the form of the potential is not
spelled out concretely in the sections devoted to methods
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of solving systems of coupled equations, these methods can
be used also when attempts are made to describe micro-
scopically the process of scattering with a realistic nu-
cleon—nucleon potential,

Approximate methods that are faster from the point
of view of computer time make it possible to perform cal-
culations, within reasonable times, with complicated forms
of interactions, allowance for which greatly complicates
the problems, We consider below the influence of the dif-
fuseness of the nuclear charge distribution, which must be
taken into account at particle energies close tothe Coulomb
barrier, The introduction of a spin—orbit dependence
into the optical potential makes it possibleto calculate the
polarization of the scattered particles, the analyzing abil-
ity, and also the probability of spin flip due to scattering,

System of Coupled Equations

We consider the scattering of nucleons by nuclei, such
that the incident nucleon can experience, besides elastic
scattering, also scattering with loss of energy and excite
certain states of the target nucleus, Denoting by T the
nucleon kinetic-energy operator, by V the operator of the
interaction of the nucleon with the target nucleus, and by
HT the Hamiltonian of the target nucleus, we represent
the total Hamiltonian of the system consisting of the nu-
cleus and the nucleon interacting with it in the form

H=H;+T4V. 1)

We note that if it is necessary to take into account the
internal structure of the incident particle, the Hamilton-
ian HT can be broken up into two parts, corresponding
to the internal structure of the nucleus and of the par-
ticle,

The wave functions Xpn of the various states of the
target nucleus, with spin I and projection M, are the eigen-

functions of the Hamiltonian HT with energy eigenval-
ues &:

HTX:M=8:xm- (2)

The complete wave function ¥ of the system satisfies
the following Schridinger equation:

(Hy+T+V)¥=EV, 3)

where E is the total energy of the system,

The wave function ¥ can be represented in the form of
an expansion in a complete system of wave functions
Y inf of the different elastic- and inelastic-scattering
channels with total angular momentum J and with projec-
tion N, corresponding to definite states of the target nu-
cleus, nucleon orbital angular momenta l, and total nu-
cleon angular momentum j=17 + s:

\! IN ayIN
Y= }.J farninin (rn) Yrnintn- “)
nlnjnlnd

This expansion, which is basic to the entire subse-
quent derivadtion of the system of coupled equations, con-
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tains two important assumptions, First, it is assumed that
regardless of the distance ry between the nucleon and the nu-
cleus in the channel n,the two particles do not lose their
individuality and are described by certain specified wave
functions, This assumption is valid for the two-particle
problem or for scattering by a potential, but there would
be little justification for using it to consider a many-
particle problem, Second, the reaction channels are not
included, These channels, however, are coupled quite
weakly with the considered inelastic-scattering channels
in the case of excitation of collective states in inelastic
scattering, Both the vanishing of particles at short dis-
tances in the first approximation, and the absence of cer-
tain reaction channels in the second approximation are
effectively taken into account subsequently by introducing
the imaginary part of the optical potential,

The wave functions ing of the different inelastic-
scattering channels can be Tepresented as an expansion
in the spin-angular functions of the incident nucleon@-zjmj
and the eigenfunctions xpy of the target nucleus:

j}ﬁ_. \ (LMj'm_,lfN)(Dum Hrars (5)
1l

I

where

(Dl_?'m_,- = 4\.1 (lsmlm's 1 ]mJ) }-IinI%sma;

mymg (6)

X smg are the spin wave functions of the nucleon,

Substituting (4) in (3), multiplying from the left by
% JN *, and integrating over all the coordinates with the
excleptlon of the radial coordinate r, we obtain a system
of coupled equations with respect to the radial functions

f%l(rﬁ

[T+ (E—e)l fiTa(r)= ,3' HIN | V) Yinintn) fatninta (), (D

nininln

where

Lo —

I 111
2 (ﬁ TR SN BT ) :

In these equations, p is the reduced mass; €j and &n
are the energies of the states of the target nucleus in the
inelastic-scattering channels i and n; E and (E — &) are
the respective energies of the incident and outgoing nu-
cleons, The energies are connected in the following man-
ner with the wave numbers kj and kp in the channels i
and n:

sia 8
E =&+ h2kY/2p = e, -+ 1P/ 20 e

If it is possible to separate the diagonal part of the
interaction operator
= Vdiag‘{" Vcoup’ (9
then the coupled equations take the form

Vinintn, 1t () Ialuinin (0)s
(10)

[—Tr—V giag+ (E—e0)) fili (1) = I}ji

nlnintn
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where an abbreviated notation is used for the matrix el-
ements:
J JIN a4 I
Vininin, 1t ={Y1| Veoit) adutn)s (11)
Scheme for Exact Numerical

Solution of the System of
Coupled Equations

Assume that an exact numerical integration of the
system of coupled equatlons (10) yielded certain radial
wave functions f nI ninin® Naturally, it is first necessary

to reduce the infinite system of equations to a finite sys-
tem, On the basis of physical considerations we can re-
tain only the most essential strongly coupled inelastic-
scattering channels,

The radial wave functions fﬁ - (r) can then be
njnin

used in (4) to construct the complete wave function, How-
ever, to calculate observable quantities such as the re-
action cross section, the polarization, etc., the complete
wave function must have a definite asymptotic form at
large distances, We denote this complete wave function
by \1;5_ The plus sign means that, in accordance with the
physical formulation of the problem, only converging
waves are present in the input channel ¢, and in the re-
maining channels n # « there are only diverging waves,
The wave function ¥}, takes the following asymptotic
form:

W& ~ A1 a1y X om, XD (Kars)

— /(2nh2) D) Ang (e, Fn) %1 2, Ksrmy XD (ikrrn)/rn, (12)

where Apy are elements of the scattering amplitude,

At a certain value of the radius R, which should be
large enough, especially in the case when the Coulomb
forces exert a strong influence, the total wave function
(4) goes over into the function (12), It is then possible to
determine the scattering-amplitude elements,

In the analysis of the scattering of charged particles
it is meaningful, for convenience in calculation, to sep-
arate from the asymptotic value of the complete wave
function the Coulomb part, i.e., the function that expres-
ses the incident wave, and the wave scattered by the
Coulomb field of the nucleus, It takes the form??

i
= — S il (214 1) exp (10g) Foy/r
Yeout m;‘f(*‘)p(az)aza
(13)
X Py (c08 8) YomaXz,ar,, -

where F,; is the regular Coulomb function, wy? = o —
Uy is the difference between the Coulomb phases, r, is
the radius vector in the input channel o, and v, is the

relative velocity in the channel o,

The asymptotic expression for the complete wave
function for the scattering of charged particles by nuclei
can then be expressed in the form

Wi Yqutat LY a1
)
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or in expanded form

We=Yeoubna+i L= 3 VIFI
nJilinln
expi{pn —nn In 2p, 40}
‘; n

X (1s0mg| jme) (IjMams| IN) Y500,

7
X Bhrjnin, wit

(15)

where pp = knrp is the product of the wave number and
the radius vector in the channel n; n= ZnZye/ (ﬁvn) is
the charge of the outgoing particle and of the nucleus in
the channel n; vy, is the relative velocity in the channel n,

The coefficients Bginln' aji are connected with the
corresponding scattering-matrix elements Ugjn I ajl
(ref, 40):

B-rj;:inln, @il = eXp (Zi(')nl) 6na6£n16m;m36mn0 T Uijntn, 318 (16)

We consider now the basic principles of numerically
determining the solutions®*! of the radial wave equations
(10), The radial wave functions can be expressed in the
form

17

JN JN
fﬂlninfn (r) = Unlnjnin (r)/‘r'

The system of coupled equations relative to the functions
ugIN it is accordingly changed into

[Z_; (;_rzzmwr—tﬁ) _Vdiag+ (E_ei)] uith (r)

A JN
= N Viinta, titlinnintn (r)-
nlninln

(18)

It follows from (17) that the radial wave functions
Ugll\rijnln should vanish at the origin. One of the possible

initial conditions that can be used for numerical solution
of the system of coupled equations, at small values of %
is that all the radial wave functions vanish, withthe excep-
tion of one function corresponding to a certain channel i,
In this case the equation for the function uin 7(0) =uj(r)

from among the equations of the system (18) near the ori-
gin recalls the equation for the scattering by a square-
well potential, Then the function near the origin can he
approximated by a spherical Bessel function,

Taking into account the behavior of the spherical Bes-
sel function as r —0, we write

(kr)z+l ’ p:i‘
lim u? (r) = { @+FDn’ . (19)

r+0 O; p?{: i.

The numerical integration of the radial Schridinger
equations for each of the partial waves can then be car-
ried out with the aid of one of the methods proposed in
ref, 42 (Runge—Kutta, Cowell, or Numerov), As the re-
sult, we can obtain N radial wave functions corresponding
to N coupled equations, Since no conditions on the be-
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havior of the radial wave functions at large distances are
imposed on the integration, the resultant solutions con-
tain both outgoing and scattered waves, However, as seen
from the asymptotic form of the wave function (12), only
the solution corresponding to the input channel can con-
tain incident and scattered waves, whereas the solutions
corresponding to the other channels contain only scat-
tered waves,

To construct the complete wave function with the re-
quired asymptotic form one can modify the initial condi-
tions (19), specifying in turn the radial functions of each
of the N channels in the form of a series expansion, Thus,
the superscript p in Eq, (19) runs through the values from
1 to N, In accordance with the N different initial condi-
tions we obtain N different solutions, each of which con-
tains N radial functions, We represent the radial func-
tions for each of the channels in the form of a linear com-
bination of the obtained solutions. Then, equating their
values as well as the values of the derivatives at the ra-
dius R at which the functions are matched to the asymp-
totic value of the wave function in each channel, we obtain
a system of 2N linear algebraic equations with respect to
N coefficients of linear combination a; and N coefficients
annlm ajls which enter in the relation (15):

au{D +au® + ...+ ayu™ =¥y L W 0
auft + au® L . .. Layui™ =,
au) - aufP 4 . . ayul) = Wy;
alu£1)-+azu£211+ el a‘\'uiN)'; IIJ';+11)"COHI;

awely) +auP 4 . . 4 ayuld = Wy,

(20)

We can thus find the coefficients B;{jnln, ajl The
scattering amplitude is expressed in terms of these co-
efficients in the following manner:

_ 2nm?
nm;Mn, G’.m,gbfa_ u

‘:% {fc (B) 6na6m;maab!nMﬂ

+iX2 S VI geom ) i)
© INitinlamnmj,
X (]‘Iam,lM.z | JN) (Ins"mym; | Fntin)
X (GnnisuMn | TN) Y g, 8, 9) Brinin,ait } - 1)
The primed quantities (s, m',) and the unprimed ones
denote the nucleon spin and spin projection after and be-
fore scattering, respectively,

The Coulomb-scattering amplitude in Eq, (21) takes
the usual form:

ZZ e

22
s @2)

fo(8)= — cosec”'% exp (— 2ing In sin 6/2).
The notation of this equation is analogous to that used in
Eq. (15).

Expressions for the elastic-and inelastic-scattering
cross sections, the polarization, the analyzing ahility, and
the nucleon spin-flip probability in terms of the scattering
amplitude will be written out after we discuss the approx-
imate methods of solving the system of coupled equations,
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Solution of System of Coupled
Equations by the Method of
Successive Approximations

To distinguish clearly between the different stages of
the successive approximations when solving a system of
coupled equations, we express the system of differential
equations (10) in the form of a system of integral equa-
tions, To this end we introduce for each scattering chan-
nel the Green's function Gy (r, r'):

[—7Tr—Van+(E—€n)] Gn (r, '} =8 (r—T7"). (23)

For the diagonal matrix elements in the n-th channel we
use here the symbol Vpn.

