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The present status of the theory of single-nucleon transfer reactions to bound and unbound states of the final

nucleus is considered, Various methods are described for solving the equations for the form factors of single-
nucleon transfer reactions within the framework of various model representations of the nuclear structure, It
is shown that configuration mixing effects and allowance for the continuum can play a significant role.

INTRODUCTION

Reactions with direct nucleon transfer (stripping and pick-
up) occupy a special place among nuclear reactions. The
characteristic features of their angular distribution and

of their energy dependence made it possible long ago to
segregate them into a separate class in accordance with
purely experimental attributes. The relative simplicity
of the mechanism made it possible to develop a sufficiently
complete theory of these reactions as long as 20 years
ago.! Tt became clear at that time that stripping and pick-
up reactions make it possible to extract in very simple
fashion spectroscopic information on definite nuclear lev—
els. Even at that stage, much valuable information was
obtained and has made more precise our ideas concerning
the shell model, in enabling us to proceed to a quantita-
tive description. The development of the idea of the op-
tical potential has led to the development of the distorted-
wave method and has made it possible to refine the then
existing theory of these reactions, From then on, the
direct-transfer reaction has become the only process in
which the nucleons of the colliding particles become re-
distributed and for which it is possible to calculate the
absolute values of the cross sections with an accuracy
almost equal to that of the experimental data, In turn,
this has made it possible to verify, with the aid of the
direct-transfer reactions, the quantitative predictions of
more complicated spectroscopic models, It can be stated
that the study of the stripping and pickup reactions has
contributed during the last 20 years more to nuclear spec-
troscopy than the study of all other redistribution reac-
tions taken together.

Unfortunately, the great simplicity of the theory has
always entailed a large number of approximations, There-
fore the theory of direct-transfer reactions is in a po-
sition similar to that of the shell model in the recent past,
namely, the number of purely theoretical arguments against
it exceeds the number of arguments in its favor. One
can hope, however, that the presently developing methods
of reaction theory will serve as the basis equallyas well
as the theory of the Fermi liquid served for the shell model.
For the time being, the existing and practically employed
methods can be regarded as semiphenomenological, Nu-
clear spectroscopy has recently progressed into the re-
gion of highly excited nuclear states,’ Practical interest
attaches therefore to the question of the extent and manner
in which the existing methods of calculating the transfer
reactions must be modified to be able to use the informa-
tion they yield for description of the structure of highly
excited states of nuclei, In the present review we attempt
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to answer this question by using the most modern meth-
ods of the theory of reactions and nuclear spectroscopy.

We formulate first a few fundamental premises that
can yield numerical information on the experimental data
concerning the direct nucleon transfer reactions. For
greater clarity we shall henceforth refer to the deuteron
stripping reaction A(d,p)B. The description of the pick-
up reaction is then obtained in a trivial manner by using
the detailed balance principal, A formal generalization
to the case of more complicated incident particles with
transfer of a larger number of nucleons likewise entails
no difficulty, although the picture of the deuteron stripping
can become much less simple and less realistic in such
a formal transition, inasmuch as these cases contain spe-
cific difficulties connected with the complicated structure
of the incident particles themselves as well as their in-
teractions with the nuclei A and B, On the other hand,
the problems that are raised in the theory of deuteron
stripping must be solved also in the case of more com-
plicated particles,

Thus, let us consider the amplitude of the process
A(d, p)B. The Lippman— Schwinger equation permits us
to write it in the form

T = (0| V;| ¥a). (1)

The total wave function ¥;, the final-state wave function
@y, and the final-state interaction are determined here
by the equations

H‘Pi=(T1'f' Tp‘}‘vnp“f‘VnA ‘:“VIJA'Q']IA) 1[1'1.7-E1]J'1.;
HQp=(Tn+Tp+Vpa-t-Hy 4 Vog) Dy (2)
=(Tp-+Vpat Hy) Ds = EDy;
Vi=H—H;=V,,.

