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A renormalization procedure is considered for gauge-invariant theories. Theories with spontaneously broken

symmetry are analyzed in detail.

INTRODUCTION

During the last two years, the theory of gauge fields has
turned from a rather exotic science, of interest only to a
few specialists, into one of the most popular divisions of
quantum field theory. The vigorous growth of interest in
gauge fields started after the publication of a paper by G.
t.'Hoc»ft,I who rescued from oblivion the articles by Higgs,2
Kibble,® and Weinberg, and who has shown that the tech-
nique of quantizing gauge-invariant theories, developed in
the papers of V. N. Popov and L. D. Faddeev® and De Witt,*
is applicable also to models with spontaneously broken
symmetry, which makes it possible to describe vector fields
with nonzero mass.

Since that time, many papers devoted to quantization
and renormalization of models with broken symmetry have
been published and have in part "rediscovered" the results
well known already in the theory of gauge fields. Yet the
entire theory of quantization®® and renormalization,® 1
developed for models without spontaneous symmetry break-
ing, can also be applied to this case with practically no
changes. We therefore attempt to deseribe in this review,
from a unified point of view, the general methods of quan-
tization and renormalization of gauge-invariant theories,
using by way of illustration models with spontaneously
broken symmetry.

In the second section we discuss the role of gauge in-
variance in elementary-particle interactions. The third
section is devoted to an exposition of the Higgs mechanism
of spontaneous symmetry breaking. In the fourth section,
using Kibble's model as an example, we describe a gen-
eral procedure for quantizing gauge-invariant theories,
in the fifth we construct a renormalization procedure, and
in the sixth and final chapter we consider possible appli-
cations of gauge fields to weak and electromagnetic interac-
tions as well as the problem of anomalous Ward identities,

1. GAUGE INVARIANCE AND
ELEMENTARY-PARTICLE
INTERACTIONS

The principal limitations imposed on the form of an
interaction Lagrangian is that it be invariant with respect
to one group or another. However,the requirements of rel-
ativistic invariance, isotopiec symmetry, and other rigorous-
ly established symmetries still leave a large leeway inthe
choice of the Lagrangian, and it is customary to resort to
phenomenology in order to eliminate this leeway. In this
connection, attempts were made already long ago to pos-
tulate invariance with respect to some wider group of
transformations, so as to be able to establish the type of
interaction and to describe from a unified point of view
all the elementary-particle interactions. It appears that
the role of such a group can be assumed by an infinite-
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dimensional group of local gauge transformations.

As is well known, the equations of an electromagnetic
field interacting with charged fields ¢ are invariant with
respect to the gauge transformations

P (&) = exp [iea ()] ¢ (z);
P (%) = exp [ —iex ()] (2); (1)
Ay — A, = o/ dan,

Yang and Mills!? have generalized the concept of gauge in-
variance to include the case of the SU, group (the case of
an arbitrary compact group was considered by Utigama,‘3
by Glashow and Gell-Mann,! and by Schwingerl!®). Their
argument reduced briefly to the following: The isospin
conservation law is due to the invariance of the Lagran-
gianwith respect to isotopic rotations with coordinate-inde-
pendent parameters, i.e., with respect to simultaneous
transformations of the fields at all space—time points. In
the local theory, however, it is natural to stipulate invar-
iance with respect to independent transformation of the
fields at different space—time points. Confirming the
validity of this hypothesis is the electromagnetic inter-
action, the Lagrangian of which is invariant against the
local gauge transformations (1).

The requirement that the Lagrangian be invariant
with respect to the gauge transformations

&y () = AT"a" (z)  (2) (2)

(here o%(x) are infinitesimally small functions, and the
matrices T realize the representation of a certain com-
pact group G) leads to the need for introducing a vector
"compensating" field Aap (x), which is the analog of the
photon in the case of the abelian gauge group, andistrans-
formed in accordance with the law

5.1111 (z)= }..i“”czlﬂcf + oottt (3)

where t“bc are structure constants of the Lie algebra of

the group G,

[7'11! Tb} = f“’CTC. (4)

We shall sometimes use also the matrices Au(x), the val-
ues of which at each x belong to the Lie algebra:

Ay (2) = 4} (2), (5)

where t% are generators normalized by the conditions

(i(:)fjc =£rlbl:. [tl‘l’ ﬂb] bl”“ic'
Tri e thyi=i— 26 )
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A finite transformation corresponding to the infinitesimal
transformation (3) takes in terms of these matrices the
following form:

A, QA0 —(1/4) Q8,971 (7)

At each value of x, Q (%) is an element of the group G. In
particular, in exponential parametrization we have

Q (z) = exp [M"2" (2)]. (8)

A gauge-invariant Lagrangian describing the inter-
action of a vector field Ay with other fields ¢ is construc-
ted by replacing the usual derivative with the covariant
derivative

Dy, = (8, — AT°A}). )
The invariant Lagrangian of a free (more accurately,

self-acting) Yang—Mills field is expressed, justasinelec-
trodynamics, in terms of the intensity tensor

Fuy=08,4,— 3,4, + M4, 4,]. (10)
which transforms in accordance with the law
Fuy—QF,,Q71, (11)
and is gi{ren by
L =(1/8) TrF Fyy. (12)

The construction described above admits of a beauti-
ful geometric interpretation, in which the gauge fields Ay
play the role of connectivity coefficients of a layered space,
the basis of which is four-dimensional space—time, andthe
layer is the group space of the gauge group. The tensor
Fy v plays here the role of the curvature tensor of this
space, and the covariant derivatives D,, have the meaning
of the ordinary covariant derivatives in curved space.

Sakurail® proposed to consider the requirement of
local gauge invariant as a fundamental physical principle,
according to which each conservation law should correspond
to a gauge or "compensating" field, the interaction with
which is deseribed by a Lagrangian that is invariant with
respect to transformations of the type (2) and (3). This
principle establishes a natural and elegant connection be-
tween symmetry properties and dynamics, and leads to
a number of important physical consequences, and in par-
ticular to universality of the interaction.

An essential shortcoming of the Sakurai hypothesis
has been the fact that the Lagrangian (12) describes a
massless field, whereas all the known (and also postu-
lated) vector particles with the exception of the photon
have nonzero mass.

Introduction of a mass term in the form (mz/z)AuA“
violates the gauge invariance. This difficulty can be cir-
cumvented with the aid of the generalized Stuekelberg
formalism.!’ Stuekelberg proposed a gauge-invariant
formulation of the theory of a neutral massive vector field,
in which the invariance is ensured by introducing an aux-
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iliary scalar field that transforms in accordance with the
law

B — B4-ma(x). (13)

The gauge-invariant Lagrangian can be expressed in the
form

1 m2 I adB \2
L= g fuvfuv”’FT (Au_W' ozt )

L [y (9, — ledy) + M. (14)

The vector field is described by a five-component quan-
tity (Au, B). However, just as in electrodynamics, gauge
invariance decreases the number of degrees of freedom by
two, and as a result we are left with three degrees of free-
dom, in accordance with the three possible polarization
states of a massive vector field.

The Stuekelberg formalism can be generalized to in-
clude the case of a nonabelian gauge group by introduc-
ing an essentially nonlinear field II(x), which is an ele-
ment of the group G for each value of x. If we stipulate
that the fields IT transform under gauge transformations
(7) in accordance with the law

I (z) > & (2) [1 (2), (15)

then, without loss of gauge invariance, we can introduce a
mass term in the form

(m¥4) Tr (Ap— Ly)?, (16)

where

Ly () = (1/2) IT (1T /gam), (17)

is a vector field and, as follows from (15), transforms un-
der gauge transformations in the same manner as Ay:

Ly QL0 0,0, (18)

The aforementioned gauge-invariant formulation of the
theory of a massive vector field is described in detail in
the present author's review.®® Referring those interested
in details to this review, we indicate only that an advan-
tage of this formulation is the absence of physical sup-
plementary particles (scalar fields II can be eliminated by
a gauge transformation and are absent from the asymptot-
ic states), but owing to the essential monlinearity of the
field II (x) the corresponding theory is nonrenormalizable
in the usual sense.