To construct the integral equations we need also ra-
dial wave functions gglh;jnln that satisfy homogeneous
equations of the type (10). To simplfy the notation, we
omit the angular-momentum labels, which are of no im-
portance in the general analysis, and assume that they
are incorporated in the channel label n, The homoge-
neous equations take the form

[—T;—Van+ (E—¢)] gn (r)=0. (24)

In the subsequent expressions, again for simplicity,
we shall write down the radial wave functions of Eqs, (10)
in the form fp(7), the wave functions of the complete
system of functions ¥ y, and the matrix elements

(y" i VCOHP Hyk) w3 Vni(- (25)

With the aid of (23) and (24) we can write down an ex-
pression for the radial wave functions of each channel:

@)= M) 8a+ | @6 (r) S Varfa (). (26)
k

Equations (26) thus constitute a system of coupled
integral equations for the problem in question, The wave
functions gy (1) in this system can be easily obtained,
since they are solutions of the uncoupled equations (24),
If an optical potential is used for the interaction, then the
functions gy, (r) are usually called distorted waves,

If the Green's functions Gp(r, r') are suitably chosen,

we can obtain the solutions of the system (26) and from
these solutions, according to (4), we can obtain the com-
plete wave function ¥}, which has the required asymp-
totic properties (12), The concrete form of the usually
employed Green's functions will be given below when we
deal with the calculation of the inelastic-scattering cross
sections,

An expression for the scattering amplitude from the
input channel o to a certain inelastic-scattering channel
v follows from the formal scattering theory* and is called
the Gell-Mann and Goldberger relation for scattering by
two potentials:
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A\‘m = Aoawz + (.lj'?g‘; l Vcoulﬂ W&) (27)

The scattering-amplitude element A is governed by
a separated diagonal part of the potential (9). Since the
latter cannot lead to excitation of the target-nucleus states
or to reactions, the scattering amplitude A, contributes
only to the elastic scattering, The minus sign of the wave
function gy denotes that it is necessary to choose from
among the solutions of the corresponding equation (24)
only those containing converging waves,

One can attempt to obtain solutions of the integral
equations (26), under the condition that the number of
coupled channels is limited, on the basis of physical con-
siderations by following in principle the Tamm —Dancoff
method,*® For the inelastic-scattering problem, this
method of successive approximations was formulated in
final form by Reynal,?® although the first iterations were
used earlier for some specific problems,?"8

Following Reynal,’? we shall designate the radial wave
functions entering in the system (26) by two indices: The
lower denotes the number of the channel and the upper the
order of the iteration, The matrix elements are written
in the notation of (25), Just as in the Tamm—Dancoff
method, in each successive step, i.e., in each calculation
of the function of the next channel and the next iteration, we
use the quantities obtained during the preceding stage,

In the zeroth approximation, we take as the input-
channel function the solution of Eq, (24) for the input
channel, neglecting the presence of other inelastic-scat-
tering channels:

O (1) = gy (r); [0 =0, i~ 0. (28)

Obviously, the zeroth approximation corresponds to
the elastic-scattering problem., Methods for solving this
problem with the use of an optical potential are extensive-
ly explained in the literature!? and will not be considered
further,

In the first-order approximation of the method, we
consider first the wave function of a certain inelastic-
scattering channel and call it the first channel, We use
this in the appropriate equation from (26):

1= i Go(r, ') Vi (') £ (r') dr". (29)

When writing down the wave function of the second
inelastic-scattering channel in accordance with Eq. (26),
we take into account the presence of the wave function of
the first channel (29):

120) = G0 ) e 0) 10 )+ Va0 £ €01 (30)

In the absence of other inelastic-scattering channels, the
wave function corresponding to each channel in the first-
order approximation is expressed in the form

PO =)+ § 6o, 1) Vot () 12 )+ Ver () 152 ()1 & BD)
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In the presence of N inelastic-scattering channels,
relations (30) and (31) can be easily generalized to

1-~1
0= 60 ) [Vot) 106 + 3 Vi) £ )]s (32)
de=t

N
PO =g00)+ [ Gotr.) 3 Vo () 10 () ar. (33)

i=t

The wave functions of the inelastic-scattering chan-
nels and of the input channel, calculated in the n-th order
of iteration, are expressed by the following relations:

i—1

10 =§ Gt ) [V @) 00+ 3 Vi 0157 )
J=1

o
+ 2 VYu )P ) |dr'; (34)

=it

N
=g () + { Gotr, 1) 3 Vo ) 157 () . (35)
jeat

The convergence and rate of convergence of the suc-
cessive-approximation method, just as of the Tamm—
Dancoff method, can be investigated only when solving a
concrete problem, Since we use in each successive iter—
ation the wave functions calculated during the preceding
stage, an important role in the convergence of the method
is played by the optimal sequence with which the succes-
sive channels are chosen, The inelastic-scattering chan-
nel following the input channel should be the one to the
nuclear level with the strongest coupling to the ground
state of the nucleus,

Calculation Method With Allowance
for Only One Inelastic-Scattering
Channel

Sometimes in the course of an experiment on inelas-
tic scattering it turns out that only one inelastic-scat-
tering channel is significant, i,e,, the inelastic-scattering
cross section in the other channels is negligibly small,

If it turns out at the same time that the cross section for
inelastic scattering with excitation of this level is small
in comparison with the elastic-scattering cross section,
then it can be assumed that the complete wave function ¥
consists mainly of the part corresponding to the input
channel of the elastic scattering,!” This assumption is
justified in a region outside the range of action of the nu-
clear forces, To perform numerical calculations and to
integrate over all of space, it is necessary to assume that
the wave function ¥ includes only the input channel at all
distances, This is the main assumption of the method,
Designating the input channel by the subscript zero, we
obtain in place of relation (4)

T N JN
J0L0

The system of coupled equations (10) is transformed into

two independent equations for each value of the total ang-
ular momentums:
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[~ Tro— Voo + (E — )] falyioto = 05 (37)

: JN S oprd IN
| —Tw—Vu == (E "51)] flhjﬂl = i‘l‘l VI 1itly, -’n:'qfaft”o."on'o' (38]
oio

where

bt 3 BBt D i@ QARSI
Tri= =5 (s g o — by

Vyo and V44 are the corresponding diagonal elements of the
interaction in channels zero and one, Obviously, these
equations can be solved in succession, The first equa-
tion coincides with Eq, (24) for the distorted waves, We
write also the homogeneous equation for finding the dis-

torted waves gﬁN_ : in the inelastic-scattering channel:
1J141

[—TH—Vy+(E—e)] g{?’lm’:o, @9)

Then, within the framework of the considered method, the
scattering amplitude can be calculated directly, From
(27, (36), and (11) it follows that

1) — ydN N
‘AED) a 2 <‘111J1I1g1“31f1 | Vcoup! LF)
JNjqly
w | JN J IN 9
= 3 81148V 147 111, Togolof0Tosate™® AT (40)
JNjslyjolo

The last relation coincides with the amplitude of the DWBA
method, obtained inthe first-order Born approximation with
distorted waves,

Thus, to use the method with only one inelastic-scat-
tering channel taken into account, it is necessary that the
elastic process prevail over the inelastic one, but there
be no coupling between the chosen inelastic-scattering
channel and the other inelastic-scattering channels, i,e,,
that the corresponding matrix elements (11) be small, In
spite of the use of the assumption (36), for which there is
little theoretical justification, this method was used sue-
cessfully for calculations mainly for light and medium nu-
clei, When the foregoing applicability conditions are sat-
isfied, a more exact allowance for the channel coupling
yields, as a rule, a small correction to the cross sections
calculated by this method,

Allowance for Second-Order Effects
in the Presence of Two Inelastic-Scat-
tering Channels

We consider here a calculation method?"*® for acase
frequently encountered in experiment, when in addition
to the elastic-scattering channel there is a first inelastic-
scattering channel coupled with the elastic channel, and
the cross section for inelastic scattering with excitation
of this level constitutes a small fraction of the elastic-
scattering cross section, In addition, there is a second
inelastic-scattering channel, coupled mainly with the first
inelastic-scattering channel, Let also the cross section
for excitation of the second level be much smaller than
the excitation cross section of the first level, If we are
interested just in the calculation of the cross section for
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elastic scattering with excitation of the second level, then
it is obvious that the method considered above will not do,
Indeed, in addition to the direct excitation of this level, a
significant and even decisive role may be played by a
two-step process that proceeds via excitation of the first
level coupled with the ground state, By way of example
we can cite the scattering of nucleons by deformed nu-
clei at large values of the deformation, with excitation of
the levels 01, 21, and 47 of the ground-state rotational
band,

Under the physical assumptions made above, it is
natural to assume that the complete wave function ¥ con-
sists mainly of terms corresponding to the input channel
and the first inelastic-scattering channel:

N1 N a I N Y N N
¥ _:?_JJ fﬂIoJ‘o!u {r) u'yféiofo +‘T)JI fi!u’ili (r) yfljli:l' (41)
Joto: FELS B

However, by virtue of the predominance of the elastic
process over all the inelastic processes, we neglect also
the second term in the sum (41) when we write down an
equation of the type (10) for the input channel, The sys-
tem of coupled equations (10) then takes the form of the
following three groups of equations for each value of the
total angular momentum:

[—T— Vit (B —ea)] Firegine =0; (42)
[ e Tri = VLi b (E_' El)] fﬁ'\:jllg ~ l}—j v’i]}lli, quulnf‘t{?éjain; (43)
0J0

1 JN Toprd JN
[—T1o—Var+ (E—e)] fanmjpn = t:—‘ Visints, Injatef01050t0
020

o IN
+ Veratazy, Taie AT ainss (44)
171

We see that Eq, (42) coincides with (37), This means
that in both the considered methods, which are based on
perturbation theory, distorted waves are used as the ra-
dial wave functions of the input channel,

Equation (43) coincides only outwardly with (38), In
the case of two inelastic-scattering channels, the equation
for finding the radial wave function of the first inelastic-
scattering channel becomes approximate because the term
responsible for the coupling of this channel with the sec-
ond inelastic-scattering channel is discarded, This is the
gist of the basic principle of the proposed generalized
Born approximation,?’?® when all the couplings are ne-
glected except the lower-order couplings responsible for
the observed excitation of the nuclear levels,

It is here that the similarity of this calculation meth-
od to the successive-approximations method considered
above manifests itself, In the successive-approximations
method one also includes in the calculation, in succes-
sion, new inelastic-scattering channels, However, after
several iterations it is possible to obtain convergence and
by the same token take into account the initially discarded
couplings, On the other hand the calculation in the gen-
eralized Born approximation is limited beforehand by the
considered problem with the assumptions made concern-
ing the relative couplings between the channels,

From the point of view of the performance of the cal-
culations, the method considered here for taking the sec-
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ond-order effect into account is close to the first order
of the successive-approximations method, Relations (29)
and (30) are respectively integral forms of (43) and (44),
The only difference is that the input-channel wave func-
tion (31) is calculated more accurately,

To find the inelastic-scattering amplitudes it is not
necessary to solve Eq, (44) with respect to feQJI'N 1) but
2jel2
it is necessary to know for both the first and second in-
elastic-scattering channels the distorted waves g'f}qj 1
19171

and g‘z]ITjjz lz satisfying equations analogous to (39).

The wave function of the first inelastic-scattering
channel will be expressed in terms of the corresponding
Green's function in accordance with the relation (26):

JN ’ e N "e ’
f{lu’m(r) == 5 Glfsh(r: r ) E V Irlish. Tnin!nfg;njn!n (7‘ )"d-" . (45)

Lodo

Then, using (27) and the introduced approximation
(41) relative to the complete wave function, we can obtain
the expressions for the scattering amplitudes,

For the sake of brevity we write down first the ex-
pressions for the scattering amplitudes A, of the first
channel, A,; of the second channel, and A, of the elastic-
scattering channel, in the symbolic form

Ago = (Vagi () | chupl [Yofo (r) + ¥4 S Gy (r, 1) Violo (') (dr')1); (46)

A 2 (Yats (1) | Vcoupl [Hofo (r) -+ ¥4 S Gy (r. 1) Viofo (") (dr)]); (47)

Ago == Ay + (Hofo (N | Vcoupl [y 5 Gy(r, 1) Vigfo(r') (dr')]). (48)

It follows from (46) and (47) that the inelastic-scat-
tering amplitudes can be represented in the form of a sum
of two amplitudes, The first term of the sum corresponds
to the scattering amplitude in first-order DWBA andtakes
the form (40), The second term of the sum expresses
the scattering amplitudes in the second-order DWBA and
takes into account multiple, in this case two-fold, exci-
tation. For the amplitude Ay, the two—fold excitation pro-
cess proceeds via an intermediate first level of the nu-
cleus, For the amplitude Ay, this is rescattering at the
first level,

We present a more detailed relation for the scatter-
ing amplitude AZG(II)’ which expresses the contribution of
the second-order effects when the second level is excited
in inelastic scattering, in the second order of the Born
approximation:

A= >

JNijalzialo
1l

2 JN L 7L I
S (T‘ dr} 82Izjata V Igjala, I4jily S Ghltvhilh. Iniola
o N n
X fozgiate (r’)gdf 4 (49)

We note that the second-order cross section may ex-
ceed the first-order cross section for a definite relation
between the matrix elements Vy,j,7,, Tolol responsible
for the direct excitation of this level and the elements
V15520 I1di4 and V1,4,7,, Tahols responsible for the multi-
ple excitation,
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The main term in expression (48) for the elastic-
scattering amplitude is A, the amplitude of the elastic
scattering due to only the diagonal part of the interaction,
When this interaction is approximated by an optical po-
tential, say in the Woods —Saxon form,*® the caleulation of
the amplitude A coincides fully with the calculation of the
elastic-scattering amplitude in the usual optical model, %4
The expression for this amplitude can be easily obtained
as a particular case of expression (21), The coefficients
B9 can be determined from (16) with the aid of the scat-
tering matrix elements or the scattering phase shifts, As
seen from (15), these coefficients enter also in the asymp-
totic expression for the wave function, After numerically
solving the radial wave equation (42) for the elastic-scat-
tering channel, the solution obtained must be matched, at
a certain matching radius R outside the range of action
of the nuclear potential, to the asymptotic value of the
radial wave function:

@] (R)=F, (n, kR) + B{ [G, (n, kR)+iF; (n, kR)], (50)

where F7 and G} are the regular and irregular Coulomh
wave functions, We can then find the coefficients B‘g, and
consequently also the elastic-scattering amplitude A,

The second term in (48) is the second-order ampli-
tude, The appearance of this amplitude is due to the vir-
tual excitation of the first states of the target nucleus, As
will be seen below, when numerical calculations are con-
sidered, the second-order amplitude makes an appreci-
able contribution to the elastic-scattering cross section
even in the case of not very strong coupling between the
first inelastic-scattering channel and the input channel,

We emphasize once more, in conclusion, that with
increasing channel coupling the method may become use-
less, It is then necessary to obtain an exact solution of
the problem or to perform a number of iterations in the
successive-approximation method,

Calculation of the Scattering
Amplitudes in the Second Order
of the Distorted-Wave Born
Approximation

To carry out concrete calculations of the second-
order amplitudes, which are given by (49), it is necessary
to know the Green's functions Gyz. It is obvious that the
Green's function should determine with the aid of (41) and
(45) a complete wave function having the asymptotic prop-
erties (12) specified by the conditions of the problem,
The construction of the Green's function of the radial
Schridinger wave equation was considered in refs, 50 and
51, It was shown that this function can be expressed in
terms of certain solutions of a homogeneous radial Schré-
dinger equation

Gy (r, ') = (2uk/h2i) g (Fre) g (Rrs), (51)

where r > and r < are respectively the larger and smaller
of the values r and r'; g7 (kr) is the previously introduced
regular solution of the homogeneous Schriodinger equa-
tion (42), having an asymptotic form
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gy (kr) ~ (1/kr) sin tkr —n 1In 2kr — /2 4 0); (52)

v (k1) is the irregular solution of the same equation, with
an asymptotic form

Yo (hr) ~ [1/(i kr)] exp [ (or — 1o 2kr — Ir/2 + a)l;

o;=arg [ (1 4-1+in)]. } (63)

In analogy with the calculations by the usual optical
model, these solutions can be matched, after numerically
solving the Schridinger equation, at a certain distance
outside the effective range of the nuclear forces, to a lin-
ear combination of Coulomb wave functions in the form
(50). We write down the expression for the Wronskian of
these functions:

W (g, y) =y (dg/dr)—g \dy/dr) = k. (54)

The expressions for the scattering amplitudes are
obtained after constructing the complete wave function (41)
with the aid of the Green's function and after comparing
it with the asymptotic behavior (12), The proton spin is
not taken into account in the equations presented, It is
relatively easy to introduce the proton spin into the equa-
tions if necessary,

The first-order scattering amplitude is

AP =4 3,

Jlylomy

X V 2l +1 (IplaMyms| J M)

exp [i (Gln = 0'!._,_)] }finmz (9, fr)

oo

X (LoloM 0| J M) 5 72 drg 1, Vias, 1oto8 1o
[i]

(55)

The second-order scattering amplitude determines
a two-step process proceeding via excitation of the inter-
mediate state I,1;:

AR = (4)*? ¥
JIglalqlging
XV 20+ 1 (Ll Mym, | J M) (1M ol0 | JMy)
X { S’ fr drgizV'Ifnlz, 44ty Y ghvim. Lita BT ) dr

0 0

exp [1 (Tty =+ 01p)] Yigma (0, )

+ 5 rz drgthglz, 144 81y Y th}rﬁ], Iplo gz,, (T’)a dr' } : (56)
0 %

¥

The appearance of irregular solutions y; in the dou-
ble integrals of (56) is most inconvenient for numerical
calculations, and doubts may be raised concerning the
stability of the numerical values,

It turns out, however, that the irregular solutions can
be completely eliminated from the integrands, To this
end we introduce new regular and irregular functions a;
and f3:

rgr(kry = (kr); 1y, (kr) =P, (k). (57)
Then the radial integrals of (56) take the form
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" mMax i
e S a‘mrzl’fz;iﬁil S dr’a;i'[/"{”ooc!o
0 0
T max T max

- “; drC«’-sz'zjzu% dr'Bu Vi, o, (58)

0

'i'—-—-oE

where Tmax should be chosen such that VJ(rmax) = 0.

Tor a pure nuclear interaction, this condition can be easily
attained, When the Coulomb interaction is taken into
account, rmax should be chosen near 20-40 F, depending
on the Coulomb contribution to the double-excitation pro-
cess,

Using the expression for the Wronskian W(x, B), we
obtain

d (B/e)jdr = (1/e2) (o (dp/dr) — B (de/dr)] = — /. (59)

Substituting this value in (58) and integrating by parts
twice, we rewrite (58) in the form

B ( ) T max T max
, ., (rmax) ¢ 7 I 1
J=p | drogViy [ dran Vit
a, (Fmax) ) 5 :
Tmax r r

» \ i ( 8' d.'"ccxzvlgh%) ( \ dr’cu,V}?’mOwo) . (60)
o ‘0 o

Thus, in the calculation of the second-order ampli-
tude one uses integrals of the type Sdralvfln ayr, which

are analogous to those entering in the expression for the
first-order amplitude (55), The irregular solution must
be calculated only in the asymptotic region, A similar
elimination of irregular solutions in perturbation theory
in the general case was considered in ref, 51. In view
of the singularity of the irregular solutions at r = 0, the
necessary condition for the integration by parts is the
rapid vanishing of vd(r) as r — 0,

Successive-Approximations Method
in the Differential-Equations
Representation

1f we continue to introduce new inelastic-scattering
channels, then the number of successively solved equa-
tion of the type (42)-(44) increases, Introducing addi-
tionally a relation much more accurate than (42) for the
input scattering channel, we obtain the first iteration of
the successive-approximations method, We present the
calculation sequence proposed by Reynal.’? We use in the
equations the abbreviated notation introduced above, Then
the considered system of coupled equations (10) takes the
form

(—Tr=Vut+E—el fi ()= SV (N 15 (0)- (61)

In the zeroth order, only the input elastic-scattering
channel is considered, Then the only wave function that
differs from zero is fof") (1) = go(x). As before, we denote
by gi(r) the solutions of the homogeneous equations cor-
responding to (61),
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In first order we first consider an equation of the

type (43):

[—Tr—Vu+(E—e)] [ )=V () 18" (7). (62)

As shown in ref, 39, it is possible to find a certain
numerical solution ¢(r) of this equation, and construct
the solution f D) = @y (1) + agy (1), where o is determined
by matching to the asymptotic wave funetion Gy(r) +iF (x).
Equations of the type (62) are analogously solved for other
channels, each time with allowance for the previously ob-
tained solutions f gi) (r)s The first iteration is completed

by solving the equation for the determination of the input-
channel wave function:

[—Tr— Voot (E—e)] i (r) = ;} Vo (r) /P (). (63)

The solution is of the form f () () = ¢y(x) + agy(r), where
a can be obtained by matching to the asymptotic relation
(50).

In the calculation of the higher orders of the itera-
tion one uses all the wave functions obtained during the
preceding stages:

[T, — Vi (E—e)] i (r) =V (r) 5" (r)

+ X Va) PO+ S Va0 (64)
0<j<i 51

Expression for the Cross Sections,
the Polarization, Analyzing Ability,
and the Spin-Flip Probability in
Terms of the Scattering Amplitude

After calculating the scattering amplitudes (21) with
the aid of the exact or approximate methods, all the ex-
perimentally observed quantities can be expressed in
terms of these amplitudes, In the experiments described
in the present paper, these are the differential scattering
cross sections, the angular dependences of the polariza-
tion, of the asymmetry, and of the analyzing ability and
the spin-flip probabilities, We write down the necessary
relations (see also ref, 52).

To simplify the notation, we introduce scattering
amplitudes that differ from (21) by a numerical coeffi-
cient:

an'sflln, 0msMy = [P.’F(znﬁg)l Vm:;l A;iméﬂfn, OmgMo-+ (65)

Inasmuch as the projections m'g and mg assume values

+ 1/2 for proton scattering, and designating these values
only by the symbols +, we represent the scattering am-
plitude in matrix form:

FMnMo  FMnMo
FMnMu = = ol (66)

Fﬂ_"”“ FMnM,
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We do not distinguish here between the elastic-and inelas-
tic-scattering channels, since this distinction is contained
only in the notation for the scattering amplitude,

The elements of this matrix are not independent, On
the basis of the general symmetry property of the scat-

shown later, is connected with the depolarization by the
simple relation

S=(1—D)2;
1
8(0) =

(74)

tering amplitude, which is equivalent to the Bohr theorem™ o, O AP R PR A i ey
x§1—="=0 :
(75)

-y Mg =it —Mp--M,
F_mr, —5n, —mg, —My==(—1) el Fon spmsdtgs

67

we obtain
M n M, My—1I —Mnp, —M
F+.f|'_ n=(*1) o=Mn p—Mpn o.

MnMy
F+u —

(68)

— (= 4)Mo=Mn gz Mm: =My,

The expression for the cross section then takes the form

d 2 "Mp) My |
o O=mrrarry 2 (PR A p.
MnMg

(69)

In the derivation of the relations for the polarization,
asymmetry, depolarization, and the spin flip we can use
results of the general theory of particle polarization,®

The proton polarization P, in the case of unpolarized
incident protons, takes the form

1

i . SN 70
&+1) @+ 1) b5

*
2Im Z Ff"fj’rlM"FPﬁ”,M",
MnMo

29(9)-2 (0)n

where n is a unit vector perpendicular to the scattering
plane,

We define the analyzing ability as the azimuthal asym-
metry of the scattered protons in the case of a fully po-
larized incident beam:

A (0)=Tr(FoF*)/Tr(FF*). (71)

The analyzing ability can be expressed in the following
manner:

(=)

da
7 040 =mryenTrn

2T JY (L 4jMerio
MnMp

w0 Fﬂ{“"ﬁ"“ﬁ;’_’“‘?. (72)

As shown in ref, 55, in the case of elastic scattering
of nucleons by unpolarized nuclei, owing to the invariance
of the scattering amplitude to time reversal, the polar-
ization (70) coincides with the analyzing ability (72), There-
fore, by measuring the asymmetry in elastic scattering,
we determine by the same token also the polarization,

We can obtain similarly a relation for the depolari-
zation parameter:

D =S8p (6FaF*)/Sp (FF*) (73)
and for the spin-flip probability, The latter, as will be
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MnMao

From A, Bohr's theorem (67) and from (68) we easily
see that the spin-flip probability is equal to zero in elas-
tic scattering, Nonetheless, a small value of the spin

flip may result from violation of the applicability of Bohr's
theorem, e,g,, in spin—spin interaction,

One can propose also a more illustrative method of
determining all the measured quantities, So far all the
equations have been written out here in a coordinate sys-
tem with the axis z directed along the incident beam, We
introduce a different coordinate system, where the z axis
is perpendicular to the reaction plane, We denote the
proton spin projections on this axis by plus or minus, de-
pending on the direction of the spin of the incident proton
(first superscript) and the outgoing proten (second super-
script), It is then easy to express do/dQ, P, A, D, and S
in terms of the partial cross sections:

do/dl=0=0""+ 0" 0" Lo ; (76)
0P =c*"*"40*—0""—0; (77)
6Ad=c*" 40" —o0t—qg; (78)
tD=0""—o*+ o —o0t (79)
68 =0* 407, (80)

The last two relations lead directly to (74).