The approximations used in practical stripping calcula-
tions are divided into two groups, one connected with the
mechanism of the reaction and the other with the struc-
ture of the initial and final states of the nuclei A and B.
The first group of approximations consists of replacing
the wave functions dr and ¥, defined by Egs, (2), with
model wave functions: ¥ is replaced by the function &gy,
which describes the scattering of the deuteron by the tar-

~get nucleus, and & is replaced by the function ®B: which

describes the scattering of the protons by the nucleus B.
In the simplest variant we have
D=V (kry) Va (8) gu( il'nl—' rl); }

Dpy= s (k,,l‘l,) Wy (ra §). (3)
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Here ¥p(£), ¥p(rp, £) and qod(lrn = By ) are the internal
wave functions of the target nucleus, of the final nucleus,
and of the deuteron, respectively, For the relative-mo-
tion wave functions ‘Ir(ﬂ(kdrd) and 'II(“)(kprp) one chooses
the wave functions of the elastic-scattering problem in the
optical potential, The complex optical potential param-
eters are adjusted to obtain the best description of the
experimental data on elastic scattering, The amplitude
(1) with this choice of the wave functions is very similar
to the amplitude of the process in the first Born approx-
imation, This is why the approximation (2) is called the
distorted-wave Born approximation (DWBA) in the foreign
literature and the "distorted-wave method" in the Soviet
literature. The physical meaning of this approximation

is clear: The deuteron arrives at the nucleus without ex-
citing the latter, leaving a neutron in the field of the nu-
cleus A, while the outgoing proton does not act on the pro-
duced nucleus B, The Born character of the reaction am-
plitude indicates that the connection between the deuteron
and proton channels is considered only in the first order of
perturbation theory. We neglect here the reaction of the
proton channel on the deuteron channel, This approach
can be qualitatively justified if it is recognized that the
direct process occurs in the peripheral region of the nu-
cleus, where the deuteron only "brushes" slightly against
the target, In this region, the only source of "pumping
over" from the proton channel to the deuteron channel can
be the pickup reaction, the probability of which is com-
parable with the stripping probability. Since the stripping
cross section usually does not exceed 10% of the total re-
action cross section for the deuteron, perturbation theory
works well in this case. Of course, the coupling between
the channels can be much stronger in the internal region
of the nucleus, where the compound system A +d is pro-
duced. However, other competing reaction channels also
become coupled in the internal region, and this leads to

a suppression of the deuteron and proton wave functions.
The presence of such channels is taken into account phen-
omenologically in the amplitude of the distorted-wave
method by introducing absorptive imaginary parts in the
deuteron and proton optical potentials. This causes the
contribution to the approximate stripping amplitude to
come from the peripheral region of the nucleus, as follows
indeed from physical considerations. To take into account
the contribution of the internal region to the (d,p) process
that proceeds via a compound nucleus, one can use the
Hauser— Feshbach theory, This process leads to a more
or less isotropic angular distribution of the protons, and
can compete with the direct mechanism only at large
proton-scattering angles. In the region of the character-
istic mechanism of the angular distribution that is typical
of direct processes, the contribution from the process
via the compound nucleus is usually negligible, Of course,
if the amplitude of the direct process turns out to be sup-
pressed for some reason, the compound process hecomes
predominant. But this always manifests itself in the ex-
periments (by the smoothing of the angular distributions
and by the fluctuations of the eross sections as functions
of the energy of the incident deuterons). Recently, at-
tempts were made to estimate the validity of the distorted-
wave method, Among these attempts are the rigorous
solutions® of the three-body problem (n and p in a fixed
potential) with a separable interaction potential Vy,, and
also the less accurate but more practical methods of
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taking into account the strong coupling of the deuteron
and proton channels,! The results of such comparisons
confirm the qualitative conclusions reached above, namely,
that the weak-coupling approximation works well in the
peripheral region (for large impact parameters pq and
py). In the language of angular distributions, this means
that at small proton-scattering angles, the differential
cross section at the maximum, from which the quanti-
tative information on the structure is extracted, is de-
scribed with good accuracy by the distorted-wave method.
Another method of evaluating the distorted-wave method
is to compare the theoretical estimates with the experi-
mental ones in those cases when the structures of the
nuclei A and B are extremely simple and known before-
hand (for example, in the case of stripping by the doubly
magic target 2Bph), It follows from this criterion that
the distorted-wave method can extract spectroscopic in-
formation® with an accuracy 20-30%.

Recently, refinements have been introduced into the
distorted-wave approximation by taking into account ex-
plicitly the coupling between elastic and inelastic scat-
tering channels for the deuterons and protons.® In this
case the wave functions &4A and ®5B take the form

Dys =9 E_ Wi (kgrq) ¥ a, (8);
L (4)

Dy =31 ¥5” (pty) Yo (5, 8.