Faddeev!® has recently proposed a model of weak and
electromagnetic interactions, based on a certain modifi-
cation of the formalism described above (in this model,
two components of the vector field have a mass, while the
third, identified with the photon, remains massless). This
model has the advantage of economy (there is no need to
introduce any as yet unobservable quantities, with the ex-
ception of charged vector mesons), but the possibilities
of its practical utilization are limited for the time being,
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owing to the absence of sufficiently reliable calculation
methods in the nonrenormalizable theories.

Another possibility of gauge=-invariant description of
massive vector fields was indicated by Higgs.2 In the
Higegs model, the vector-field mass is the result of spon-
taneous symmetry breaking. Unlike the model described
above, the Higgs —Kibble model is renormalizable, but at
the expense of the need for postulating the existence of
additional scalar particles, which in principle should be
observed in experiment. In the next section we describe
in detail the Higgs—Kibble mechanism and present non-
rigorous but physically lucid arguments in favor of the
possibility of constructing a renormalizable unitary S
matrix in these models.

2. THE HIGGS MECHANISM

Attempts to obtain particle mass as a result of spon-
taneous symmetry breaking were made long ago,”’21 but
they encountered serious difficulties, connected in part
with the problem of ultraviolet divergences, and in part
with the fact that, according to the Goldstone theorem,2
spontaneous symmetry breaking is accompanied by the
appearance of massless scalar particles, the existence of
which is not confirmed by experiment.

The mechanism proposed by Higgs successfully gets
around these difficulties. We considered using as an ex-
ample a model that is invariant with respect to the group
SU,. (In his original paper? Higgs considers the caseofan
abelian gauge group. The generalization to the nonabel-
ian case was presented by Kibble.?

Assume we have a scalar isotriplet ¢ interacting with
a Yang—Mills field Ay. The gauge-invariant Lagrangian
is of the form

i . 1 a
L=Tr {% Fu\-['m' o [OH(P —A (A}ll [P)]“_' |4 ((F)} ' (19}

where V(@) is an invariant polynomial in ¢. If we confine
ourselves to renormalizable interactions, then we have

m2

V() =1r[ £ 5 a2+ 5 (2] )

From the point of view of invariance, the choice of the
sign of the mass term is immaterial, but the physical
meaning of the theory depends essentially on this sign.

In classical theory, the ground state (vacuum) is de-
fined by the conditions

8§V /6@ =0; &V /og*=0. (21)
If the mass term is positive, these equations have only a
trivial solution and, consequently, the ground state (vac-
uum) is isotopically invariant. If the sign is negative, the
situation changes, and a stable equilibrium state corre-
sponds to

| @ [2 = m*/4h*®. (22)

This means that the vacuum does not have the symmetry
of the initial Lagrangian, and there is a certain preferred
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direction in isotopic space. A symmetrical extremum
corresponding to ¢ = 0 is unstable.

In quantum theory, the instability of a symmetrical
ground state becomes manifest inthe difference betweenthe
quasimean values and the ordinary meanvalues.?® A quasi-
mean value is defined as an average over the vacuum, cal-
culated in the presence of an infinitesimally small term
that breaks the symmetry. If the limit of this mean val-
ue as the symmetry-breaking term tends to zero differs
from the value calculated directly inthe symmetrical theo-
ry, then we have the effect of spontaneous symmetry break-
ing.

Since the Lagrangian (19) is even in ¢, the usual vac-
uum mean value is {¢) = 0. We shall show that the quasi-
mean value is (9'3) = 0.

We introduce a symmetry-breaking term Tr c¥, where
c = cf%, and c¢? is a constant isovector that can be re-
garded as directed along the third axis without loss of
generality. The introduction of such a term leads already,
in the tree approximation, to the appearance of transitions
between vacuum and the single-particle state, and conse-
quently to the appearance of a nonzero vacuum mean val-
ue:

(i) = Ebis. (23)

We change, with the aid of a canonical transformation,
from the fields ¢ to fields ¢' that have zero vacuum mean
values:

@i =i —Ei; & =Ebss. (24)

This substitution transforms the funetion V(@) in the fol-
lowing manner:

V(@) =Tr[(—m?4) (9 + 295 +E7)
4 (h%2) (@' 4 482 + 4B - 4Q Pk + AgiES + £ (25)

The terms linear in ¢' lead already inthetree approx-
imation to transitions between vacuum and the single-
particle state. Inasmuch as (¢') = 0 by definition, the
self-consistency condition requires that the sum of all the
terms linear in ¢' vanish:

(— m?/2) &+ 20283 4 ¢ =0, (26)

(We have written out here the self-consistency condition
in the tree approximation. In the exact self-consistency
condition it is necessary to take into account also the con-
tribution of diagrams of the tadpole type.)

We see that in the limit as ¢ = 0 this equation has,
besides the trivial solution £ = 0, also the solution

E2 — m2/4h?. 27)

This solution corresponds to a stable ground state and,
as will be shown below, leads to a theory that is free of
paradoxes of the imaginary-mass type and others.

Using the condition (27) we can easily show that the
terms quadratic in ¢' combine to form the group

(m*/4) @7, (28)
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i.e., the mass terms for the first and second components
vanish, and the third component acquires a real mass.

Finally, as a result of a canonical transformation, the
term containing the square ofthe covariant derivative gives
rise to a mass term for the field A,u:

(AE%/2) (At + 4i2)- (29)

Finally, a canonical transformation leads to a La-

grangian (we omitthe primes from now on)

1 o e
L=— % Fquu‘, - 5 (Ujl(p—}u [AH- b4 (P])

M2 2 i
+ 55 (At Afo) + M (0,9 + G2 yo)

m2

-+ MM (AL Qs — Au (Au@)] -+ 5 @3 — B (9%)* — 2mh (¢2)* ¢5. (30)

This Lagrangian describes a triplet of vector fields, two
components of which have nonzero mass, interacting with
a scalar triplet %, one of the components of which has a
nonzero mass. The zero-mass components #; » are none
other than Goldstone bosons.

Although the Lagrangian (30) no longer has isotopic
symmetry, it is invariant, as before, against local gauge
transformations. The initial Lagrangian (19) was invar-
iant to the transformations

Ay A+ A [A ] + do/dat; @ — @+ A [qe). (31)
Since the Lagrangian (30, was obtained from (19) by the
formal substitution ¢ — ¢ + £, it is obviously invariant
to transformations obtained when ¢ in (31) is replaced by.

¢+E:

A, — A LA [A o] + do Oz, (32)
¢ — @+ [qo] + A [Earl.
In the case of spontaneously broken symmetry, the gauge
transformation of the field ¢ is inhomogeneous: The
components ¥4 , experience a shift. Since the observed
quantities should not depend on the choice of the gauge, we
can use this leeway to cause the components ¢4 and ¢, to
vanish. (It is impossible to let the component ¢ ; vanish,
since it is homogeneously transformed.) In this gauge
there are no Goldstone bosons, and the space of the asymp-
totic states consists only of physical vectors. Therefore
the S matrix constructed in the usual manner is patently
unitary. A shortcoming of this gauge is the nonobvious
renormalizability. Since the Green's function of the vec-
tor field

Diy ~ (8" — K"K m=2)/ (k2 — m?) (33)

tends to a constant at large k, a formal count of the
degrees of the divergence shows that the theory described
by the Lagrangian (30) is not renormalizable. However,
as is well known, gauge invariance usually lowers the de-
gree of divergence. Indeed, one can choose in place of the
gauge ¢4, =0, e.g., the gauge 9yAy = 0. In this gauge, the
Green's function of the vector field is

Dl ~ (g™ — Mk 2) (k2 — m?), (34)
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and a count of the degrees of the divergence leads to a
conclusion that the number of primitively diverging dia-
grams is finite, and consequently that the theory is renor-
malizable. The gauge 9,A); = 0 is not explicitly unitary,
for in this case the theory contains the Goldstone bosons
?4,2, and also vector-field quanta with negative energy.
However, inasmuch as the S matrix should not depend on
the gauge, the total probability of the transitions to all the
nonphysical states shouldbe equal to zero. In other words,
by virtue of gauge invariance, the S matrix is simultane—
ously renormalizable and unitary. Of course, all the fore-
going are merely intuitive arguments. A rigorous proof
of unitarity and renormalizability will be given in succeed-
ing chapters.