The partial cross sections can be expressed in terms
of the amplitudes (21) after changing over to a new coor-
dinate system, i.e., after rotation through the Euler an-
gles(m/2, 7/2, M. Owingto the rotation of the coordinate
system, the spherical function YI,my, (0, @) in (21) should
be replaced by the product Yz"‘rrﬁ(— T/27) Y fin(T/2, 0),
where the tilde designates a projection in a coordinate
system with z axis perpendicular to the reaction plane.‘)

Interaction in the Generalized
Optical Model of Inelastic
Scattering

Interaction potential, To describe the ex-
perimental data on elastic and inelastic scattering of pro-
tons with an excitation of low-lying levels of even—even
rare-earthnuclei, we used the generalized optical model®~®
in all the calculations presented in the present paper,

Low-lying levels of even—even heavy nuclei have a
clearly pronounced collective nature and can be explained
as states resulting from the presence of static or dynamic
deformation of the nuclei, Then the phenomenological
description of the inelastic-scattering process can be
represented as excitation of vibrations or rotations of
the nucleus by the incident particle, Whereas the optical
model was used for the case with elastic scattering, in
this case a natural generalization is to assume that the
optical potential is not spherical, As in the usual optical
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model of elastic scattering, we assume that the radial de-
pendence of the interaction is described by a Woods—
Saxon potential,’® Then the potential of the interaction of
the particle and the nucleus takes the following form in
the spherical coordinate system:

v iWw
T Tdexpl(r—R)a] ~ 14exp[(r—Ri)/a]

W exp [(r— R;)/a;) . ,
e 1m—bs‘o{h 0, @) + Veours 8. @),

V(I‘, E)v (P)Z

(81)

where V is the depth of the real potential, W is the depth
of the volume-absorption potential, Wg is the depth of the
surface-absorption potential, R and a are the radius and
diffuseness of the real potential, Ri and gj are the radius
and diffuseness of the imaginary potentials, vg,o is the
spin—orhit potential, and Vggyl is the Coulomb potential,

The nonsphericity of the potential, i,e., the depen-
dence on the angles 9 and ¢, appears as the consequence
of the assumption that the surface is deformed, For vi-
brational states of spherical nuclei, the deviation of the
radius R or Rj from the spherical-shape radius R, can
be expanded in multipoles by introducing the dynamic-
deformation parameters o |

R—RBy=R, § Yo (0, 0); (82)
113
R;— Ryi = Hoi ?2 Y 2 (0, @). (83)
LI

The analogous relations for an axially-symmetric de-
formed nucleus are

R—Ry=R, ; BaYao (07); (84)

Ri— Roi= Ry; ; PrY 20 (0'), (85)

where ' is the angle in the coordinate system fixed in
the nucleus, and 33 are the deformation parameters. We
introduce radial parameters with the aid of the relations

Il'gfro“ius; RﬁiiroiAua- (86)

The possibilities admit of distinguishing between the
radii of the real and imaginary parts of the potential,
since the absorption and scattering of the particle can
occur at different distances, At the same time, the ra-
dial parameters of the volume and surface absorption po-
tentials are assumed to be equal,

Spin — orbit dependence of the potential,
In certain earlier papers, the spin—orbit potential is
given, even in the case of deformed nuclei, in the form

Eg,u-——~—(L)2(G-l)1 peldand by (87)

Mgt 5 dr

where mq is the pion mass. However, as is clear from
the fundamental principles for introducing the spin—orbit
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potential,’” expression (87) is valid only for a spherical-
ly-symmetric potential V(r), Allowance for the possible
deformation of the spin— orbit dependence of the interac-
tion potential assumes the so-called complete Thomas
form:

veo= () 'o [T V-V (Vero 0 0, )] gl

mac
where
Veolr, 8, @) =(Va o+iWs o) {1 +exp [(r — Bs.o)/2s. 0]} (89)

In accordance with Egs, (82) and (84), we represent
Rg,o for the vibrational and rotational models in the form

Rs,c—'Hos.u:RUs.c%akquu 8, ¢); (90)
Hs,a*-ROS.o=Bus.c}?; BaY 2o (0'); (o1
Ros.o:ros.uAUS- (92)

The first calculations of inelastic scattering of pro-
tons, using a spin—orbit potential of the complicated form
(88), were made by Sheriff and Blair,’® It was shown in
some subsequent papers that a correct allowance for the
spin—orhit dependence of the potential, when proton
scattering is considered with excitation of collective
levels, leads to an improved agreement with the experi-
mental data on the asymmetry and on the spin-flip prob-
ability, Therefore all the calculations in the present pa-
per with allowance for spin—orbit interaction were per-
formed with a potential of the type (88).

As shown by trial calculations, allowance for absorp-
tion in the spin—orbit potential (89) does not lead to any
qualitative changes and alters very little the depth, radius,
and diffuseness (Vg 0s Rg o @s,0) of the real part of the
spin—orbit potential, We shall therefore henceforth put
Wg,0 =0

Interaction of the incident proton with
the Coulomb fijeld of the nucleus, TheCoul-

omb interaction of charged particles of medium energy (upto
100 MeV) with heavy nuclei is quite significant in the elas-
tic-and inelastic-scattering channels, It suffices to note
that at small scattering angles (< 20°) the elastic-scat-
tering cross section practically coincides with the Ruther-
ford cross section, In the inelastic-scattering channels
there is an appreciable contribution of Coulomb excitation,
the role of which increases strongly with decreasing en-
ergy of the incident particles, and this makes it necessary
to allow for it more accurately at low energies, The inter-
ference of the Coulomb and nuclear scattering also as-
sumes great significance at low energies,

The nonrelativistic Coulomb interaction can be rep-
resented in the form?®

vV :ZZNB?'S p (. 0, @) ((r—r/) dr’

Coul
—4nZZye ) Sp(r', o, @) (2h4-1)
A
)Y 0, @) YEu (0, o) (') dr a2, (98)
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where Z and Zy are the charges of the incident particle
and the nucleus; p(r', 0", ¢') is the distribution of the
charge in the target nucleus, while r > and r < are the
larger and smaller of the quantities r and r',

At incident-particle energies greatly exceeding the
Coulomb barrier, a sufficiently good approximation for
the distribution of the charge of the nucleus is a distri-
bution with sharp edge, i.e., 2 constant density inside a
sphere with Coulomb radius R (8', ¢') and zero outside
this sphere:

Po(r', 0, @) =38 (K. (0 @) —r")/AnRE, (94)

where 0(Ar) = 1 at Ar > 0; 6(AT) = 0 at Ar< 0,

However, as will be shown later on, when the calcu-
lations are compared with the experimental data, at en-
ergies near the Coulomb barrier it is necessary to de-
termine more precisely the charge distribution in the
nucleus, It is reasonable to choose a Fermi distribution
of the charge in the nucleus:

Pr(r's 0, @) =N {1 4-exp [(r'—Rc (0", ¢))/ac]}?, (95)

where

N =[4a {{1+exp (- — RQ)/acl) ™ r* dr |, (96)
0

By analogy with the nuclear and spin—orhit potentials,
we introduce the Coulomb-potential deformation param-
eters in the vibrational and rotational models with the aid
of the following relations:

Re— Roc= RDC% Y3 (0, 0); (97
Re— Roc= Hoc; BaY 10 (07); (98)
Roc=rocd'. (99)

Determination of the scattering length,
As a result of a comparison of the calculations of the in-
elastic scattering in accordance with the generalized op-
tical model with the experimental data, the radial param-
eters for all the terms of the potential turn out as a rule
to be slightly different, As already noted, the reason for
this may lie in the difference between the physical pro-
cesses that correspond to the different parts of the op-
tical potential, The deformations of individual parts of
the potential then also turn out to be different, Let us
examine this question in greater detail using as an ex-
ample the real and imaginary potentials in the model of
an axially-symmetric nucleus having only quadrupole de-
formation, We conclude from (81), (84), and (85) that the
real and imaginary potentials are functions of the follow-
ing type:

(100)
(101)

Ulr, 0)=U{r— Ry (14 faY2 (0))};
W (r, 0) =W {r— Roi (1+ B2Y 20 (0))}.
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Consequently the equipotential surfaces of each of the
potentials

(102)
(103)

r— Ry— RyPaY ag (0) = const;
r— Ry; — RifaY 59 (0) = const

will have different deformations if at Ry # R;j the param-~
eters 3, in (100) and (101) are chosen to be the same, If
we assume the physically more justified point of view
that all the parts of the generalized optical potential (81)
should have the same deformation, then Eq, (10) must be
presented in the form

W (r, 0) =W {r — Rot (1 4 (BaRo/R) ¥ (104)

20 (0))}.

Thus, when the deformation parameter §, is chosen
for the real part of the potential, the corresponding pa-
rameter for the imaginary potential is B,R; /Rpj. In the
general case, for each potential we have the following
equality:

.1 = const. (105)

This quantity is called in some papers the scattering
length. We note also that it is meaningful to compare not
the deformations obtained from different experiments,
but the scattering lengths £ )Rg.

Multipole expansion of potentials, It
would be quite difficult to carry out numerical calculations
with a potential of the type (81) and with relations (82)
taken into account, It is therefore meaningful to use phys-
ically justified means of simplifying the expression for
the potential,

Obviously, for subsequent calculation of the matrix
elements it would be useful to represent the potential in
the form of a multipole expansion, At small values of
the deformation parameter one can find the coefficients
of the multipole expansion of the potential by expanding
it in a Taylor series in powers of (| 'O‘J\MYAM or

( 2 | B Yao)e Wepresentby way of example expressions ob-

tamed for the multipole expansion coefficients in the pres-
ence of constant quadrupole and hexadecapole deformations
with allowance for second-order terms:

1 a2

O*V(T—Ro) t 4n R :—61 o Rofy -0 (BaBi);  (1086)
Vo= — 2 Rpat+ ) L 0@y (10D
P —ﬂ LR T Y e S RO BB).  (108)

We see that the expression for the diagonal part con-
tains, in addition to the usual spherically-symmetric po-
tential, also a correction of second order in g,.

The general expressions for the expansion in the Tay-
lor series in the case of the vibrational model, with al-
lowance for the second-order terms ( }l. oY p)z, are

AL
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given in the paper of Tamura,?

As shown by our calculations, when applying the vi-
brational model to heavy nuclei it suffices to use only the
first-order terms in the expansion of the potential, In-
deed, the deformation parameters are sufficiently small
for phonon excitations of the heavy nuclei,

Large quadrupole-deformation parameters are pres-
ent in heavy deformed nuclei, In this case, allowance for
second-order terms in (106)~(108) may turn out fo be in-
sufficient, However, it is precisely when the rotational
model is used that one can obtain the multipole~expan-
sion coefficients for the potential with allowance for all
the orders in the deformation, These coefficients are
defined by the relation

v (r) = J" V(r—R(Q)) Yo (Q) dQ

=45 [ V(r— R (8)) Y3 (cos 0) d (cos 0). (109)

of—

Numerical integration is possible, since the deformation
parameters $, are ordinary numbers, As a result, each
coefficient vy (r) is the sum of an infinite number of Tay-
lor-series terms, Unfortunately, it is impossible to use
a similar procedure for the vibrational model, since the
ajy are operators,

In any case, in the generalized optical model one can
separate the diagonal part of the interaction Vqjgg, Which
enters in the homogeneous equations (39) for determina-
tion of the distorted waves, and the part of the interac-
tion Veoup Which is responsible for the transitions be-
tween the states,

We emphasize that when the rotational model is used
in accordance with relations (84) and (85), the multipole
expansion of the potential is carried out in a coordinate
system fixed in the nucleus, To change over to the spa-
tial coordinate frame one use the relation

Y30 (0) = 2 Diio (0) V5u (0, @), (110)

where the Euler angles 0j determine the orientation of
the nucleus in space; the functions D are used for the
transformation between the coordinate systems,

Calculation of the matrix elements, The
transition matrix elements defined by (11) and contained
in the system of coupled equations (10) can be calculated
by using a multipole expansion of the potential and the
wave functions of the chosen collective model of the nu-
cleus,

Following refs, 3 and 4, we can write down a multi-
pole expansion of the potential, in the general case, by
separating an operator that acts only on the internal var-
iables £ of the nucleus:

Vcoup(l's E)= :_'.l 3, (r) Tau (8) 15, (0, @) 111

For example, it follows from the foregoing analysis that
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in the rotational model the operator is T) ,(§) ~ Dﬁ(a,-)
and in the vibrational model, when the potential is expan-
ded in terms of the deformations up to first order, wehave
Ty u®~ arpe

The matrix elements (11) can be expressed in terms

of the reduced matrix elements (I | Ty [ 1;) defined by
the relation

2741 =
TN T3l 1) = et Otrse | T @) Lnon). (112)
We present this general relation, which is derived in
Tamura's paper:*
7 [ (yJ—s—IiH+ 1=b/2
V {j,{, Lijgiy = :’_“. u, (.') (I H T}“ II) —_175 (_ [)I Iy =1,
SV UFLY 2 +1V 2 +1V 2j,+1 (14,00 20)
< W (i TN W (Lilijs; sh). (113)

The presented matrix elements can be obtained with
the aid of collective models of the nucleus, Forthe experi-
mental data discussed inthe present paper, it suffices to con-
sider the simplest model, namely the vibrational model
with excitation of single-phonon states and the axially-

. symmetric rotator model, Using the corresponding wave

functions, with the aid of Eq, (112), we obtain® for transi-
tions from the ground state to the single-phonon states
of the vibrational model

O Tl Iy =821 (—1)" s, (114)

where the parameter § in the vibrational model was in-
troduced in such a way that g2 = (0| X lw“]Z!O), i.e., it

= [
is the expectation value of lozul2 in the ground state,
w

A similar calculation for the rotational model in the
presence of axial symmetry yields

|| 7o) Ty =V 2T 1 Y 2T, 11 (1 MKO | ). (115)

Notice should be taken of an important circumstance
observed by Buck:? The diagonal matrix elements of the
potential Veoyp Vanish infirstorderinayp for the vibra-
tional model, i,e,,

TNTa ||y =0. (1186)
This is a result of the fact that the interaction (111)
in the vibrational model can cause transitions only be-
tween states that differ by one or several phonons, At
the same time, in the rotational model the analogous
matrix elements differ from zero, and they can be cal-
culated from Eq, (115), This suggests that the results of
caleulations by the vibrational model will differ from
those by the rotational model, However, as shown by nu-
merical calculations, this difference comes into play only
at appreciable deformations, A detailed analysis of the
results of these numerical calculations will be carried
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out in the comparison of the experimental data,

Adiabatic Approximation

In the calculation of inelastic scattering of particles
by deformed nuclei, under conditions when the particle
energy greatly exceeds the nuclear excitation energies,
one can use the adiabatic approximation, The first to use
it in the scattering problem was S, I, Drozdov,’? Under
the indicated condition, in the zeroth approximation, the
Hamiltonian of the target nucleus, which in this case is
the nuclear-rotation energy operator, can be omitted from
Eq, (1) Then the asymptotic wave function takes the form

qras}’mpt: {exp (ikz) +exp (ikr) F (0, @, 0:)/r} %uxear (02), (117

where ¥ (6 is the wave function of the ground state
of the target nucleus; ¢; arethe Euler angles and determine
the orientation of the nucleus; # (9, ¢, ;) is the ampli-
tude for scattering by an stationary nucleus, Since the
nucleus is assumed to be fixed during the scattering, it

is clear that the expansion of the complete wave function
¥ does not contain a summation over the scattering chan-
nels corresponding to different states of the target nu-
cleus, In other words, the angular momenta In and jare
not coupled, Thus, the expansion of the complete function
can be expressed in the form?