Here ‘I'A-l and ‘I’Bj are the wave functions of all the pos-

sible states of the target nucleus and of the final nucleus.
The use of the approximation (4) for the wave functions in
the amplitude (1) is called in the Soviet literature the
coupled-channel method, and in the foreign literature the
coupled-channel Born approximation (CCBA). The sub-
stitution of the functions (4) in the amplitude makes it pos-
sible to take into account multistep stripping processes
with prior excitation of the nucleus A by the deuteron,
followed by transitions of the nucleus B from the state

‘I’Bj to the state tItBji under the influence of the field of the

outgoing proton. Such processes are important in stripping
from deformed nuclei having low-lying collective levels,
The theory of these processes will be considered ingreater
detail later on, and at present we proceed to an analysis

of another group of approximations used in the ordinary
methods of calculating direct reactions, namely approx-
imations connected with the structures of the nuclei A and
B. Returning to the distorted-wave approximation (3), we
express the reaction amplitude in the form

T= 5 dry drp W (kprp) Vap (|20 —rp])
K Qa(|tn—rp|) ¥ (kary) fas (o).

(5)

It is seen from this form that the entire information on
the structures of the nuclei A and B is contained in the
amplitude of the process via the so-called stripping form
factor f AT (we omit the spin multipliers for simpli-
city):

fap(ra)= j ]{rj(g) ¥a (r. B)d8. (6)

It is clear that in the simplest case of a doubly magic
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target A, the states of B can be adequately described by
the single-particle shell model:

Vo (rn, §) =W,y (rn) ¥u (8), (7)

and the form factor is simply the single-particle wave
funetion of the transferred nucleon:

fan(rta) =Yy (rn). (8)

Expression (8) makes it easy to calculate the amplitude
and the cross sections of stripping to a single-particle
state (dg/d?) s.p

In the case of more complicated nuclei A and B, ex-
pressions (7) and (8) no longer hold. Were we to know
the structures of the functions Up and ¥y, we could again
use expressions (6) and (5) to calculate the reaction cross
section (do/dQ¢heor. This cross section could in turn be
compared with the experimental value (do/df) ey, and the
structure assumptions could thus be verified, Until re-
cently, however, the reasoning used in the analysis of the
stripping reactions was different, namely, expressions of
the type (8) were used to calculate the model cross sec—
tion (do-/dﬂ)s.p. This was solved by determining the ratio

S.—lB: (dig_ exp/(%)s-p. #

This expression, called the spectroscopic factor, served
as a numerical criterion for the deviation of the struc-
ture of the nucleus B from the single-particle structure,
The quantities Sy g were identified with the squares of
the coefficients of the expansion of the wave function g
in terms of the product ©n1j(r) ¥a (&), calculated in one
spectroscopic model or another, Questions connected
with the uniqueness of such an interpretation in the case
of the shell model, with allowance for configuration mixing,
will be considered later on. This will be followed by a
study of analogous problems that arise in the analysis of
stripping on different states. This analysis is becoming
more and more pressing in connection with the already
mentioned shift of the interests of nuclear spectroscopy
into the region of highly excited states of nuclei. In the
analysis of highly excited states it is undoubtedly neces-
sary to take into account also multistep stripping pro-
cesses, A consideration of such processes also calls for
a correct treatment of the form factors. This problem
will also be considered in the present review, We discuss
here problems connected with the use of wave functions
of a semimicroscopic approach that differs from the shell
model.

1. EQUATIONS FOR THE STRIPPING
FORM FACTOR (WITH CONFIGURATION
MIXING IN THE SHELL MODEL AS AN
EXAMPLE)

Let us examine expression (6) for the form factor.
It is clear that if the wave functions of the target nucleus
and of the residual nucleus were known with good acecura-
¢y, the determination of the form factor would entail no
difficulty, It might seem that the results of arbitrary
spectroscopic models for ¥y and ¥y can be used in ex-
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pression (6). We shall demonstrate, however, using the
shell model as an example, that this is not always the
case. In the shell model, the Hamiltonian of the nucleus
B can be expressed in the form

f!B (l‘,“ g’)=[[A (gl) b 4 +Ve (-"11)
+ Vies (l'n, §’)"‘: H® 4 Vres(rm EI) (10)