In the Higgs—Kibble model, the Goldstone bosons are
unobservable and can be generally eliminated from the
spectrum by suitable choice of the gauge. The Goldstone
theorem does not hold in this case because its proof is
based essentially on relativistic invariance. Butfor mass-
less gauge fields there is no explicitly relativistic invar-
iant formulation in Hilbert space. On the other hand, if a
theory is formulated in a space with indefinite metric (the
gauge 9,4, = 0), then Goldstone bosons do appear, but con-
tribute, just like longitudinal and timelike photons, to vir-
tual states and are absent from the asymptotic states.

Before we proceed to rigorous results, letusdescribe
one more model in which spontaneous symmetry breaking
causes all three vector-field components to acquire a
mass.

The initial Lagrangian is

1 1 ;
L=— 7 FoFuy + 5 (g —igAyTe)*

X (Oup— igAyte) + 2 ro—12 (¢, (35)

where ¢ is a non-Hermitian doublet:

- J “P*)
A (fp" )

It is easy to verify that a stable ground state corresponds
to (@) = 0. As a result of the canonical transformation
¢ . ¢+ £, where ¢ is a constant isospinor, we arrive at a
theory describing a massive triplet of vector fields, in-
teracting with a scalar field. It is convenient to express
the Lagrangian obtained in this manner in terms of the
fields B and o:

¢ =(1/V2) (iBi—By); ¢°=5+(1/V2) (0+iBy);  (36)
1 M2 :
L= — 3 FuFuy+-5 A} MA,0,B+1 9,85,B
+ 5 000,0 — 2 o2 +£ 4} (00,B* — B9 .0 — [B x ,B]")
M g" " 2 . 2m2
P AL F (OB AL — 0 (0 B — S 0+ B,
(37)
This Lagrangian is invariant with respect to the gauge
transformations
Ap— Ay g [Aw] -+ dpe;
G—%—U%%BC&; (38)

B—B}| M- fT [Ba] -+ Lchsa.

A. A. Slavnov 306



In this model, a triplet of Goldstone bosons (B) is pro-
duced; these can be eliminated from the spectrum by a
suitable choice of the gauge.

In concluding this section, let us formulate a theorem
that enables us to identify the vector mesons that acquire
mass as a result of spontaneous symmetry breaking‘.a

Let G be the invariance group of the initial Lagran-
gian. The vacuum average field ¢ differs from zero. The
aggregate of the generators I of the group G, which cause
{®) to vanish, 4 (%) = 0, forms a subgroup S, called the
small group of vacuum. Each generator of the group G
can be set in correspondence with a gauge field. All the
fields corresponding to the generators in the small group
of vacuum remain massless. The remaining vector fields
acquire a mass. In the first of the considered models, the
role of the small group is played by the abelian group of
charge gauge transformations, and it is natural to identify
the corresponding massless vector field with the electro-
magnetic field. In the second model, the small group is
trivial and there are no massless vector fields.

3. CANONICAL QUANTIZATION AND
FEYNMAN RULES

In this section we analyze rigorously the theories
described by Lagrangians of the type (30) and (37). The
preceding heuristic reasoning was needed only to construct
a gauge-invariant Lagrangian that deseribes massive vec-
tor fields. The reader who is dissatisfied with the rigor
of the arguments connected with the Higgs mechanism can
therefore omit them and take Egs. (30) and (37) as the
starting point. In all the constructions that follow, we use
only the gauge invariance of the Lagrangians (30) and (37).

A Lagrangian describing a gauge-invariant system is
degenerate. Not all the variables that enter into the La-
grangianare canonical. Some of the variables playthe role
of Lagrange multipliers, and the corresponding equations
are constrained equations. To quantize such a system, it
is necessary to solve the constraints explicitly, and, using
the leeway in the gauge, to impose on the fields a condition
that fixes the gauge (this condition should be compatible
with the constraints). It is then necessary to express the
action in terms of the remaining independent canonical
variables and to apply to them a standard quantization
procedure. This procedure is equally applicable to theo-
ries with and without spontaneous symmetry breaking.
Referring the reader interested in details of the quanti-
zation of degenerate systems to the paper by L. D.Faddeev,!
we illustrate this method using the Lagrangian (37) as an
example.

Owing to the degeneracy of the Lagrangian (37), the
canonical momentum pg vanishes identically. The remain-
ing canonical momenta take the form

Po= O; Pi= 6L;6.~],’ = Fm;

= OL/IB = MAg+ 3B + (2/2) Aw — (2/2) [AcB; (39)
Ty = DLj0 = 8,0 — (g/2) (AeB).

With the aid of these equations it is easy to obtain an ex-
pression for the action A = p;q; = H(p,q). To simplify the
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equations that follow we fix the gauge by putting
B=0. (40)

The action can then be rewritten in the form

= S {PiAi—%Pipi—-‘é“ﬂz -+ Ag (ai[li + g [pidi]

L Mstu;-fi:(m) <P (o, :sGA,-)} dz. (41)

We have not written out here explicitly the function F',
which contains the canonical form for the fields ¢, since
this form is standard and does not lead to any complica-
tions. What matters to us is only that F' is independent
of Ay, pi, and .

We see that the variable A plays the role of a La-
grange multiplier. Byvarying the action (41) with respect
to Ay, we obtain the equation

dipi —Jrg[p;r\;[+;1[:r—1—%ﬁn:ﬂ, (42)
which contains no derivatives with respect to the time and
consequently is a constrained equation. This equation en-
ables us to eliminate the variables w, after which the ac-
tion is expressed only in terms of independent canonical
variables Ay, p;, o, and m;. This concludes the construc-
tion of the canonical formalism, and from now on the pro-
cedure of canonical quantization can be carried out in
standard fashion, by replacing the Poisson bracket with a
commutator.

At this stage, it is convenient to resort to the contin-
ual integral formalism. As is well known, the generating
functional for the Green's function can be expressed in the
form of a continual integral

Z(mi.m)= \ exp {i.fl-—i \ (A --na) d.r-J dA; dp; do da,;. (43)

In our case A is given by Eq. (41), and for 7 it is neces-
sary to substitute the solution of (42):

T= —[dipe + g [pA:]) /(JL;%—WE) : (44)

We shall make repeated use of the representation of
Green's functions in the form of a continual integral. We
therefore make a few remarks concerning this integral.

The continual integral
\ Fg) [[ dg (x)

is defined as the formal limit of a finite-dimensional ap-
proximation based on the choice of a lattice system of
points in x space:

U # @) T da (o= 1tim § 7 (@) T] do.
The choice of the limitations that must be imposed on the
class of functionals and on the space of the functions in
order for this limiting transition to be convergent has not

yet been resolved. -
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However, when Green's functions are calculated by
perturbation theory, only integrals of a special type are
encountered, namely, Gaussian integrals

Fen {3 (0@ @ —mq@lde} o) ... 0[] do

which can be calculated exactly. They are expressed with
the aid of the variational derivatives of the integrals:-

e {i{ ze@E@—m)o@+n@ @]} dr

—oxp[ 4 | 0@ D (e—pn W) deay] .

where DC(x) is the Feynman Green's function, To obtain the
rules for bypassing the pole, it is necessary to take into
account the boundary conditions, which reduce to the re-
quirement that the integration be carried out along tra-
jectories that are asymptotically (as t — *=) distributed
in configuration space with a probability determined by the
wave function of the vacuum.?® In this approach, the func-
tional integral is simply shorthand for a number of per-
turbation-theory diagrams, and is convenient for various
combinatorial proofs.

A more consistent and general approach can be based
on a Euclidean formulation of quantum field theory, first
proposed in refs. 26 and 27. In this approach, the Green's
functions are defined first in terms of Euclidean variables,
and the transition to the pseudo-Euclidean domain is ef-
fected only in the final expressions. Analytic continuation
of the Green's functions is effected by the simple sub-
stitution p; — ipy(1 +ig). This procedure makes it pos-
sible to circumvent in general the bypass rules. We shall
therefore not stop to discuss this question specially each
time.