=2 fuin; (r) Oiin

!)hj

(118)

where the prime labels the coordinate system connected
with the nucleus, and k; is the projection of the total an-
gular momentum of the incident nucleon for the partial
wave,

When the coordinate system connected with the nu-
cleus is used, it is possible to avoid a coupling between
different partial waves having different values of k;, The
system of coupled equations (10) can then be rewri{ten
in the form

(—T'r—Teoup + E] fiin, (r)

= (‘Dfihj [ Vcoupl ‘Dz"j'.kj) frim (119)
7

Thus, in the adiabatic approximation the system of
coupled equations becomes much simpler, Since the nu-
cleus is stationary, which implies neglect of its angular
momentum in the scattering process, all the scattering
channels are taken into account in the system (119),

An appreciable part of the calculations of the present
paper was made in the adiabatic approximation, Indeed,
the condition for applicability of the approximation is®

kR (AE/E) € 1, (120)

where k is the wave number of the incident particle, R is
the nuclear radius, AE is the excitation energy of the nu-
clear level, and E is the energy of the incident particle,

374 Sov. J. Particles Nucl., Vol. 5, No. 4, April<June 1975

This condition is satisfied for excitation of the levels of
the rotational band of the ground state of strongly de-

formed heavy nuclei at incident-proton energies higher

than 10 MeV,

3. COMPARISON OF THEORY WITH
EXPERIMENT

In this section we consider the analysis of experi-
mental data®™ on inelastic scattering of 12-MeV and
24,5-MeV protons by rare-earth nuclei, The results ob-
tained by other workers at!? 16 MeV and also on the scat-
tering of o particles'®!" and deuterons will be discussed
in the next section,

Although calculations based on use of the approxi-
mate methods for taking second-order effects into ac-
count*»* play an important role when it comes to finding
correct analysis methods, the calculations considered
below were obtained using the KASTOR computer pro-
gram and the program of the sucessive-approximations
method,*® 1t has been verified that in order for the solu-
tion of the latter program to converge it is necessary to
use not more than two iterations at parameter values typ-
ical of rare-earth nuclei, and this solution practically co-
incides with the result of the exact numerical solution of
the system of coupled equations,

Analysis of the Scattering of
12-MeV Protons by Sm Nuclei

The angular distributions for elastic scattering of
protons and for inelastic scattering with excitation of the
levels 27 (0,082 MeV), 4%(0,267 MeV), and 6% (0,542 MeV)
of 1%'Sm nuclei, obtained in ref, 6, were calculated in ac-
cordance with a program for exact numerical solution in
the adiabatic approximation, using a nonspherical optical
potential,?’ The spin—orbit dependence was neglected in
the calculations, inasmuch as it has been verified that
allowance for this dependence changes the calculated cross
sections for the elastic scattering of 12-MeV protons and
for the inelastic 21 and 4+ scattering only by several per
cent at angles less than 150°, The cross section with ex-
citation of the 67 level changes more strongly, but the
experimental errors incurred in its determination are
large.z) As expected, the adiabatic approximation intro-
duces a small error only in the calculated cross sections
of the highest excited level 6+ in ¥4Sm, It turned out that
at an incident-proton energy 12 MeV there is no need for
introducing volume absorption into the optical potential,
Therefore all the calculations were performed with allow-
ance for surface absorption only,

The search for the best parameters for proton scat-
tering by '*Sm nuclei was made by least squares simul-
taneously for the experimental data on the angular dis-
tributions of the elastic scattering and inelastic scatter-
ing with excitation of the levels 2%, 47, and 6* of the ro-
tational band, Preliminary calculations have shown that
the uncertainty in choice of the depth of the real part of
the potential and of the radial parameter, which is present
in the analysis of elastic scattering only,! remains also
in the calculation of the cross sections by the strong-
coupling method, The radial parameter r, can be varied
in the approximate range from 1,16 to 1.23 F, and a suit-
able change of the depth of the potential can yield a prac-
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tically constant value of y% For convenience in the com-
parison of the reduction of the experimental results, the
radial parameter was chosen to be ry = 1,204 as in ref,
61, where the data at 16 MeV were analyzed, The value
Toi = 1.243 was also kept constant during the course of
the reduction,

Since the energy of the incident protons is close to
the height of the Coulomb barrier for the Sm nuclei, the
distribution of the charge in the nucleus was taken into
account more accurately than in earlier studies. The
distribution took the form of a Fermi distribution (95)
with a diffuseness equal to the diffuseness of the real po-
tential, The numerical integration for the multipole ex-
pansion of the Coulomb potential took into account all the
orders in the expansion in powers of the quadrupole de-
formation, Whenthe rotational model was used, a sim-
ilar multiple expansion was carried out for the other parts
of the nonspherical optical potential,

In this program, only fourth-order terms could be
taken into account in the multipole expansion of the po-
tential, The next (sixth-order) coefficient, however, con-
tains a term proportional to (32V/9r% R} f3, and makes a
contribution at large values of j3,, expecially to the cross
section for the excitation of the 6+ level, Therefore,
after finding the best values of the optical-potential and
deformation parameters, as indicated in Table 1, the cross
section for scattering with excitation of the 6 level was
calculated in accordance with the successive-approxima-
tions program, which includes the next higher terms of the
expansion,

A comparison with the experimental data is shown
in Fig, 1, which gives also the results of the calculation
with a sharp-edge nuclear charge distribution at the same
values of the remaining parameters, As seen from the
figure, the greatest change occurs in the cross section
for scattering with excitation of the 2% level, Compensa-
tion can be obtained only by increasing g, by approxi-
mately 15%. Thus, the use of the more justified Fermi
distribution is quite important at 12-MeV proton energy.
The accuracy with which the deformation parametershave
been determined is about 10%.

To calculate the scattering of 12-MeV protons by
1483m nuclei, the same optical-potential parameters were
used as for 1Sm (see Table 1), and only the quadrupole-
deformation value was chosen by least squares, A value
By = 0,13 was obtained, As seen from Fig, 2, the experi-
mental theoretical angular distributions are in sufficiently
good agreement,

The signs of the deformation parameters were de-
termined quite reliably, By way of illustration, Fig, 3

TABLE 1, Optical-Potential and De~
formation Parameters for Scattering of
12-MeV Protons by '*sm Nuclei

Diff-

Poten- .

tentialldepth, gmr F mm_P | mation
e eter, F I

I 56.7 |1.204 |0,741 | fa=0.284

W §.62 |1.243 0.629 fy="0.046

I — |1.204 |0.741

Coul
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mmm’p) e
E,=12 MeV
f,=0.284
B=0,046

d6/ds?, mb + sr~t
;S

| !
720 ©cms, deg

0 50 &0 90

Fig. 1. Angular distributions of elastic and inelastic scattering of 12-MeV
protons by 1%45m nuclei: circles — experimental data; solid curve — calcu-
lation with Fermi charge distributions; dashes— calculation with sharp edge.

shows the results of the calculations of the cross sec-
tions for inelastic scattering of protons with excitation of
the2 " and 4% levels for various chosen combinations of
the signs of the parameters 8, and 8,, We see that the
first of these cross sections is more sensitive to the sign
of 3, and the second to the sign of f,

Estimate of the Spin-Flip Probability
in Inelastic Scattering

The small value of the spin-flip probability in inelas-
tic scattering of 12 MeV protons with excitation of the

e

“smip,p) “Ism |
£,=12 MeV ‘
=043 ‘

/\/s fiy=0.0 |

- |

e !

7 \ 2 ‘

T: \,*“'N/J/ ‘
: |
B L5
g T

iy

S |
d |
5—- 60 120 Hc;ns. deg

Fig. 2. Angular distributions of elastic and inelastic scattering of 12-MeV
protons by *%Sm nuclei: circles — experimental data; solid curves — calcula-
tion with Fermi charge distribution.
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Fig. 3. Calculation of the cross section for inelastic scattering of 12-MeV protons
with excitation of the levels 2* (a) and 4+ (b) of **sm by the method of the strong
coupling of the channels: 1) 8, = 0.284, g, = 0.046; 2) By=—0.284,84 = 0.046; 3)

By = 0.284, gy =—0.046.

TABLE 2. Generalized Optical-Potential Parameters Giving the Best Agree-
ment with Experiment, for the Scattering of 12-MeV Protons by Sm Nuclei

Nucleus |Potential [Potential Radial pa-

Diffuseness, | Deformation
depth, MeV |rameter, F F

1515m I 56.7 1.204 0.741 e
W, 8.6 1.243 G.68 | el et 0e
Vio 6 1.06 0.74 Pa=0.06-+0.02
1183m 1% 60 1.204 0.741 Ty x
W 8.6 1.243 0.63 B2 g I'Eg‘H':j:}
Vao 6 .06 N | e

first 2+ levels of the Sm nuclei’ is evidence of a small
contribution of spin—orbit forces to the scattering am-
plitude, For scattering by 48sm, experiment yields at

all angles a spin-flip probability equal to zero, with an
error of 2-3%, Calculation of the spin-flip probability

by the method of coupled channels with the parameters of
Table 2 also offers evidence of a low spin-flip probability,
giving a value that varies little with variation of the pro-
ton-scattering angle,

Experiment reveals that the spin-flip probability in-
creases for the deformed nucleus 1*2Sm, However, cal-
culation yields a value that differs little from the result
for 8Sm, A similar result is obtained for calculation in
the first order of the Born approximation, when all the
amplitudes are proportional to the quadrupole deforma-
tion, and their ratio, which enters in the expression for
the spin-flip probability (75), does not depend on the de-
formation,

It is interesting to note that the observed dependence
of the spin-flip probability on the deformation appears in
the calculation at an energy 24,5 MeV, Here the result
for a deformed nucleus exceeds the probability for a
spherical nucleus by approximately a factor of 2 at an-
glesnear90-120°, The angular distribution becomes aniso-
tropic, acquiring a characteristic maximum at backward
angles (about 160°), The probability at the maximum for a
deformed nucleus reaches vlaues on the order of 0.4,
This increase of the spin-flip probability with increasing
proton energy suggests that measurements at energies
near 20 MeV and higher would be useful for the study of
the spin—orbit interaction of a proton with a deformed
target nucleus,

376 Sov. J. Particles Nucl., Vol. 5, No. 4, April:June 1975

Excitation of Octupole Vibrations
in Sm Nuclei in Inelastic Scattering
of 12-MeV Protons

We analyze here the obtained angular distributions
of inelastically scattered protons with excitation of the
3~ levels of 1%3Sm and 1%Sm, The presence of these lev-
els in the nuclei is attributed to the existence of octupole
surface vibrations, They were first observed in the study
of electromagnetic transitions of E3 type, which have a
high probability, The reduced probabilities B(E3) of the
electromagnetic transitions and the parameters B; of the
octupole deformation were determined in studies of Cou-
lomb excitation in the scattering of various charged par-
ticles of energy lower than the Coulomb barrier by nu-
clei,®? With increasing energy of the incident charged
particles an appreciable role is assumed, besides the
Coulomb excitation process, also by the nuclear interac-
tion, which likewise leads to excitations of octupole vi-
brations in the nuclei,