We call attention to the fact that, in the spirit of the shell
model, we are considering only the interaction of the "va-
lence" particles above the magic core, The core parti-
cles serve only as the source of the self-consistent field
Vo(ry). The valence nucleons interact with the core par-
ticles likewise via such a field, and interact with one
another with the aid of residual pair interactions Vyes(Tn,
£'). The contribution of these particles to the self-con-
sistent case is neglected here. Therefore the prime of
the coordinate ¢' in expression (10) means that this is

the coordinate of the valence nucleon, Using the shell-
model basis, we can construet a complete set of eigen-
functions of the operator H = HA(£) +T +Vy(rp) and ex-
pand the wave function of the state B in terms of this set,
Then expression (6) allows us to write for the form factor

fAB(r):t 5 Cﬁnfj(l)u]j (l')- (11)

For simplicity, we consider the case of a target A with
zero spin (otherwise it would be necessary to sum also
over the quantum numbers ! and j). The symbol 5 de-
n

notes summation over the discrete single-particle states
®p7j of the shell model and integration over the states
@7k - r) of the continuum. On the other hand, using (10)
and (6), we can set up equations for the determination of

the form factor:”.?

(Epa—T —Vo) fan(r)
= | A"V (E) Vres (r, §)¥p(r. )= Pap(r). (12)

As already mentioned in the Introduction, the main con-
tribution to the amplitude (5) of the direct process is made
by the periphery of the nucleus. Although formally the
integration in (5) with respect to ryp and rp extends to in-
finity, the integrals converge rapidly owing to the expo-
nentialdecrease ofthe form factor. Therefore the cal-
culated stripping cross sections are very sensitive to

the asymptotic behavior of the form factors, An analysis
of the right-hand side of (12) with allowance for the rela-
tion between the binding energies Ep and Ep for the sys-
tems A and B shows that in the case of short-range resid-
ual interactions the asymptotic form of fap(r) is deter-
mined by the binding energy of the transferred nucleon in
the state B, i.e., by the quantity &#pp = Eg— EA. On the
other hand, the asymptotic form of the single-particle
functions ‘I’nlj in the expansion (11) is determined by the
binding energies Enlj in the shell-model potential, To
take correct account of the asymptotic behavior of the
form factor it is therefore necessary to make allowances
also for the states of thé continuum. This constitutes the
fundamental difference between the spectroscopic accuracy
criteria and the accuracy criteria of the wave funetions
used in stripping theory, In the configuration-mixing
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method, the basis set &; is cut off from above and from
below, i.e., only one term in the sum over n is taken.
The contribution from the terms with large n (and from
the continuum) is neglected, since it is assumed that the
corresponding coefficients in the expansion of (11) will
turn out to be small, As will be shown below, this is in-
deed the case, For large values of r, however, the con-
tribution from the dominant expansion component will
turn out sooner or later to be less than the contribution
of the higher orbitals, since the smallness of the expan-
sion coefficients will be offset by the weaker damping of
the considered component, In most cases one calculates
in nuclear spectroscopy the matrix elements in which the
principal value is assumed by the internal region of the
nucleus, and the correctness of the asymptotic behavior
of the wave functions is of so little importance that the
bhasis wave functions in the Woods—Saxon potential are
frequently replaced by the harmonic~-oscillator functions,
In the calculation of direct reactions, the asymptotic be-
havior of the functions becomes more important. Know-
ledge of the wave functions in the internal -region is in
this case also necessary for determination of the correct
normalization factor, This raises the problem of ob-
taining a sufficiently accurate calculation of the wave
functions in both the internal and external regions of the
nucleus, Let us consider different possibilities of solving
this problem,

The most obvious method is to extend the basis in
the ordinary spectroscopic calculations, i.e., to include
the continuum in the set of functions &,;; that make up
the basis. This raises many technical difficulties, con-
nected with the fact that standard matrix-diagonalization
methods cannot be directly used for states of the con-
tinuum, To reduce the problem to the usual form, an ap-
proximate breakup of the integrals into sums over finite
energy intervals is used,” It becomes necessary then to
monitor not only the convergence of the solution for dif-
ferent upper cutoff limits of the set, but also the con-
vergence over the energy intervals, On the other hand,
the choice of smaller intervals, which increases formally
the description accuracy, leads to a simultaneous de-
crease of the values of the admixture coefficients cor-
responding to this interval, and work with small coeffi-
cients is a complicated practical problem even for modern
computers, This method was used in ref. 9 to calculate
the form factors of the reaction **Ca(p, d)*'Ca. To cal-
culate the wave functions of the O states of the **Ca nu-
cleus, the matrices of the Hamiltonian Hg were analyzed
with the continuum taken into account. Integration over
the continuum was carried out up to the energy Epyqx =
300 MeV, The energy interval could be increased in this
case to 10 MeV, Ibarra and Bayman9 were successful to
a certain degree in that there were no single-particle
resonances in the nuclei selected by them, Otherwise it
would be necessary to decrease the energy interval to a
value on the order of the width of the resonance (which
is not known beforehand) or to introduce more compli-
cated criteria for selecting this interval,