The integral (43) can be rewritten in a more symmet-
rical form by introducing integration with respect to A,
and 7

Z(ni. m) = S exp {i S[pf:&g-—%p:ps—%nz -1-r\a(0slli g [piAi]
+ Ma+5 on) + F' (0, T, Ai)-+MeAs+ 1]ch d;r} det (M- 57)
» dAdp; do dng dAydm. (45)
Indeed, integration with respect to A, can be carried out
in explicit form, as a result of which we obtain 6@jpi *
glp;Ail+ Mm + gom/2). Integration with respect to 7 is
eliminated by a 6 function, which is equivalent to replacing
m with the right-hand side of (44). The Jacobian that ap-

pears upon integration with respect to 7 is cancelled out
by det (M+go/2), and as a result we return to (43).

The integrals with respect to momenta pj, 7, and 7y
are Gaussian and can be calculated explicitly. Carrying
out the integration, we obtain

Z(Mi, M) = s‘ exp {i 5 [L (%) |g—o + n:A -+ no]d:r}

X det {M - go/2} dA,; do, (46)

where L(x) is determined by Edq. (37) with B = 0.

Expansion of the integral (46) in a perturbation-theory
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series generates a standard diagram technique, the vec-
tor-field propagator being

1 gV h V-2
k2 —m?2

(47)
The variational derivatives of the functional (46) deter-
mine the Green's functions of the field Ai and ¢g:

4
o, (1) .. .ONE (Tn) - .. 0N (y) [nym=0

=(TA}(z)) ... AL (%a) ... 0 (1),

(48)

The S matrix is obtained from these Green's func-
tions with the aid of the standard reduction formula. The
gauge considered here contains no nonphysical fields what-
ever. The asymptotic states include only three states of
the polarization of the massive vector field and one mass—
ive scalar field. Therefore the S matrix is obviously
unitary (of course, after suitable renormalization).

It is usually more convenient to use fully covariant
Green's functions determined by the functional (46) with
a source in the form My, A'u (summation from 0to 3). Since
the asymptotic states satisfy the Lorentz condition, we
can assume that a7y = 0.

The only not quite usual element in Eq. (46) is the fac-
tor det (M + go/2). Factors of this type appear in all theo-
ries in which the interaction Lagrangian contains at least
two derivatives (or two vector fields). From the point of
view of diagram technique, this factor is interpreted inthe
following manner: det (M+go/2) can be represented as
the determinant of the diagonal matrix G in x space:

(|G| 2"y =8 (r—2') [M + go (z)/2]. (49)
Accordingly
(z|InG|z"y=8(z-—=z') In[M + go (z)/2]. (50)
Using the equation
detG=exp7ring, (51)

we can rewrite det(M + go/2) in the form
det (M - go/2)=exp [6 (0) 5 dxTrln (ﬂw[+gﬁ,’2)] 5

We see that from the point of view of diagram technique
this factor leads to the appearance of additional diagrams
that enter with weight 6(0). This expression must of
course be understood in the sense of a certain regulariza-
tion.) The role of these diagrams is to compensate for
the most singular terms in the expansion of the integral
(43), which arise in the pairings AJ—*‘-(X)AH (x) ~ 6(0). These
pairings arise because Eq. (43) does not include the oper-
ation of normal ordering. In other words, allowance for
the factor det(M + go/2) means partial normal ordering
of the Lagrangian contained in (43).

As already noted, owing to the slow decrease of the
propagator (47), the theory with respect to the formal
count of the degrees of divergence is nonrenormalizable.
This conclusion, however, is in error. We shall now show
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that gauge invariance leads to cancellationofthe strongest
singularities in each order of perturbation theory, and
leads as a consequence to renormalizahility.

Equation (43) has only a formal meaning because the
integrals that determine the individual terms of the per-
turbation-theory series diverge at large momenta. To
make all the following arguments rigorous, we assume
that the integrals have been regularized, the regularization
being invariant, i.e., the regularizedfunctional satisfies the
same symmetry relations that are formally satisfied by
the nonregularized functional (43). The actual method
used for the invariant regularization will be considered
in the next section.

We first rewrite the entire integral (43) in a more
invariant form. To this end, we note that

§(B) det (M -+ go/2) =§ (B) A (B), (52)
where the functional A (B) is defined by
a®) (8@ aa=—1, (53)

The symbol BQ stands for the result of application of the
gauge transformation to the field B. The integration is
over the invariant measure on the group.

Ehp &unct'iémal Z(B) is gauge=-invariant in the sense
that A(B ) = A(B). This fact follows directly from the
invariance of the integration measure in (52). On the sur-
face B= 0, only the vicinity of a single element contrib-
utes to the integral (52). Indeed,

B? =B+ Ma+ (g/2) [Bee] - (2/2) o+ 0 (a2), (54)

Under the condition B = 0, the equation B2 = 0 hecomes
homogeneous and has only a trivial solution under the
natural boundary conditions o (x) - 0 as x — «. There-
fore the integral (53) can be calculated explicitly on the
surface B = 0. Its value is

A (B) |n—o = det [M - go (x)/2], (55)

thereby proving our statement.

The integral (43) can be rewritten in the form

Zonm=27(0) [ exp {i | 1L (@)
" 5 (56)
-+ MyAy -+ ol dz } K (B) 8 (B) dB dA do.

Here L(x) is the gauge-invariant Lagrangian (37). To go
over to an explicitly renormalizable gauge, we use the
formal procedure proposed in refs. 5 and 28. We intro-
duce a functional A(A) defined by the equation

A (A) 5 (0,2 — ¢ (2))dQ=1. (57)

This funetional is obviously gauge-invariant. Inasmuch
as the product A(A) g 6 (9pAp — c(x)) dQ is equal to unity,
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we can multiply the right-hand side of (56) by this prod-
uct without changing the value of the functional Z(ny, 7).
We make in the transformed integral the change of var-

iables

Af=A;; BY=B; =0, (58)

(we shall henceforth omit the primes). It is easy to ver-
ify that the Jacobian of this transformation is unity. By
virtue of the gauge invariance of the Lagrangian and of
the functionals A(A) and A(B), the transformation (58)
leaves them invariant, and we obtain as a result

2 (h M=27(0) {exp {i [ 1L@+nAl" +n0""jar)
8 (WA —e(2) 8 (BT )A(B) A (A)dA dBdo dQ.  (59)

The integration with respect to & can be carried out ex-
plicitly. The resultant Jacobianiscancelledby A (B), and Q!
is expressed in terms of B through the equation B%-1 = g,

On the mass shell, the terms with the sources ?]“Aff‘l,
T)O’Q"l can be replaced by nuAp, 1o, or more accurately

5 exp (ki) (TA, (). AR (@) . .0 (@a))

k.f' =m'§
wdey oo dea=T] 572 (ks —m3) \
7 J

a 5
ki =mj

n
1[ (ki —m})
=1
exp (ki) (TAp () ...

S (B0) e O1(E) 0] - i, (60)

This statement, which is the analog of the Borhers theo-
rem,?? is easiest to explain in diagram language. It fol-
lows from (38) that

0-1

“\u = Au—auu —& TAsJ. a]-+0 ('1:);
o =0 — £ (Ba) + 0 (). (61)

Since the source 7y, satisfies the condition gunu = 0, we
can omit the term 9pe. The terms remaining in the left-
hand side of (60) correspond to the Feynman diagrams
shown in Fig. 1. Diagrams of type (a) correspond to the
Green's functions in the right-hand side of (60). The dia-
grams of type (b) and (c) are due to the next higher terms
of the expansions of Af}'I and ¢©~1, When diagrams of
types (c) are multiplied by || (—m?), they vanish at

i

k‘i - m%, since they do not contain poles in at least one of
Q.
& @
a
\.. ﬁl &,
oo % @
b c
Fig. 1
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the variables kij. Diagrams of type (b) differ from the
diagrams (a) for k'; = m!{ only in an additional renormal-
ization of the external lines, and this renormalization is
taken into account by the factors zi"l/2 in (60).