A possible calculation method at small values of the
deformation is the first-order distorted-wave Born ap-
proximation, However, as will be shown below, allowance
for the channel coupling for the quadrupole and octupole
excitations can greatly alter the results of the calculation,

For an appreciable number of rare-earth isotopes,
Elbek and co-workers measured the inelastic scattering
of deuterons at 12 MeV with excitation of octupole sta’l:es‘.“’63
The measurements were performed, however, at two or
three scattering angles, making the analysis difficult,

Calculations using the vibrational model were car-
ried out in accordance with the program ofthe successive-
approximations method,% Inasmuch as the 3~ states have
a relatively high excitation energy (1,162 MeV for 48Sm
and 1,011 MeV for ¥Sm), the nonadiabaticity of the pro-
cess was taken into account. The deformation of the real
spin—orbit part of the potential was chosen in accordance
with the complete Thomas form, The small contribution
of the excitation of the two-phonon state 4 (1,181 MeV)
of the 1*8sm nucleus, which cannot be resolved from the
3~ level, was neglected, It is shown in ref, 65 that this
contribution does not exceed 10% of the cross section,

The coupling of the 3~ channel with the elastic-scat-
tering channel is small, and allowance for the 2~ channel
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Fig. 4. Angular distributions of elastic and inelastic scattering of 12-MeV
protons by 14851 nuclei: circles— experimental data: solid curves = cal-
culation with the set of parameters of Table 2; dashed curves — the same

set of parameters, but 8; = 0.14.

alters little the elastic-scattering cross section, None-
theless, a simultaneous analysis of the 07, 2%, and 3-
channels can change the calculation parameters, since
the angular distribution of the protons inelastically scat-
tered with excitation of the 3~ depends essentially on the
choice of the optical-potential parameters,

Indeed, calculation with allowance for the coupling
of the 0%, 2+, and 3= channels carried out for 1*3Sm with
the set of optical-potential parameters of Table 1, 8, =
0.13 and B3 = 0,15 results in poor agreement with the ex-
perimental 3~ cross section, This set of parameters was
determined above from the analysis of only the 0" and 2+
channels, and resulted in fair agreement with experiment,
when account was taken of the Fermi smearing of the
potential,

Considerable improvement in comparison with the
data on all three channels can be obtained, as seen from
Fig. 4, by slightly increasing (by 3 MeV) the depth of the
real potential and choice of the deformation parameters
B; = 0,126 and §; = 0,155, Account was taken also of the
spin—orbit dependence of the potential, The parameters
are given in Table 2, The observed deviation of the cal-
culated curve for the elastic-channel scattering can be
attributed to inaccuracy of the absolute normalization of
the measured cross section,

The investigation of the excitation of octupole states
of the nonspherical nucleus %4sm is a much more com-
plicated task, The excited state 3~ (1,011 MeV) occurs in
a rotational band of negative parity 17, 37, 57, etc, The
wave functions of the nucleus should take into account the
possibility of octupole vibrations of the nonspherical sur-
face,’® Calculations with these functions have not yet
been carried out, owing to the considerable complication
of the calculations, The difference between the angular
distributions of elastic scattering and inelastic scattering
with excitation of the 27 level, calculated in accordance
with the rotational and vibrational models, is small, An
attempt was therefore made to estimate the effect of the
nonsphericity of the nucleus, i.e,, of the presence of the
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deformation 5, on the octupole vibrations by carrying out
the calculation in accordance with the purely vibrational
model with the optical-potential parameters from Table 2,
Qualitative agreement is obtained at an octupole-defor-
mation parameter value 0,06 + 0,02,

Analysis of the Scattering of
Polarized 24,5-MeV Protons by
148gm and '%28m Nuclei

The availability of data on the analyzing ability of
elastically and inelastically scattered protons makes it
possible to increase greatly the accuracy with which the
optical-potential parameters and the deformation param-
eters are determined, The angular dependences of the
analyzing ability are strongly oscillating curves, the
shape of which depends not only on the parameters of the
spin—orbit potential, but is determined to a considerable
degree also by all the remaining parameters,

A theoretical description of the experimental data®
was carried out with the aid of the nonadiabatic program
of the successive-approximations method,’® The deforma-
tion of the real spin—orbit part of the potential was taken
into account inthe complete Thomas form, Corrections
were introduced for the values of the deformations of
different parts of the potential, in order to ensure equality
of the scattering length AR for different radial parameters,

Calculations of the angular distributions of the cross
sections and of the asymmetry of the elastic scattering of
protons by the spherical nuclei 1489m and of inelastic scat-
tering with excitation of the levels 27 (0,551 MeV) and 3~
(1,162 MeV) were carried out using the vibrational model
with allowance for the coupling of all three channels, As
indicated earlier, the contribution of the experimentally
nonresolved two-phonon 4% (1,181 MeV) state could be
neglected,®

The rotational model was used for the scattering of
protons by *?Sm nuclei, Account was taken here of the
coupling of four states, namely 0%, 2+ (0,122 MeV), 4+
(0,366 MeV), and 6+ (0.712 MeV) which, as assumed, make
up the rotational band of the ground state, Although scat-
tering with excitation of the 61 state was not measured
in the experiment, it was shown that allowance for this
state noticeably alters the calculated values of the cross
section and the asymmetry for the state 47,

The results of preliminary calculations have shown
that the ambiguity in the choice of the geometrical pa-
rameters of the real part of the potential V and ry de-
creases if the data for the analyzing ability of the in-
elastic scattering are taken into account at the same
time, In analysis of only the elastic-scattering channel,
as shown in ref, 1, this ambiguity is more significant,
since the parameter r, can range from 1,14 to 1.20 F,
Calculations were carried out with the parameter sets
listed in Table 3. They have shown that although the elas-
tic-scattering cross section and the polarization are
equally well described by these parameter sets, to des-
cribe the analyzing ability of the inelastic scattering it
is preferable to choose ry= 1,2 F, Only at this value
does a maximum appear at backward angles in the an-
gular dependence of the analyzing ability when the 2+ lev-
el is excited,
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TABLE 3, Trial Values of the Optical-
Potential Parameters for the Scatter-
ing of Protons by %Sm Nuclei (8, =

0.12)
Poten- | PotentiallRadial paJ Diffuse-
tial depth, : [fameter, |NeSS pa-
MoV F rameter, F

v 50 1.22 0.74

w 3 1.25 0.63

We 9 1.25 0.63

Vi 6 1.06 0.74

53 1.20 0.74

3 1.24 0.67

5 8 1.24 0.67

. 6 1.0 0.74

Vv 56 1.18 0.74
w 3 1.22 0.63
W, 9 1,22 0.63
Vo 6 1.06 0.74

The set of parameters obtained by simultaneous an-
alysis of the scattering in the channels 0+, 2% and 3-,
with allowance for the coupling, is given in Table 4 (set 3),
A comparison of the calculation with the experimental
data is shown in Fig, 5, An attempt was made to describe
the data for proton scattering by *2Sm nuclei, by using
the same optical-potential parameters as for *8Sm, It
was assumed in this case that the quadrupole deformation
is increased, a hexadecapole deformation was introduced,
and the vibrational model was replaced by the rotational
model with coupling of the channels 0%, 27T, 4+, and 6+,

In Fig, 6, the results of this trial calculation with 8, =
0,25 and By = 0,07 are represented by a dashed curve, We
see that although it was possible to describe the observed
oscillation-damping effect for the analyzing ability of the
inelastic scattering with excitation of the 2% level, the
general agreement is not satisfactory,

The best agreement was obtained by slightly modi=-
fying the optical-potential parameters (see Fig, 6, solid
curve), The parameters are listed in Table 4 (set 7).

As seen from Figs, 5 and 6, the calculations by the
coupled-channel method account for the most character-
istic difference between the analyzing abilities of inelas-
tic scattering of protons with excitation of the 2 levels
of 148Sm and 128m, The differences in the scattering of
protons by spherical and deformed nuclei will be con-
sidered in greater detail later on,
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Fig. 5. Angular distributions of the cross sections (a) and of the analyzing
ability (b) of elastic and inelastic scattering of 24.5-MeV polarized protons by
M%m nuclei. The solid curves show calculations with the vibrational model.

Possibility of Determining the
Form of the Collective Excitation
of Nuclei

An interesting distinguishing feature of the method of
analyzing elastic scattering with allowance for strong
coupling of the channels is the possibility of identifying
the vibrational or rotational structure of the states of the
nuclei, Inthose cases when a rotational band correspond-
ing to the ground state is observed for the target nuclei,
the foregoing analysis of the inelastic scattering of pro-
tons, as well as of o particles” and of deuterons,? con-
firms the conclusion that a constant deformation is present
in the surface of these nuclei, However, if the energy
distribution of the low-lying levels of nuclei does not per-

TABLE 4. Parameters of the Optical Potential of Samarium Nuclei for the Scattering of Protons with Various Energies

Set ([Target E, v, To, a, w, | W, 04 a;, Vieio | Togon oy o Tocs B B Ref-
nucleus| MeV | MeV F F MeV | MeV F F MeV ?‘3 F F - & Ba rence
1 | 1488m | 12 60 1.204 | 0.741 0 8.6 | 1.243 | 0,63 6 1.06 [ 0.74 1.21 10.1264-0.01]0,155+-0.01 - [64]

2 12 57.6 1.204 | 0.72 0 1.8 1.295 | 0.62 6.2 1.05 | 0.75 L] = = . 1]

3 24,5 54 1.2 0.74 2.5 8,5 1,22 0,67 5,2 1,01 | 0.74 1,21 | 0.1240.01 | 0,154-0.01 — 18

4 24.5 53.6 1.2 0.72 2,2 8,71 1.30 0,62 6.2 1.05 0.75 1,21 — —_ = 1]
5 49.5 46,55 ( 1.168 | 0,816 | 5,73 | 3,45 | 1.36 0.63 5.61 1.075| 0,816 | 1,21 = s — [69]

6 49.5 47.4 1.47 | 0,75 8.2 1.4 | 1.32 0,623 | 6.2 1.01 | 0,75 1.21 — — 1]

7 | 1528m | 24.5 48 1.2 0,74 1,2 8,5 | 1.37 0.67 3.2 1.01 | 0.74 1.21 [0.25040.01 0.07+£0.02 | [8]

8 24.5 54 1.2 0.72 2.2 8.9 1.30 0.64 6.2 1,05 | 0,75 1.24 C= — i (1]
9% | 154gm 12 56.7 1,204 | 0.741 0 8.62| 1.243 | 0.620 ¥ ~ == 1.201 10.2840,01 | 0.06==0,02 | 0,046--0,02 [60)

10 12 58.2 1.204 | 0.72 0 12.2 1 1,295 | 0,646 | 6.2 1.05 | 0.75 1.21 =& - s 1]
11 16 54,03 | 1.204 | 0,715 0 7.5 1.243 | 0,667 == — 1,204 0.25 - 0.05 |61)

12 16 56.8 1,204 | 0,72 0 11 1.295 | 0.646 | 6.2 1.06 | 0,75 1,21 = — Yok [1]

" This set of parameters was obtained through a calculation with a Fermi distribution of the charge and a¢ = 0,74,
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Fig. 6. Angular distributions of the cross sections (a) and of the analyzing
ability (b) of elastic and inelastic scattering of 24.5-MeV polarized protons
by 1%sm nuclei:® dashed curves — calculation with rotational model and the
optical-potential parameters obtained for **sm; solid curves— calculation

with those parameters of Table 4 which give the best agreement with the
experimental data.

mit a clear-cut conclusion concerning the applicability
of the simple vibrational or rotational model, as is the
case, e.Z., in the transition-nuclei region near A =150
and A ~ 190, the question arises of the possibility of us-
ing data on only the first 2+ levels of even—even nuclei
to determine the form of the collective excitation of the
nuclei,

As noted earlier,® there is a fundamental difference
between the diagonal elements calculated in accordance
with the rotational and vibrational models, For the ro-
tational model, one can use the equation (115):

(I“TB!LI)z(?‘['i'U ({200!10), (121)

whereas in the vibrational model, the analogous diagonal
elements are equal to zero [Eq, (116)]. The off-diagonal
quadrupole matrix elements coincide in first-order ex-
pansion in the deformation parameter,

The difference hetween the elastic- and inelastic-
scattering cross sections calculated in accordance with
different models was pointed out in ref, 3., Thisdifference,
however, is small and can be offset by varying the optical-
model parameters, The experimentally observedd %1
considerable difference between the cross sections for
elastic and inelastic scattering of protons and o particles
by spherical and deformed Sm nuclei is due mainly to
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enhancement of the coupling of the channels, owing to the
increase in the value of the deformation parameter on
going to deformed nuclei,

As noted first in ref, 8, the angular dependence of the
analyzing ability in inelastic scattering of 24,5-MeV pro-
tons with excitation of the first 2+ levels of the Sm nuclei
is quite sensitive to the form of the collective model used
in the calculations with the coupled channels,