A rather natural modification of this method is the
use of the basis set of functions of the Sturm— Liouville
problem, as proposed in refs, 10 and 11. The wave fune-
tion of the system of the interacting particles (we con-
sider for simplicity the case of two nucleons above the
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core with a symmetrical spatial part of the wave function)
can be sought for the bound state in the form

¥ (ry. 1) \_} bi,Gi (1)) G (ra). (13)

The functions Gy are here the eigenfunctions of the Sturm—
Liouville problem:

‘T i a:’“‘"ﬂ("i)] Gi (rt):: E[Gi(l‘l); } (14)
[T af®'Vo(ra)] G, (re) = £xGj(rs)

with the orthonormalization condition

S Gy (r) Vo (r) G (r) dr = — 8. (14a)

In this case, the problem of diagonalizing the total Hamil-
tonian reduces to a solution of a system of equations for
the coefficient byj. in the form

(Ey - Ep— E) b -+ (" — 1) bim (0| V5 | )
SN (el — 1) b (m | V2 )
1

A N by (nm | Vo (1) Vo (2) Vies (1, 2) | i =0. (15)
13

By solvingi{this system we obtain the spectrum of the
eigenvalues E(K) of our two-nucleon problem and the sets
of coefficients bQ}}l that determine the corresponding

Y (ry, ry). Since the system of discrete functions Gy, is
complete for the bound states, the question of including
the continuum, with all the ensuing difficulties, does not
arise in this problem, Another advantage of the expan-
sion (13) is the freedom of choosing the parameters E,
and E, in (14), so that the rate of convergence of the se-
ries (13) can be regulated. If we choose E; = Ep and E, =
& pa» then the description of the state Wi, of interest to

us, with energy Eko = ER, requires the minimal number

of coefficients Bl(.E%). The single-particle asymptotic ex-
pressions will then be automatically correct. To obtain
an equally accurate description of the other levels of our
two-nucleon system it is necessary to use a larger set
of coefficients. A minor shortcoming in this approach
is the use of the orthogonality condition with a weight
[see (14a)]. Owing to this condition, it is necessary to
evaluate integrals of the type S lli(ri)Gn(rj)drl when

calculating the form factor fpp from Egs, (6) and (13).

As already indicated, another method of finding the
form factor is to solve Eq, (12), Since the right-hand
side of the equation contains the unknown function g,
the problem does not differ in principle in any way from
the problem of diagonalizing the Hamiltonian matrix, We
note that if we introduce expansions in the complete set of
the states of the system A

Wy (r, &) =}; [Wa; (B) g (O1'E, (16)

then the problem (12) reduces to a system of equations
for coupled channels, a system widely used at present
in the theory of nuclear reactions, In the terminology
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of reaction theory, the form factor isg the wave function
of the relative motion in the given channel, so that the
system of integrodifferential equations for 7 AB can be
solved also in the manner used in reaction theory, i.e.,
without resorting to expansion in the set of basis func-
tions, We shall return to this problem later on, and dwell
for the time being on different approximate methods con-
nected with the solution of (12). All are based on subdi-
viding the system of equations by making various asump-
tions concerning the funetion Pag(r).

The simplest is the well-depth prescription (WDP)
Procedure, based on the substitution

Vo(r) fag(r) + Lap(r)~ aVo(r) fup (r). (17)