Consequently, if we are interested in only the matrix
elements on the mass shell, we can express Z(ny, m) in
the form

Z (), ) =z71(0) J exp {i 5 [L (x) 4- nuAp + o] d;c} 8 (duAu—e(z))
X A (A) dA dBdo. 62)

Since the function e (x) is arbitrary, we can integrate (61)
with respect to o(x) with weight {i | (2a)~le?(x)dx}. The
integration yields a final expression for the generating
functional of the Green's functions in an arbitrary rela-
tivistically invariant gauge:

Z (o m)==2(0) f exp {i {[ L)

+ A 10 4 o (3uA)? | dz } A (A) dA dBdo. (63)

It remains only to calculate the explicit form of the func-
tional A(A). It suffices to know its value on the surface
OuAp =c(x). Reasoning as in the case of the functional
A(B), we can easily show that on this surface only the vi-
cinity of a unit element contributes to the integral (57)
that determines A(A). Consequently,

[A(A) == | 8 (T + g0, [@A,]) o = [det A1,

where

Ma= Ca-+-gd, [aA,]. (64)

det M can be represented in the form of an increment to
the effective action, after first separating the trivial con-
stant factor det U. It is convenient here to use the equal-
ity det M = det M, where the operator M is the adjoint of

M:

Me = Co—g[Aud,e]. (65)

From the point of view of the diagram technique, det
M can be represented in the form of a sum of closed loops
over which a scalar particle of zero mass propagates:

det I =exp (77 In 0)71M) =exp (— .>:l E;Tr g v [0 o) [
= J

e Ay (0) 00, D (2, —23) . . .

N s D DY Ty —z) g« . dg ] r (66)

Here D' is the Feynman Green's function of the D'Alem-
bertian operator. Each loop is multiplied here additionally
by —1. Expression (66) can be written in compact form by
introducing the auxiliary Fermi field ¢ (ref. 5):

det M | exp {'I‘r% [ Eoe+ere a0 Ay)dz}dede.  (67)

The field ¢ must be regarded as a fermion in order to en-
sure a minus sign in front of each cycle.
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The free Green's function corresponding to (56) is

1 gV kMEY (1 —a) (k2 —m2a)!
) k2—mn2 =

(68)

As k — = we have D® ~ k™, Since the interaction La-
grangian (37) contains only triple vertices with one deriv-
ative and quadrupole vertices without derivatives, the
theory is renormalizable. The Lagrangian (37) in a gauge
of general form leads to a mixing of the fields Aj, and B.
Before we construct a perturbation theory, it is conven-
ient to diagonalize this Lagrangian by changing over to
the variables

B'=B—M [J719,4,. (69)

The parameter @, which fixes the longitudinal part of
the Green's function, can be chosen to be arbitrary. In
particular, @ = 0 corresponds to the Landau gauge 8uAy =0.
The renormalized matrix elements, generally speaking,
depend on the parameter o, inasmuch as we have seen that
the transition from one gauge to another is accompanied by
an additional renormalization of the external lines. How-
ever, the dependence on @ drops out completely from the
renormalized matrix elements. (A detailed discussion of
this question can be found in ref. 30.)

The proof of the equivalence of the S matrix in the
unitary and renormalized gauges was presented so far un-
der the assumption that an invariant regularization has
been effected. We now must demonstrate that such a reg-
ularization is indeed feasible and that an improper limit-
ing procedure that permits the lifting of the intermediate
regularization can be defined without violating gauge in-
variance. The violation of the gauge invariance would
destroy the equivalence of the unitary and renormalizable
gauges, and consequently violate one of these properties.

4. INVARIANT REGULARIZATION AND
THE WARD IDENTITIES

The invariant-regularization method is applicable to
an arbitrary gauge-invariant theory, both symmetrical
and with spontaneously broken symmetry.!! It is also ap-
plicable to a rather extensive class of theories with a non-
trivial internal-symmetry group, and in particular to non-
linear chiral models.3!

By way of the first example, we consider the Yang—
Mills Lagrangian. We introduce in this Lagrangian an
invariant structure containing higher derivatives:

1 1 w4
L=5Tr {5 FuFy-+5zr DaFuvDaF

1 5
—DopDop — -5 D2gD*o+V () t (70)
A

where Dy, Fyv is the covariant derivative of the tensor

Fus

Du.Fu.v i 6mFu\' -+ & [Fuv, Agls ()

It is easy to verify that under gauge transformations we
have

DaF;w = Q‘lDaFqu, (72)
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and consequently the Lagrangian (70) is invariant to the
transformations (31).

The free propagators defined by the Lagrangian (70)
take the form

b Sab
4= (2m)* (

a Bab L7 =3 a — 5
Dt =gy (8%V— RHAE) (P — A~%) 1, (73)

k4 EAT—m?)

(for the sake of argument we have written out here the

Green's function of the vector field in a transverse gauge).

The regularized propagators decrease as k™% as k — o,
However, in order to retain the invariance of the regular-
ized theory, it would be necessary to introduce new ver-
tices into the Lagrangian. From the explicit form of the
Lagrangian (70) it follows that, in comparison with the in-
itial Lagrangian, it contains additional triple vertices
with a maximum of three derivatives, quadruple vertices
with two derivatives, quintuple vertices with one deriva-
tive, and sextuple vertices without derivatives. Let us
calculate the divergence index of an arbitrary diagram.
Each internal line corresponds to a factor d'k in the nu-
merator, andto a factor k™ as the result of the propaga-
tion function. Therefore the divergence index does not
depend on the number of internal lines. Eachtriple, quad-
ruple, or quintuple vertex makes a maximum contribu-
tion k?, k2, or k respectively. To each vertex there cor-
responds a factor 6*(k), which is equivalent to k™. One
of the 6 functions expresses the law of conservation of the
total four-momentum. Summing all these factors, we find
that the maximum index of a diagram with n triple, m
quadruple, I quintuple, and S sextuple vertices is equal to

dnd-2mtl—4d(nd+-m+l+8)+4d=4—n—2m—3l—4s. (74)

It follows from (74) that only a finite number of diagrams
diverge in the regularized model, namely, the single-loop
diagrams of second, third, and fourth order. This con-
clusion can be extended automatically to any gauge-invar-
iant theory. (In some models it may be useful to use for
the regularization covariant derivatives of higher degree,
e.g., DEFuvD*Fup.)

For single-loop diagrams there is no general method
of invariant regularization. From each specific model
it is necessary to use a special method. In some cases,
e.g., for the ¥; gauge group, there is no invariant regular-
ization of the single-loop diagrams at all, and this makes
it impossible to satisfy the normal Ward identities in
these theories.

This leads to the following important theorem:!! An-
omalous Ward identities can be generated only by single-
loop diagrams.

The method described can be extended to the case of
a model with spontaneously broken symmetry. The cor-
responding Lagrangian can be obtained from (70) by mak-
ing the formal substitution

m?— —m* @@+ (75)

In the theory obtained in this manner, the three propagators
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can take a form analogous to (73):

Dyt = 6% (ghy — BMEVE2) (k2 KPA2 — M),
D = § (B2 4 kA2 — md) L, (76)

The maximum number of derivatives in the additional
vertices remains the same as in the symmetrical model.
Consequently, the foregoing conclusions extend automa-
tically to this case, too.

As to the single-loop diagrams, the fact that they have
no anomalies in this model can be simply verified by direct
calculation. It is also possible to use the method proposed
in ref. 28 for the invariant regularization of single-loop
diagrams. The idea of this method is the following. We
consider a five-dimensional generalization of the Yang—
Mills Lagrangian. The momentum ky now has five com~
ponents, while the fields Ay have 15 components. Since
this theory remains gauge-invariant as before, the single-
loop diagrams satisfy formally the usual Ward identities.
We set five components of all the external momenta equal
to zero. Then, by virtue of the conservation law, the
fifth component of the momentum in all the internal lines
will have the same value. We can, in particular, fix
the fifth component of the momentum in the internal
lines of the cycle, putting k52 =%, We thus obtain an ag-
gregate of diagrams coinciding with the usual diagrams in
the Yang—Mills theory, but in which all the internal lines
acquire an additional mass p. For example, k¢ — (k% —
p%~L, In addition, diagrams appear in which five com-
ponents ofthe fields A, participate. The corresponding ad-
ditional vertices are shown in Fig. 2. The diagrams gener-
atedby the vertices (c) and (d) satisfy the Ward identities by
themselves, since they describe the gauge-invariant inter-
action of scalar particle. They can therefore be omitted. The
remaining aggregate of diagrams coincides for i = 0 with the
diagrams of the nonregularizedtheory. Ifwe takethe sum of
the diagrams with ¢ = 0 and pj different from zero, and choose
the coefficients ¢ and pj such that

e =0;

i ’

cp=1;

}: L‘;lll%ﬂ(]; Mo == 0, (77)

then we obtain a final result that satisfies the normal
Ward identities.!