We present below the results of calculations of elas-
tic and inelastic scattering of 24,5-MeV protons by 1525m
nuclei; these results illustrate the possibilities of the
proposed method of determining the form of the collective
excitation of the nuclei,’’ The calculations were carried
out in accordance with the program of the method of suc-
cessive approximations,’® To describe the 2+ state, a
vibrational or axially-symmetric rotational model was
used with set 3 of the optical-potential parameters of
Table 4, Two values of the quadrupole-deformation pa-
rameter were used, 0,115 and 0,25, which are close re-
spectively to the typical values of the dynamic and static
deformations of the rare-earth nuclei,

The results of calculation of the analyzing ability for
a lower value of the deformation are shown in Fig. 7. It
is seen that the calculations in accordance with the vi-
brational and rotational models yield results that are
close, and the experimental data on the scattering of pro-
tons by 1*8Sm nuclei can be explained within the limits of
errors by using either model, The calculations reveal
a weak sensitivity to the diagonal quadrupole matrix ele-
ment (121) at a small value of the deformation param-
eter, Consequently, allowance for the quadrupole moment
observed in ref, 25 for the 2% state does not lead to dis-
agreement with experiment, since the corresponding ma-
trix element is of the same order as (121) in the rota-
tional model with 8, = 0,115,

At a quadrupole-deformation parameter value 0,25,
a considerable difference is observed between the angular

0.5

=1

Analyzing ability

1 1
a 50 100

150 Bemss deg

Fig. 7. Angular dependence of the analyzingability for inelastic scattering
of polarized 24.5-MeV protons by sm nuclei with excitation of the first g*
level: circles — experimental data for 8Sm (ref. 8); dashed curves — results
of calculations by the coupled-channel method using the vibrational model;
solid curve = calculation by the rotational model with axial symmetry. The
optical-potential parameters are indicated in Table 4 (set 3), and 8, = 0.115.
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first 2% level. The blackcircles show the experimental data for ***sm (ref. 11); 2)
calculation inaccordance with the vibrational model; 3) calculation in accor-
dance with the rotational model with axial symmetry, with allowance for the coup-
ling of the 0% and 2* channels; 4) with allowance for the coupling of the 0F, 2%,

and 4% channels. The optical-potential parameters are indicated in Table

4 (set 3), B, = 0.25; 1) calculated in accordance with the rotational model

at f; =—0.25.

dependences of the analyzing ability of (2+) as calculated
by the vibrational and rotational models, The oscillations
in the angular dependence of the analyzing ability in the
case of the rotational model are strongly smoothed out in
comparison with the calculation by the vibrational model,
and in the latter case there is practically no dependence
on the value of the deformation parameter, Since By
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Fig. 9. Comparison of the calculated cross sections for elastic scattering

of 24.5-MeV protons by 185m nuclei: 1) in accordance with the rotational
model with allowance for the influence of the 2* channel of energy 0.122
MeV; 2) with allowance for the influence of channels 2* and 4* with energy
0.367 MeV; 3) in accordance with the vibrational model (0, 2%) at a de-
formation B, =0.25; the optical-model parameters are indicated in Table 4
(set 8); 4) calculation in accordance with the vibrational model at B, =
0.115.
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Fig. 10. The same as in Fig. 9, for the polarization of 24.5-MeV protons
scattered elastically by '*Sm nuclei (g, = 0.25).

is determined accurately from an analysis of the cross
sections for inelastic scattering and amounts to 0,25 for
12Sm, it can be concluded from a examination of Fig, 8
that the vibrational model cannot be used to describe the
experimental data for %°Sm, Good agreement is obtained
only by using the rotational model with the large value

By = 0,25, A calculation carried out with a negative val-
ue of the deformation (see Fig, 8) determines in addition
the sign of the defarmation and makes it possible, ap-
parently, at large values of the deformation, to distinguish
between the applicability of the rotational and vibrational
models by using the data on the analyzing ability, if the
state 2% has a negative quadrupole moment,

For comparison, Figs, 9-11 show the results of cal-
culation of the cross sections and polarization at f, =
0.25, The difference between the results of the caleu~-
lations by different models is not so large as for the an-
alyzing ability, and cannot be used to identify the model,
At a lower value of the deformation parameter, the curves
practically coincide, It is seen from Fig, 9 that the in-
crease of the oscillations in the angular distribution of
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Fig. 11, Comparison of the-calculated cross section for inelastic scatter-
ing of 24.5-MeV protons by '#sm nuclei: 1) in accordance with the rota-
tional model with allowance for the coupling of the channels 0% and 2+
with energy 0.122 MeV; 2) with allowance for the coupling of the channels
ot, 2%, and 4% with energy 0.367 MeV; 3) in accordance with the vibration-
al model (0%, 2%) at a deformation g, = 0.25.
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the elastic-scattering cross section, as calculated by the
vibrational model with £, = 0,115 and observed in experi-
ment,? is due mainly to the smaller value of the deforma-
tion parameter,

Thus, measurement and analysis of the angular dis-
tribution of the analyzing ability of inelastic scattering
of protons with excitation of the state 2% make it possible
to determine the collective nature of this state under the
condition that the deformation parameter exceeds a value
on the order of 0,15,

4, EFFECTIVE POTENTIAL AND CHARGE
DISTRIBUTION IN THE NUCLEUS

Optical-Potential Parameters

From the foregoing comparison of the theoretical
calculations with the experimental data it follows that the
generalized optical model, when account is taken of the
strong coupling of the channels, describes adequately the
angular dependence of the cross sections, of the polar=-
ization, and of the analyzing ability for elastic and inelas-
tic scattering of medium-energy protons by rare-earth
nuclei,

The most complete analysis of elastic scattering
polarization of protons in accordance with the optical
model with a spherically symmetric potential was carried
out in ref, 1, At the same time, certain average param-
eters of the optical potential were determined for an ap-
preciable number of data on elastic scattering of protons
by nuclei with A > 40 at energies less than 50 MeV, using
least squares, To obtain the best agreement it is neces-
sary to introduce an energy dependence of the depth pa-
rameters of the real and imaginary potentials, and a de-
pendence on (N — Z)/A was introduced not only into the
real potential and the surface-absorption potential, but
also into the diffuseness of the imaginary potential,

In the reference! cited as well as in many earlier
papers, only the data on elastic scattering by spherical
nuclei were analyzed, Attempts to analyze elastic scat-
tering by deformed nuclei in accordance with the optical
model lead to sets of parameters that differ from those
for neighboring nuclei, This difference was observed not
only for proton scattering, but also for scattering of deu-
terons and o particles, It is due to the influence of the
coupling of the elastic-scattering channel with the inelas-
tic-scattering channels in the presence of considerable
deformation, In first-order approximation, the coupling
of the channels can be taken into account by increasing
the depth of the imaginary potential, This effect is phys-
ically understandable, for if no consistent analysis is
made of the channel coupling, the inelastic-scattering
channels are equated to the reaction channels and this
results in increased absorption; it is to account for this
increased absorption that the imaginary potential is in-
troduced,

The expression given by Feshbach®® for the optical po-
tential contains a sum over all the discarded channels,
The consistent allowance which is made in the method of
strong coupling of the channels for the effect of certain
selected channels with excitation of collective levels on
the elastic-scattering channel still does not affect that
part of the sum which concerns the region of high exci-
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tation of the target nucleus, It can be assumed that this
region depends little on the structure of the low-lying
levels of the nuclei with different collective properties,
Then the optical potential becomes the same for deformed
and spherical nuclei after the strongly coupled channels
are separated, To the contrary, the observed difference
between the parameters of the optical potential can be
attributed to a difference in the structure of the highly-
excited levels of the nuclei considered,

Table 4 lists the optical-potential parameters of Sm
nuclei at different proton energies. We emphasize that
the parameters obtained in the present paper were ob-
tained by simultaneously searching for the best descrip-
tion of both the elastic and inelastic scattering with ex-
citation of the most strongly coupled levels of the target
nucleus, In ref, 61, at an energy 16 MeV, the parameters
were not very carefully chosen, In ref, 69, at a proton
energy 49,5 MeV, the analysis for 1*%Sm was carried out
in accordance with the optical model without allowance for
the coupling of the channels,

Table 4 indicates, for each set of the parameters,
the optical-potential parameters calculated in accor-
dance with the empirical equation of ref, 1, which, as men-
tioned above, describes elastic scattering by an appre-
ciable number of spherical nuclei at A > 40 and Ep < 50
MeV, This empirical equation, however, is given for r, =
1,17 F, A recalculation to the value ry = 1,2 F was car-
ried out with the aid of the plotted correlation of the pa-
rameters (see ref, 1),

The accuracies with which the optical-potential pa-
rameters were determined at a given r, are approximately
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of different experiment for deformed nuclei in the rare-earth region: The
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AV = 0,5 MeV, AW = 0,2 MeV; AWg = 0,5 MeV; AVg o =
0.5 MeV; Arj = 0,02 F; Aa = Agj = 0,02 F; Aryg,0= 0.4 F
using the data on the polarization and asymmetry. The
accuracy with which the parameter r; is determined from
our data is 0,02 F, and the accuracy obtained in ref, 1
using only elastic-scattering data is 0,04 F,

It is seen from Table 4 that the optical-model pa-
rameters obtained in the present paper for the spherical
nucleus ¥8Sm agree well with the empirical equation at
24,5 MeV, The small difference in the depth of the po-
tentials at 12 MeV can be attributed to the fact that in
ref, 1 they analyzed mainly data obtained at large proton
energies, The optical-potential parameters for the de-
formed nucleus ¥4Sm differ little from the parameters
of the spherical nucleus 88m, A slight decrease of the
depth of the real part of the potential is observed, The
real potential, as well as the volume-absorption potential
and the radial parameter of the imaginary part of 1*?Sm,
differ greatly from the corresponding values for the spher-
ical nucleus 148Sm.

It can be proposed that the observed differences be-
tween the optical-potential parameters are due to the un-
accounted-for coupling with the channels upon excitation
of the levels that follow directly the considered low-lying
states, Of particular interest is the nucleus ¥*?Sm, which
is on the borderline between the spherical and deformed
nuclei,

Deformation Parameters of
Rare~Earth Nuclei

The determination of the deformation parameters of
nuclei, especially of deformed nuclei, is a highly prom-
ising field of application of the analysis of inelastic scat-
tering with the aid of the method of strong coupling of the
channels, Indeed, only one deformation parameter is in-
troduced for each new excited level in order to describe
the angular distribution of the inelastically scattered pro-
tons, This makes it possible to describe not only the rel-
ative variation of the cross section, but also the absolute
values, as well as the angular dependences of the polar-
ization and of the analyzing ability,

To assess the extent to which the deformation param-
eters of the generalized optical potential, determined
from the inelastic scattering of medium=-energy particles,
characterize the scattering nucleus, and not only the in-
teraction process, it is useful to compare the values of
the deformation parameters obtained from analysis of
experiments with different bombarding particles, In ad-
dition, it is necessary to employ in the comparison data
on the parameters of the deformation of the charge dis-
tribution in the nucleus, obtained from electromagnetic
processes such as Coulomb excitation, electron scatter-
ing, and spectra of y-mesic atoms,

The radius of the real part of the potential, obtained
by reducing the experimental data on the scattering of
various particles, varies as a rule, viz,, ry= 1.2 F for
protons, ry = 1,15 F for deuterons, and r, = 1,44 F for w
particles, Therefore a direct comparison of the defor-
mation parameters is meaningless, However, as indicated
above, comparison of the quantities fR or fr, can indicate
whether the shapes of the equipotential surfaces are sim-
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ilar or different, The difference between the radii of the
potentials and their deviation from the charge radius are
attributed to the finite radius of the nucleon—nucleon in-
teraction,”” The radius of the potential is therefore not a
quantity that reflects with sufficient accuracy the distri-
bution of the nuclear mass, At the same time, the shape
of the equipotential surface does not depend on the inter-
action radius and appears to be more sensitive to the dis=
tribution of the protons and neutrons in the nucleus, and
also to the possible difference between these distributions,

Figure 12 shows, for deformed even—even rare-earth
nuclei, the values of the products fyr; and B;r, taken
from studies of the elastic scattering of protons (refs, 8,
10, 60),” deuterons,? and o particles,1%™ where the
analysis was carried out by the method of strong coupling
of the channels, Also shown are data obtained for there
nuclei from inelastic scattering of electrons,’® as well as
the scattering lengths f,ry and ;r, calculated from the
measured values of the reduced probabilities of the elec-
tromagnetic transitions, The quantities B(E2, 0 — 2) and
B(E4, 0 — 4) were obtained by averaging the data of the
review article 73, where measurements of various elec-
tromagnetic processes performed up to 1970 are sum-
marized, and are the latest work on Coulomb excitation
by heavy nuclei, 23224238 14 that case when the values
of B(E4, 0 — 4) were not measured for the neclei, the
corresponding values of the hexadecapole deformation
were taken from the inelastic-scattering data,

To determine the deformation parameters, the re-
duced probabilities of the electromagnetic transitions
were calculated:™

B (E?\‘, I;— If) = {I,;\..KU I IfK}?‘ M2,
MEZS 72p (1) Yo (0) dr;

for the Fermi charge distribution with allowance for the
deviation from spherical symmetry and conservation of
the volume we have

o (r)=po{1--exp [(r— R(0))/acl}™;
R (0) =roc A [1 4 B2Y 30 (8) 4 BuY 40 (B) — BZ/dn].