The parameter ois fitted in such a way that the equation

(r-; al’oﬁ-fﬂ_L)fﬂu(r)-—:zO (18)

has a solution at a fixed value of & gao. The quantum
humber n is chosen to be the number of the dominating
component in the expansion of FAB in the shell-model
basis (11). The form factor fhij obtained in this manner
is normalized to unity and is used to calculate the model
stripping cross section d.g/cIS?.S Po which enters in expres-
sion (9) for the spectroscopic factor, This approximation
is universally used to this day when spectroscopic infor-
mation is extracted from stripping reactions, Its main
advantage is that, as seen from (18), the asymptotic be-
havior Of-ﬂ‘)llj is accounted for correctly. This leaves two
questions unclear: 1) To what extent does the approxima-
tion (17) distort the form factor in the peripheral and ex-
ternal regions? 2) What is the relation between the spec-
troscopic factors calculated with the aid of f}); j and the
expansion coefficients Cnlj used in the ordinary spectro-
scopic calculations? We shall attempt to answer these
questions at the end of the present section, but for the
time being we turn to other approximate methods of solving
the integrodifferential equation (12),

A very successful approximation that greatly sim-
plifies the problem of finding_fAB was proposed in ref, §,
It consisted of replacing the true wave function g in the
right-hand side of (12) by the ordinary function obtained
in spectroscopic caleculations with a limited basis, This
approximation makes it possible to change over directly

F.

F3s2 E

w2

Fig. 1, The form facrors Fp, 4 for the
reaction 4ZCa(p, d*ca; dashed line—

o = shell model; dash~dot line — WDP ap-
= proximation; solid line — using the
B Sturm— Liouville method and the ex-
L act calculation, ®
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from the system of coupled equations to g single equation
for the form factor, This approach can be justified by the
following physical consderations. It is known that the nu-
cleon density in the nuecleus has a very sharp boundary
(the nuclear surface), Naturally, the outer nucleon can
sense the residual interactions only at a distance on the
order of the radius of these interactions (1-2 F) from the
nuclear boundary, In the more remote region, the in-
fluence of the residua] interactions, i.e., of the term Pap
in (12), should be vanishingly small, These considerations
are corroborated by the results of the already mentioned
exact calculations? of the behavior of the form factors,
The solid line of Fig, 1 denotes the form factor for the
state 1f;/, in the nucleus Ca, caleulated by the diagonali-
zation method with allowance for the continuum, The ra-
dius of the nucleus is Rpue = 4.3 F. We see that the form
factor begins its asymptotic behavior already in the region
r #5-6 F, The results of the calculation of the form fac-
tors 1f7/, 2ps /s, and 2P/, are similar (Figs, 2-4), Let

us return now to Eq, (12). There is every reason for he-
lieving that in the internal region r = Ry,. the wave func—
tions are adequately described by the wave functions \111’3
obtained in the configuration—mixing method of the shell
model as a result of the residual interactions Vieg. We
can therefore express (12) in the internal region, with
good accuracy, in the form

(Epa —T—Vy) f%p (r)= Pin(r), r<g; } (12a)

Pham)= [ W8 &) Voo v, 8.

On the other hand, in the region outside the nucleus, good
results will be obtained with any approximate method that
leads to the cutoff of P AB(T) at a distance on the order of
Rnuc +o(ois the radius of the residual pairing interac-
tions), We can Propose several approximations for the
function ¥4;: matching the wave functions of the shell
model at the point Rpye to the functions that have a cor-
rect asymptotic behavior, cutoff of PKB(r) at the point
Rpyes and finally replacement of the true Up by the shell-
model function \I"i,’. The last method should be particularly
effective if the shell-model expression consists of one
dominant component and several small ones. Then, as
will be shown below, the true asymptotic form of the dom-
inant component will be very close to the shell-model
asymptotic form, and the small admixtures are still un-
able to distort significantly the behavior of ¥p in the re-

Ffs/z =
/ .

072

-3 Fig. 2. The form factors Ffs/z for the

reaction *Ca(p, dJ*!Ca (the notation
is the same as in Fig, 1),
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Foye £ 8

02

e Fig. 3. The form factors FPlﬁ for the
i reaction #2Ca(p, dJ*'Ca (the notation
g is the same as in Fig, 1)

04

gion Rpyye = T = Ryye to. Itis precisely for this case
that exact calculations of the form factors are available’
and admit of comparison with the approximate methods.
It should be noted that in the case when there is no dom-
inant component in ¥}, the behavior of P p even in
the surface region will be determined by the admixtures
with the minimal binding energy, and the form factor fan
can differ strongly from the exact form factor., On the
other hand, if we are interested in the behavior of f?AB at
large distances, then it is easy to verify that its asymp-
totic form can be determined not by the experimental
binding energy €pa» but by a combination of the asymp-
totic forms of the model functions contained in Pig-
Indeed, the asymptotic behavior of the solution of the dif-
ferential equation (12a) is determined by € a only if the
right-hand side of the equation decreases more rapidly
than exp{ —kpar}, where kpa = VaMA?[ €pal. Caution
is therefore always advisable when the model function
¥ is used,