The invariant-regularization method described makes
it possible to go over correctly from a unitary (Coulomb)
gauge to an explicitly relativistic invariant gauge in the

g 3 abe
e b '\f\ﬂ(\ Mg €
N
a,
a 5N\<ﬂge""f§’f e ~ig £ab5(g-p) %
&y

d >< -9 €gac €gva t €gada Eqbe) Al

Fig. 2 The solid line denotes the propagator of the Yang— Mills field, and
the dashed line the propagator of a fictitious C particle.
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case of the usual Yang—Mills theory, and from a unitary
gauge to a renormalized gauge in models with spontane-
ously broken symmetry. However, in order to determine
the improper limiting transition A — =, it is necessary to
introduce counterterms that depend on A. If one succeeds
in choosing these counterterms in a gauge-invariant man-
ner, then the entire reasoning of the preceding section can
be applied to the renormalized theory, and this proves by
the same token the unitarity of the renormalized S matrix.

The relations between the counterterms follow from
equations similar to the Ward identities. We describe be-
low a general method of obtaining relations of the type of
Ward identities in gauge-invariant theories. These rela-
tions are useful also from the practical point of view,
since they make it possible to use in the calculations any
convenient regularization (not necessarily invariant), main-
ly taking care that the finite parts of the diagrams satisfy
Ward identities.

Let us illustrate the idea of the method using elec-
trodynamics as the example. The generating functional
for the Green's functions is defined by the equation

- e ; 1 3
Z0h & =270 | expi { {[ L(@)+5 @2+ ndy
+Ep-+ 98 | dz ) a4 dp ay, (78)
where L(x) is the gauge-invariant Lagrangian of the elec-
tromagnetic and the electron—positron fields. The Ward
identities are the direct consequence of the invariance of
L({x). To obtain them we make in the integral of (78) a
gauge change of variables:

Ap— A+ 0,9;
b exp (ieq)
p—exp (—ieq) .

(79)

By virtue of the invariance of L(x), this change alters only
the terms with the sources and the term that fixes the
gauge. Since the change of variables does not alter the
integral, we can put

dz/dep |gep = 0. (80)

This relation represents in compact form the infinite sys-
tem of Ward identities. ks explicit form is

Fesni { [ [Z@)+ 5 @A+ mud+ B0+ £F | da )
{5 Doy —0n, + ek () ¥ (2)

— e (2) § (2) }dA dpdp=0. (81)

Differentiating (81) with respect to 1y and putting n = £ =
¢ = 0, we obtain the equation .

1 0 822 1, 0

o gk 6’]11 () Oy (1) n, =0

= 0,0 (x—1Y),

=% o Dw@—0)

(82)

which denotes the absence of renormalization of the lon-
gitudinal partofthe Green's function. Differentiating (81)
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with respect to £ and Z, we obtain the relation

7 Ol T4 @) (1) 9 (3)

=e {8 (z—y) —6(z—2)} (T} (y) ¥ (2)), (83)

which is the well known Ward identity for the vertex part.

In principle, the same procedure can be used also for
the Yang—Mills theory. Inthis case the generating func-
tional for the Green's functions is

Z 0 W =2"(0) | expi { | [L(2) 4o (@udid? = A,

i nBJ d.r} A (A) dA dB. (84)
Making the gauge change of variables (31) in this integral
and putting (dZ/d‘P)lrp = ¢ = 0, we obtain a system of Ward
identities. The relations obtained in this manner, however
are meaningless. Under the transformations (81), the
terms (B,uAM)z and A(A) vary in a complicated manner, and
the relations dz/d¢ = 0 include in this case matrix ele-
ments of the type

(Tav‘auAu. (-r} A, () Ap (1)),

which are not encountered in the expansion of the S matrix.
These terms depend on the product of operators of like
arguments, and call for a special additional definition.

To obtain the Ward identities relating only the phys-
ical matrix elements, we make a gauge change of vari-
ables of special type, with a function ¢ satisfyingthe equa-
tion

qub(pi, - xa’ (8 5)

where X is an arbitrary function, and the operator M is
defined in (65). This transformation leaves invariant the
integration measure A(A) dA. To verify this, it suffices
to calculate the Jacobian of the transformation and the
variation of A(A):

BA (A) = 6Tr In M — 5 MM, dr, (86)

where the inverse operator M)W'i satisfies the equation

O M2+ ge™d 0, {47, (2) M ™} =896 (z—y). (87)

The operator Mxy‘m’J is the Green's function of the fic-
titious ¢ particles in the external field Ay,.

Equating the coefficient of X (x) to zero, we obtain
the relation

S exp i { 5 [L () +mud,+ Eii (9,4,)*+ nBJ dx}
{0 )+ | ng (2) bz
abe, 0

+ 2e"%ny, (2) Aﬂ (2) 1111'1',1 L -+ gs"b“n“ (z) (pb (z) J[;ylc‘!] dz}

x A(A)dAdB =0, (88)

which is a system of generalized Ward identities. Dif-
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ferentiating this equation with respect to T]B(X} and putting
Ny, N = 0, we obtain

LA @) ) = (O ")

A
_L<T
o l

+ga"“’ (TAP (y) -Illélrra (89)

Differentiating (89) with respect to y and using Eq. (87),
we obtain

(/e (T (DAL dam) (DAL Ay)) = 68 (x —y). (90)
This leads to the equation
(1/c) GEDEE (x, y) = 89, D (x—1y), (91)

which is the exact analog of the condition (82) in electro-
dynamics, meaning the absence of renormalization of the
longitudinal part of the Green's function. The condition
(91) leads to the vanishing of the counterterm of the mass
renormalization.

To obtain the analog of the identity (83), we differen-
tiate (88) twice with respect to 1y and put ny, n = 0. We
have

(1/e2) (T AR (2) AY (9) 45 (2))
— (T0, Mz} A% (y) + (T AR (z) 0,M5,")
- ge™te (T AL (2) M2 A3 (u)

- ga (T AL () Ay (1) M), (92)
In contrast to electrodynamics, the divergence of the ver-
tex function is no longer expressed only in terms of a two-
point Green's function. To obtain from (92) a relation be-
tween the renormalization constants, we differentiate this
equation with respect to y¥ and separate in it the structure
that is transverse with respect to the momentum p con-
jugate to the coordinate x. Changing over to Fourier trans-
forms, we have.

r kY k)P abe kY \ abe
Diiv () 7z - L T (b, = 3z G (R WY (1, 1) (93)
Here I“,{Bg denotes the proper vertex part
"TAn 1b e an’ ; o bb* 7]
(T4 (2) A ) 45.(0) = | D (@=-2') DY (=)
3 DL (z—2") TS5, (o, y, 57) da’ dy’ da’, (94)

and we have used (87) and (91).
tion of the ¢ particle,

G(q) is the Green's func-

5 (2m)"8 j exp ik (z—y)] G (k) &% = (TM5',  (95)
and the funetion "Yﬂﬁ’c is connected with the proper vertex

by the function ﬁ’bc , which corresponds to a transition of
two ¢ particles into a single vector particle, by the rela-
tion

P = ipir. ()

The symbol tr denotes that we have separated in Edq.
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(93) the part transverse with respect to the variable p.
The vertex part I‘;JBP can be represented in the form

T3%% (p, &, q) =ie"* (a7 [ (p—K)°
+ g (p—0)" + & (g—p)"] + Osvpy (97)
where 0ypp is a finite part that vanishes for p* = k? = ¢?.

We can represent in similar form the other functions that
enter in (93):

DY, (p) = (g* — prp¥p™®) p {22 40 (P} (98)
G (@) ={z+0(®}a™ (99)
Y2 (p, @) = €™ {guv3tt + O (P @) (1L00)

The constant zy is, by virtue of (96), the renormalization
constant of the vertex function Y4PC. Substituting these ex-
pressions in (93) and putting p® = k® = q? = 0, we obtain

Sl E

287 =

=7, 5k (101)
This relation replaces the equality z; =z, inelectrodynam-
ies. By direct calculation in the lower orders we can
demonstrate that zy # z,.