The values ryc=1.1Fand the diffuseness of the charge
distribution ac = 0,54 F were taken to be close to the val-
ues obtained for the investigated region of nuclei from
the data on electron scattering’ and on mesic atoms,’®

The deformation parameters shown in Fig, 12 satisfy
simultaneously the experimental values of B(E2) and
B(E4), The accuracies of the points indicated in the fig-
ure are worse by a factor of several times than the ac-
curacy of B(E2) cited in the experimental papers (about
1%, owing to the considerable error in the determination
of B(E2) and to allowance for the contribution of the hex-
adecapole deformation to the value of B(E2),

It follows from an examination of Fig, 12 that the
data on the scattering lengths for different scattered par-
ticles agree well enough with one another, Good agree-
ment between the data on scattering and on the electro-
magnetic processes is observed also at the start and end
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of the region, but the discrepancy between them is quite
appreciable in the middle of the region, Unfortunately,
the data on the particle scattering is quite scanty here,
To be able to affirm more definitely that the shapes of
the equipotential surfaces of the charge distribution and
of the nuclear potential are different for the isotopes of
Gd, Dy, and Er it is desirable to perform additional mea-
surements, Of particular interest is measurement of in-
elastic scattering in the region of the Coulomb barrier,
when the parameters of the nonspherical optical potential
and of the charge distribution are determined simultane-
ously,ﬂl and to perform the measurements with a beam
of polarized protons, so as to improve the accuracy with
which the parameters are determined,? !

The straight lines in Fig, 12 join the results of the
latest theoretical calculations of equilibrium deformation
with single-particle levels of a Woods—Saxon potential,’
They agree well with the data on particle scattering and
emphasize an interesting feature of rare-earth nuclei,
namely that the hexadecapole deformation parameter
changes from 0,05 at the start of the region to —0,05 at
its end,

In conclusion, let us compare the various methods
of determining nuclear deformation, The methods using
Coulomb excitation of the nuclei and the investigation of
the x-ray spectra of y-mesic atoms employ a small num-
ber of parameters of the theory, in fact only the param-
eters of the Fermi charge distribution, It is therefore
possible to determine with good accuracy the quantities
making the main contribution to the transition probability,

i.e., the quadrupole-deformation parameters, Consequent-

1y, it is possible to observe small effects, such as the
quadrupole moment of the excited states,?s® and devia-
tions from the rigid-rotator model for the 1%2Sm nucleus,”
At the same time, when inelastic scattering is analyzed
with allowance for the strong coupling of the channels,

one does not encounter the suppression of the higher-
order transitions, which is observed in electromagnetic
processes, even though the accuracy with which the quad-
rupole deformation parameter is determined is worse
because of the presence of a large number of optical-
potential parameters, For example, the determination

of the hexadecapole deformation parameter, which is a
small effect in the Coulomb-excitation method,”»* de-
pends very strongly on the assumed rigidity of the nucleus,
In inelastic nuclear scattering of heavy particles, the con-
tribution of the direct transition to the excitation of the
high-spin levels is more appreciable, and it is possible

to determine more accurately the parameters of the hexa-
decapole deformation and even of deformation of higher
order,?1%80 There are expectations that inelastic scat-
tering of electrons may be useful for the determination

of deformation parameters,’*

The coupled-channel method for the scattering of
strongly in“eracting particles makes it possible to deter-
mine the signs of the deformation parameters, something
impossible in the Coulomb-excitation method,) A study of
of inelastic scattering of polarized protons and analysis
with allowance for the strong coupling of the channels at
parameter values 8, > 0,15 yields information on the
static or dynamic nature of the deformation,

Dwe note that the sign of the amplitude in ref. 56 is in error.
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some of the calculations are repeated below without the use of the adia-
batic approximation, and with allowance for the spin—orbit dependence
of the potential.

The results of the analysis of ref. 61, where the calculations were pre-
liminary, are not given here.

see ref. 26, where it is shown that measurement of the correlation of the
scattered particles and of the y radiation in Coulomb excitation makes it
possible to determine the sign of the quadrupole moment of the excited

2% state.

1§, D. Becchetti and G. W, Greenlees, Phys. Rev., 182, 1190 (1969).

¥D. M. Chase, L. Wilets, and A. R. Edmonds, Phys. Rev., 110, 1080 (1958).

%8, Buck, A. P, Stamp, and P. E. Hodgson, Phil, Mag., 8, 1005 (1963).

“T. Tamura, Rev. Mod, Phys., 37, 679 (1965).

5. L. Drozdov, Yad. Fiz., 1, 407 (1965); 2, 810 (1965) [Sov. J. Nucl. Phys.

1, 290 (1965); 2, 578 (1966)].

SA. B. Kurepin, B. Madsen, and B, Elbek, Izv. AN SSSR, Ser. Fiz., 31, 195

(1967).

'A. B. Kurepin, P, R. Christensen, and N, Trauther, Nucl. Phys., 4115, 471
(1968).

84, B, Kurepin and R, M, Lombard, Phys. Lett., B37, 55 (1971).

%, Stoler et al., Phys. Rev., 155, 1334 (1967).

YT, Kruse et al., Nucl. Phys., A169, 177 (1971).

"M, P. Barbier et al., Phys. Lett. B34, 386 (1971).

125 M, Moss et al., Phys. Rev. Lett., 26, 1488 (1971).

131, L. Gol'din, G. I. Novikova, and K. A. Ter-Martirosyan, Zh. Eksp. Teor,
Fiz., _?_;g. 512 (1958) [Sov. Phys.—JETP, E, 366 (1958)].

K. Kjallquist, Nucl. Phys., 9, 163 (1958).

15, G. Huber, Phys. Lett., 13, 242 (1964).

64, A. Aponick et al., Nucl. Phys., A159, 367 (1970),

Ty, L. Hendrie et al., Phys. Lett., B26, 127 (1968).

185, Zeidman et al., Nucl. Phys., 8_?,—4'71 (1966).

%G, Lgvhgiden, B. Skaali, and P. R. Christensen, Phys, Lett., B34, 125 (1971).

Ay, Trautner, G. Lgvhgiden, and P, R. Christensen, Phys. Lett., B44, 41
(1973). o

R, E. Sayer et al., Phys. Rev., C1, 1525 (1970).

2%, s, stephens et al., Phys. Rev. Lett., 24, 1187 (1970).

BF, s, Stephens, R. M. Diamond, and J. de Boer, Phys. Rev. Lett., 27, 1151
(1971).

MK, A. Etb et al., Phys. Rev. Lett., 29, 1010 (1972),

%5, J, simpson et al., Nucl. Phys,, A94, 177 (1967).

%], Grodzins et al., Phys. Lett., 30, 453 (1973).

¥R, M. Diamond et al., Phys. Rev., C3, 344 (1971).

#8R. M. Diamond et al., Nucl. Phys., A184, 481 (1972).

2%, Beurtey, Proc. Second Intern. Symp. on Polarization Phenomena of
Nucleons, Karlsruhe, Birkhauser Verlag, Basel (1966), p. 33.

3%, Buertey and J. M. Durand, Nucl, Instr. Meth., 57, 313 (1967).

8lyy, G. Basargin, Zh. Tekh. Fiz., 38, 2091 (1968) [Sov. Phys.—Tech.
Phys., 18, 1677 (1969)].

821 G, Blosser et al., Nucl. Instr. Meth., 91, 61 (1971,

B¢, Chianelli, A. Garin, and B, Waast, Note CEA-N-1522 (1971), p. 147.

4G, Dearnaley, A, G. Hardacre, and B. D. Rogers, AERE-R 5813 (1968).

%M., Q. Makino et al., Nucl. Instr, Meth., 60, 109 (1968).

%4, 8. Kurepin, Tr. FIAN SSSR, 69, 3 (1973).

%5, M, Bang et al., Nucl. Phys., A122, 34 (1963).

%84. B. Kurepin, Izv. AN SSSR, Ser. Fiz., 32, 1946 (1968).

%], Raynal, Nuclear Theory Course, Trieste (1971).

404, Lane and R, Thomas, Theory of Nuclear Reactions at Low Energies
[Russian translation], IL (1960).

4N, K. Glendenning, Proc. Instern. School of Physics "Enrico Fermi®,
Course 50, Academic Press, New York (1969).

42M, A. Melkanoff, T. Sawada, and J. Raynal, Methods in Computational
Physics, Nuclear Physics, Vol. 6, Academic Press, New York— London
(1966).

43A. 8. Davydov, Quantum Mechanics [in Russian], Fizmatgiz, Moscow
(1963), p. 422.

M. Goldberger and K. Watson, Collision Theory, Wiley, New York(1962),
p. 202,

4The Tamm- Dancoff Method, Problemy Sovremennoi Fiz., IL, Moscow
(1955), p. 10. :

%R, H. Bassel, R. M, Drisko, and G. R. Satchler, ORNL-3240 (1962).

41G. R. satchler, Lecture notes, unpublished (1966).

A, B, Kurepin 383



“%. D. Woods and D. S. Saxon, Phys. Rev., 95, 577 (1954).
p. E. Hodgson, The Optical Model of Elastic Scattering [Russian transla-
tion], Atomizdat, Moscow (1966).

5%, Tobocman, Theory of Direct Nuclear Reactions, Oxford (1361), p. 97.
L7080 Baz', Ya. B. Zel'dovich, and A. M Perelomov, Scattering Reactions
and Decay in Nonrelativistic Quantum Mechanics [in Russian], Nauka,

Moscow (1971).
524, P. Stamp, Phys. Rev., 153, 1052 (1967),
53A. Bohr, Nuel. Phys., 10, 486 (1959).

4, 5. Davidov, Theory of the Atomic Nucleus [in Russian], Fizmatgiz (1958).

%L, Wolfenstein and J. Ashkin, Phys. Rev., 85, 947 (1952).

%D, Robson, Isospin in Nuclear Physics, North-Holland, Amsterdam (1969).

i Heisenberg, Theorie des Atomkerns, Croninger, Gottingen (1951).

S%4. sherif and J. S. Blair, Phys. Lett., B26, 489 (1968).

5%A. Bohr, Mat.~Fys. Medd. Dan Vid, Selsk., 26, No. 14 (1952).

%A, B. Kurepin, H. Schulz, and H. J. Wiebicke, Nucl. Phys., A189, 257
(1972).

$1p. H. Brown and P, Stoler, Phys. Rev., C2, 765 (1970),

384 Sov. J. Particles Nucl., Vol. 5, No, 4, April-June 1975

S%E. Veje et al., Nucl. Phys., A109, 489 (1968).

®3T. Grotdal et al., Nucl. Phys., A110, 385 (1968).

L Kurepin, Krat. Soobshch, Fiz., FIAN SSSR, No, 3, 22 (1972).

R, A. Kenefick and R. K. Sheline, Phys. Rev., 133, 25 (1064).

%A. 5. Davydov, Excited States of Atomic Nuclel Lin Russian], Atomizdat,
Moscow (1967), p. 192,

STA. B. Kurepin, R. M. Lombard, and |. Raynal, Phys. Lett., B45, 184(1973).

S%H. Feshback, Ann. Phys. (N.Y.), 19, 287 (1967). i

5. B. Woolan et al., Nucl. Phys., A154, 513 (1970).

"A. Bohr and B. Mottelson, Nuclear Structure, Vol. 1, Benjamin (1969).

™. Briickner et al., Phys, Rev. Lett., 30, 57 (1973).

"W, Bertozzl et al., Phys. Rev. Lett., 28, 1711 (1972).

Yy, Eni, Lobner, M. Vetter, and V. Iﬁnig, Nuclear Data Tables A, Vol, 7
(1970, p. 495.

MA. B. Kurepin and N. S. Topil'skaya, Yad. Fiz., 20, 1117 (1974) [Sov. J.
Nuel. Phys., 20, No. 6 (1975) (in press)]. i

®D. Hitlin et al., Phys. Rev., C1, 1184 (1970).

™D, A. Arsen'ev et al., [zv. AN SSSR, Ser. Fiz., 37, 906 (1973),

A. B. Kurepin 384



	5_4_2_Kurepin
	5_4_2_Kurepin доб