We now pause todiscuss one detail, which is usually
lost sight of in the approximate caleulations, and which
is connected with the form in which expressions (12) and
(12a) are written out. As already indicated, the consistent
form of the Hamiltonian (10) in the shell model presup-
poses the presence of an inert core, which serves as the
source of the external field Vy(r) for the valence nucleons,
It is therefore clear immediately that in the shell model
one can claim to describe the excited states that do not
affect the core. In many cases, this approach is quite
realistic. The residual interactions Vygg are determined
in this approach only in the cut-off subspace of the shell-
model states. The most essential in this cutoff is allow-
ance for the Pauli principle, since all the pairing inter-
actions take place only for valence particles in unfilled
shells. Strictly speaking, therefore, the Schridinger equa-
tion in the shell model takes the form

(H? - PViesP) P¥ = EPY, (10a)

where P is the operator of projection on the subspace of
the unfilled shells. Outside this subspace, the model re-
sidual interaction is simply not defined. In spectroscopic
calculations, this fact is automatically accounted for by
using as the basis, when diagonalizing the matrix (10a)
only, the wave functions of the unfilled shells, On going
to Eq. (12), this fact must be taken into account also when
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Fig. 4. The form factors Ffﬁ for the
1072 reaction ¥Ca(p, df*'Ca (the notation
is the same as in Fig, 1).
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(Epa—T —Vo) fan=(¥aP| PV P | PV 5)
(V1P| (1 —Q) ViesP | Py = (T (B)] Vies(r: B) Wy (r, &)
;;5 @, (00 (@ualr) P (8) | Vs [Fp(r, &N (12b)

The operator Q is defined here as @ =1~ P, and the prop-
erty P? = P is used. In addition, we have introduced the
definition ¥ = P¥, and the summation is carried out over
the states of the filled core of the shell model. Itiseasy
to verify that in this notation the expansion (11) for the
form factor consists automatically of only the wave func-
tions of the unfilled states, since it follows from (12h) that

(813.-1'—?%) {Pny | fapy=0 (19)

and fpg is orthogonal to the functions of all the filled
states of the core. The orthogonality requirement (19)
was indeed the reason why the authors of ref, 9introduceda
projection term in Eq. (12). No such projection was car-
ried out in any of the papers devoted to the calculation of
the form factors with the aid of the approximate solution
of Eq. (12). This, as we shall show, can appreciably alter
the form of the form factor in the case of filling of a shell
withn =1,

Notice should be taken here of two other circumstances.
First, strictly speaking, Vyeg 18 determined for the shell
model without allowance for the continuum,and this fact
must be taken into account when the shell-model basis is
expanded. The results of diagonalization with allowance
for the continuum,? however, show that the form of the
residual interactions is only very little altered in this
case. The second circumstance is that the presence of
projection must be taken into account also when other
model Hamiltonians of the many-body problem are used.
Of course, in any model Hamiltonian, the subspace of the
basis functions is bounded and the residual interactions
which are not included in the average field are always
defined only in this subspace. From this point of view,
even the exact problem of diagonalization with allowance
for the continuum can give a correct description of the
form factor only to the extent to which the description
within the framework of the shell model is applicable to
our state. If, for example, it is necessary to take into
account the clustering of nucleons in the surface region,
which can greatly distort the behavior of the form factor,
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then we are faced with two possibilities. The clustering
of nucleons can be described adequately on the basis of the
shell and residual-interaction model, In this case, the
effect of nucleon clustering is already accounted for in
the right-hand side of (12b). It many turn out that this
basis is insufficient for description of the clustering phen-
omena, We then expand the subspace, adding to the shell-
model basis also the space of closed cluster channels

and suitably renormalizing the residual interactions.
There are grounds for hoping that effects of this type can
exert an influence on the form factor only when the in-
vestigated states of the nuclei A and B have large reduced
widths in the cluster channels, An experimental indica-
tion of this fact may be the selectivity of the excitation

of such states in reactions of direct cluster transfer, Un-
fortunately, effects of this type are strongest in light nu-
clei, where the applicability of the shell model is subject
to considerable doubt and there are practically no other
models of the nuclear structure,