We can obtain analogously relations for the renormal-
ization constants of the quadrupole vector vertex z,, and
also for the constants zyp, Zyp, z4p, Which renormalize
the Green's function and the vertex function of the material
field:

24

A A= (102)

s
z “l[i == 2 i

. ]
Z=5%" I}

These relations ensure gauge invariance of the renor-
malized Lagrangian

L= —2 g — 288 LA TR ] - m{i,\{?][‘\ﬁAf]

— 20 [ R+ ZggAf [ERO,CR] 4 2250, BP0, BR — = AT [BR3,BF]

+ 2 gh [AUB"] [ALB"] -V (BF). (103)
Changing over to nonrenormalized fields
Ilff == ;;112 llt;
cR__:«Tl 1(_'; (104)

R
B® =:33"8

and taking (102) into account, we can rewrite this expres-
sion in the form

1 { sy red 1 (7 o
L= _'TFLW &) Fuv (2) f"f_n‘DuB (&) DB (9) (105)

_EE c- g‘lu [Edu.':] +Vr (B).

where the "bare" charge g is connected with the physical
charge by the relation

g =1535%"¢g. (106)

We see that the renormalization does not violate the gauge
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invariance. (The parameters of the gauge transformation,
however, are changed in this case.) Thus, we have suc-
ceeded in constructing a Lagrangian that is gauge-invar-
iant for any finite A and admits of an improper transition
to the limit as A — «, By the same token, we prove the
gauge invariance and the unitarity of the renormalized S
matrix.

A perfectly analogous procedure can be used in the
theory with spontaneously broken symmetry. The Ward
identities for this case are given as before by Eq. (88),
in which it is only necessary to make the substitution B —
B + £. Inthe same manner we can also obtain relations
between the renormalization constants. However, since
the Lagrangians (30) and (37) contain very many vertices,
the corresponding manipulations are quite cumbersome.
Some of them are given in ref. 33.

Another way of proving the existence of an improper
transition to the limit as A — « was proposed in ref. 34.
The authors used the fact that the matrix elements in the
model with spontaneously broken symmetry can be ob-
tained from the matrix elements of the symmetrical theory
by analytic continuation in the mass. As we have shown,
in the symmetrical theory all the divergences are elim-
inated by a finite number of gauge-invariant counterterms.
The result of ref. 34 is that the same counterterms eliminate
the divergences also in the model with broken symmetry.

The foregoing proof of the renormalizability and uni-
tarity of the S matrix extends also to the case when a
gauge-invariant interaction with other fields is included.
Serious complications arise, however, if the gauge group
includes 7 transformations, corresponding to the axial-
vector interaction between a Yang—Mills field and ferm-
ions. At the same time, it is just models of this kind which
are of greatest interest for the description of weak and
electromagnetic interactions.

5. RENORMALIZATION OF MODELS OF
WEAK AND ELECTROMAGNETIC
INTERACTIONS

The spontaneous symmetry-breaking mechanism des-
cribed above makes it possible to construct gauge-invar-
iant models that combine weak and electromagnetic inter-
actions. The first and most popular model ofthis kindwas
proposed by Weinberg.?

Weinberg's model is based on the gauge group U(2).
The initial Lagrangian is
= Tyk (9u+igB) R+ L (0u+ igrA, + %L B,) L
g g 1 1
—G {(L(F) R + R (QJ L)}—' Ifuvfu\: g Fu\'Fuv
g { O+ igvA,+ 5L B, )*+ 2 2 —ntet. (L07)

L and R denote respectively a lepton doublet with left-
hand helicity and a singlet with right-hand helicity:

L=5=y) (%)

(108)
R:—?I,(l——m) e.

In addition to the already considered isovector field Ay,
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the Weinberg model employs a neutral field By connected
with the abelian gauge group U(1).

The Lagrangian (107) is invariant to the gauge trans-
formations

AI.L = Au. 4 [’\p_g] -+ 6u§;

By—B,+ad.m;
L—L-+igkel + 2L qp;
R—R+igmA;

® > ¢ + gk + —5L ng. (109)

The transformations (109), when expressed interms of the
canonical fields e and ¥, include both vector and axial-
vector gauge transformations.

Before we construct a perturbation theory for the
Lagrangian (107), we must, as before, perform the canon-
ical transformation

i (::) £ (c;tﬁ%) :

As a result of this transformation, three components of the
scalar field ¢ are transformed into massless Goldstone
bosons, while one component acquires a real mass. Three
of the four vector fields (APB”) acquire a finite mass,
and one remains massless, corresponding to invariance of
the transformed Lagrangian with respect to charge gauge
transformations. The canonical transformation gives rise
also to a mass term for the leptons

(110)

-6 {[Z (EHBH?I(O- 8) L1} = — GEee. (111)

The Lagrangian (107) leads to a mixing of the fields
Ay and By. Diagonalization results in two neutral fields,

Zy=(g+g)""* (g AL+ 2.B,) (112)
and
A= (g4 (— g 4% + gB,) (113)

with masses (£/2) (g +gﬁ)1/2 and 0, respectively. The com-
ponent Ay interacts with a conserved electrie current and
is identified with the electromagnetic field; the field Z,
describes a neutral intermediate boson that induces the
interaction of neutral leptonic currents.

That part of the Lagrangian (107) which describes the
interaction of the vector mesons withthe fermions assumes
after diagonalization the form

aer
RE1

Ly=-—£

517 ey (1 -4 y;) I, + eyhed,

saahH

ay1/: L L e p i ! iy =
D [LEE) e — e+ Tpn (1499 | 2, (114)

where W, are the charged components of the vector trip-
let (only the electronic part of the Lagrangian has been
written out; the muonic part is similar in form).

Weinberg's Lagrangian includes, in addition to the
usual V—A and electromagnetic interactions, a supple-
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mentary term describing weak neutral lepton current in-
teraction. The presence of this term leads, even in the
lowest order, to a difference between the predictions of
the Weinberg model for the ev or pv scattering processes
and the predictions of the V—A theory. We shall not dwell
in greater detail on the physical consequences of Wein-
berg's model. We note only that in this model relations
arise between the masses of the intermediate bosons and
the weak and electromagnetic constants:

g G- g |
e etBbile. S B, R TR
8- Y52 0

0oy 9 o 3
(2 /3

My >37.3GeV; M.> 76.4GeV, (115)

The Weinberg Lagrangian is gauge-invariant. There-
fore, on the basis of the reasoning of the preceding sec-
tions, it would be expected to correspond to a renormal-
izable theory. This conclusion, however, is in error.
There is no invariant regularization of single-loop dia-
grams in this model, so that the lower-order single-loop
diagrams satisfy not the normal Ward identities but the
so called anomalous ones.?*3® In other words, gauge in-
variance of the initial classical Lagrangian does not re-
sult in gauge invariance of the corresponding quantum theo-
ry. In Weinberg's model it is impossible to construct a
gauge-invariant renormalized S matrix. This leads to
nonequivalence of the unitary and renormalizable gauges,
and consequently to incompatibility of these two require-
ment.

Let us illustrate the foregoing, using as an example
a simple model described by the Lagrangian

L: '?i“r‘”fluli‘ — (1 %) ffuv— iuif‘."".""ll’-‘hl- (116)

This Lagrangian is invariant with respect to the gauge
transformations

V> exp (igy?g) ¥ G- exp (igv’q) ¥y Ap—> Ay -0,9. (117)

One might expect, just as in electrodynamics, the
longitudinal part of the vector-field propagator to make
no contribution to the physical matrix elements, so that
the theory would be renormalizable. Actually, the renor-
malization procedure violates gauge invariance in this
case. It is impossible to determine a third-order vertex
function corresponding to the diagram shown in Fig. 3 as
an integrable generalized function satisfying the normal
Ward identities.

If we denote the Fourier transform of the vertex func-
tion by THY® (p, q), then gauge invariance stipulates that

Pyl yve (D5 9) = @l ywe (Ps q) =(P+Q)a Tuvﬂ. (7, ) =0. (118)

Fig. 3
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~ 1 >

Fig. 4

At the same time, an explicit calculation of the matrix
element shown in Fig. 3, with allowance for the symmetry
properties, yields

i (p l '])m Tm'a = {gn ]_li:r,g) l"“‘““l’a?ﬂ-

It must be emphasized that no choice of counterterms (as-
suming a minimal subtraction procedure®’) can satisfy the
conditions (118).

It follows from (119) [sic] that the longitudinal part
of the propagator makes a nonzero contribution, e.g., to the
diagram shown in Fig. 4, and thus leads in the final anal-
ysis to nonrenormalizability of the theory. Obviously, the
same effect will be observed in the Weinberg model, since
that part of the Lagrangian which describes the interaction
with the field By coincides in fact with the model consid-
ered by us. A way out of this difficulty is described in
refs. 38, 39, and 40. We shall illustrate it, usingthe same
model as an example, Assume that in addition to the
field ¥ there is an analogous field ¢' that differs from ¥ by
some internal quantum number:

L= \FT“(’}HTIJ ‘_ li—-‘l\’uau]p' __i‘ .fu\-fgv o m?‘.’mn’aq.‘lu ‘L‘ L’E’ \’u\’slp'Au-
(119)
The interaction (119) can be expressed in pure vector form.
(not containing the matrices s by introducing new canon-
ical variables

Py = % {(1—7s) P-(L+v) by o= %{(1 + V)P (L — v W'}

(120)
The interaction Lagrangian expressed with the aid of ¥
and Yy takes the form

Ly= (Hl_l’ﬁ’“‘l-‘x = .%"_liz“.“i‘Fz) 4, (121)
and is the analog of the Lagrangian of the electromagnetic
interaction of two massless spinors. This Lagrangian is
invariant with respect to the pure vector gauge group and
does not lead to anomalous Ward identities. In the case
of the pure vector gauge group it is always possible to
satisfy the normal Ward identities, for in this case the
single-loop diagrams that describe the material field can
be invariantly regularized with the aid of the usual Pauli-
Villars regularization. The absence of anomalies in mul-
tiloop diagrams was proved by us earlier.

In the considered simple model, it is easy to verify
directly that there are no anomalies. The field ¥' gener-
ates a diagram analogous to that shown in Fig. 3. Since
Y* enters in the interaction Lagrangian with the constant
—g, the contributions of these two diagrams cancel each
other. A similar mechanism of anomaly suppression can
be used also in models with broken symmetry. As a re-
sult of spontaneous symmetry breaking, the fields ¢ and
" can acquire different nonzero masses.

The described anomaly-suppression mechanism calls
necessarily for introduction of additional fields. It might
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seem natural to use the electron and muon as the fields

¥ and ¥'. If we replace in the Weinberg model the left-
hand polarized doublets and the right-hand polarized sing-
let by the four-component multiplets

Ver + ""u.R) 2
= o e 122
( Pk (er—+1z) (122)
and introduce the mass terms
Gy (Drg) S + Gy (Drg) S+ H.c. (123)

then we obtain a Lagrangian that is invariant with respect
to a pure vector gauge group, and consequently is renor-
malizable. The electron and muon, however, enter in this
case in the interaction Lagrangian with opposite helicities,
in contradiction to experiment. We are left with the pos-
sibility of replacing 4 and ¥y in Eqgs. (122) and (123) with
some hypothetical particles 6% and 6°. If we choose the
mass terms such that mg > my, then this model describes
correctly the evy interaction and, in addition, predicts a
number of processes with participation of # particles,
which so far have remained unobservable because of their
large mass. (To cancel muonic anomalies it is necessary
to introduce additional heavy leptons B: and Bﬂ J)

There are many models that are free of anomalies
and in which the mechanism described above is employed.
We describe by way of example two models in which the
number of hypothetical particles is minimal.

The model of Georgi and Glashow!! is based on the
gauge group SU,. K has no neutral intermediate boson, and
accordingly no interaction of neutral lepton currents. A
triplet and singlet of four-component lepton fields are in-
troduced:

Er e
1
T(Eﬁ—E") ;
Ver, sin f -+ 0 cosp - 0%
Ps = (Ver + Ve cos f — OF, sin f),

WPy L%
(124)

where e and Vg denote the electron and the electronic neu-
trino, while €' and E* are hypothetical heavy leptons. The
initial Lagrangian is

L = ¢ (YR, + gy* [Aupe]) — mpope
+ @ {g: (b + 2P (1 —75) ¥s) +Hoeo+- L (dug).  (125)
Here ¢ is an isovector scalar field and L(Ay, ¢) denotes
a Lagrangian describing the gauge-invariant interaction
between the field ¢ and the Yang—Mills field Ax. The
canonical transformation

@ — ¢ 4 5™ (126)

leads to the appearance of a mass for the two components
of the vector field and to the appearance of an additional
mass term for the fields .

The Lagrangian (125) is invariant with respectto pure
vector gauge transformations. It is therefore possible to
construct for it an invariant regularization and to prove
the renormalizability and unitarity of the S matrix.
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The lepton-interaction Lagrangian has the standard
form

Ly = ey (EYE*—&yoe) L esin pWae v, (14 75) v+ . . . + Hac.
(127)
In the model of Georgi and Glashow, the following relations

arise between the parameters:

Bw = w;— esinf; 2m (0% cosfp=m (E*)-}m(e), (128)

whence

my-<<03 GeV.

The muons are introduced independently, together with
their partners E; and 6}. Since the value of the angle g
is not fixed in the model, no ¢ =e universality arises auto-
matically, although it does not contradict the model.

The second model*? is based on the U(2) group. In
this model one introduces for the lepton pair e and ¥gonly
one additional neutral partner fg.

The leptons are unified into a four-component dou-

blet and a singlet:

/Ver, sin B -0,y cos B - 0,,R)
;

Yp = ( ;

Ps = (Ver — Ver, €08 f 4- 0., sin f). (129)
The initial Lagrangian is
L ==y ( 9+ gy - 2L By) s+ mipsn
4G (@) (1 —y5) §s +He Cat- L(By, 4,,9),  (130)

where L(By, Ay, ?) is the Lagrangian of the Yang—Mills
fields By and Ay that interact with the scalar doublet ¢.

Like the first model, the second is based on a pure
vector gauge group, and therefore, using the rules formu-
lated above, we can construct for it a unitary and renor-
malizable S matrix.

The Lagrangian (130) generates an interaction of neu-
tral lepton currents. For g = g;, however, the terms des-
cribing the interaction of the neutral electronic currents
vanishes, and there remains only an interaction of neutral
neutrino currents. (In the Weinberg model this cannot be
obtained by any choice of g and g;.)

For g = gy, the electric chargeis e= (g/v2) sin 8, where
cos B = me/my. Since m should be much larger than mg,
it follows that sin 3~ 1 and the model predicts for the in-
termediate meson a mass my, ~ 76.4 GeV.

The muons are introduced in similar fashion. If the
condition my < mg, is satisfied, then universality arises
automatically.

This concludes the description of renormalizable lep-
ton models. All are based on the mechanism described
above. Thier common shortcoming is the need for intro-
ducing hypothetical particles, the existence of which is
doubtful from the experimental point of view. It should be
noted that "heavy" leptons cannot be assigned an arbitrar-
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ily large mass. The mass is subject to rather stringent
limitations (the specific forms of which depend on the
model).

Some authors propose to construet anomaly-free mod-
els by using baryons or quarks instead of heavy leptons.
We shall not dwell in detail on these models. They like-
wise involve difficulties connected primarily with the need
for taking strong interactions into account.

Although the development of a unifiec theory thatcom-
bines strong, electromagnetic, and weak (and possibly also
gravitational) interactions is quite enticing, it seems to us
that there should be a less ambitious possibility of ob-
taining an internally consistent description of leptons, at
least in a limited energy range. The success of quantum
electrodynamics is evidence favoring this point of view.

Up general method for regularizing arbitrary diagrams by analytic contin-
uation with respect to the number of the dimensions of space was proposed
in ref, 32. According to the statement of the authors, this regularization is
gauge-invariant. This fact, however, was not proved in this paper for dia-
grams containing more than one loop.
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