We turn again to the approximate equation (12b).
There are different methods of solving it, Most of them
are based on the expansion of the form factor in the com-
plete set of basis functions. In ref. 8 the employed set
were the harmonic-oscillator functions &y (r):

Cn(Dn )i (T4 Vose— En) D (r) =

fAB*

This leads to the necessity of solving a system of equa-
tions of the type

2 C.. {834 == Euﬁrm' — (nr I Vo— Vost‘.l ")}

n

= 5 @2 (r) Poap (r)dr = I, (20)

To facilitate the calculation of the matrix elements Int,

the authors of ref, 8 used the functions ¥, and ¥p obtained
with the oscillator basis in the shell model. As indicated
above, all the approximate methods in which the functions
¥p and ¥g are chosen on the basis of a model from struc-
ture calculations lead to a correct asymptotic behavior of
the form factors, providedthat P g(r), which is constructed
from such functions, decreases sufficiently rapidly with
increasing r. Since the oscillator functions satisfy this
requirement, this choice of Py p leads to good results,
The form factors of the (p, d) pickup reaction from the
ground state of ®Ni, calculated with the aid of Eqgs. (20),
and the exact form factor obtained in ref. 9, are shown in
Fig. 5. It is possible that the good agreement between the
approximate and exact results was helped by the large
value of the binding energy (& g = 12.98 MeV) and by the
presence of a dominant component 2p, , (with amplitude
0.922) in the wave function of the investigated state of ®Ni,
A major shortcoming in such an approach is the use of

the oscillator basis not only in the right-hand side of the
equation, but also for the expansion of the form factor it-
self. Since the asymptotic behavior of fp g differs sig-
nificantly from the asymptotic behavior of the oscillator
functions, it is necessary to mix 7-10 oscillator functions
to account for the correct asymptotic behavior of faop
even in the limited region up to 2R,. The number of terms
would increase very greatly if the experimental binding
energies were lower, or in the case of subbarrier stripping,
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where the form factor must be known up to (4-6)Rpc-

The alternate approach consists of choosing as the
basis the functions of the Sturm— Liouville problem:

,,g,l(r) (1)

fap(r)=

(T+ Vo (r)—€pa) gn (r)=0. (22)

Substitution of this basis set in equations such as (12)
leads to a diagonal matrix for the expansion coefficients

ay = I'!JI«’;(I —y), i

where

1= § g (6) Pan (1) dr. (24)

The choice of this basis guarantees a correct asymptotic
behavior of fap» just as in the already mentioned well-
depth fitting (WDP) procedure. The WDP procedure itself
consists of retaining in the expansion (21) only one dom-
inant term with @, ~ 1 (this is in fact the parameter
ain Eq, (18)]. In the case of the basis (21), it is quite
easy to consider also the convergence question, Quasi-
classical estimates show that in the case of large n we
have oy ~n®, Thus, the behavior of the denominator in
(23) guarantees that the main contribution to the expan-
sion is made by the first few terms of the series, and
particularly by the dominant term n,. The behavior of the
matrix element (24) can likewise be easily understood.
For the first few terms of the expansion, contribution to
the integral of (24) is made mainly by the region inside
the nucleus. The behavior of the form factor determined
by the predominant term n; is thereby corrected in the
interior of the nucleus. The form factor fnl of the WDP
procedure, which has the correct asymptotlc behavior,
acquires in the internal region of the nucleus the more
correct form determined by the usual calculations within
the framework of the shell basis. This intense restruc-
turing of the form factor terminates when the contribu-
tion made to the matrix elements I(r]1 by the internal region
becomes negligibly small owing to the increasing number
of oscillations of the functions g,(r). This occurs usually
already at n ~3-4, For large values of n, the value of

I0 is determined only by the integral of the external re-
glon where the functions g,(r) and P, p(r) are exponen-
tially small, It is now easy to understand the character
of the limitations imposed on the accuracy of the approxi-
mate methods based on the use of the model functions ,1,0
The point is that at large n the integrals IO become prac—
tically constant and the entire convergence of the nucleus
is determined only by the denominator of (23). However,
if Pop attenuates in the external region very rapidly, then

Fig. 5. Form factor Ff, for the re-
action Nl(p. d)'Ni: solid curve —
exact form factor obtained in ref, 9;
dashed curve — form factor calculated
by expanding Ff_, in the oscillator

8

wave functions,
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the common denominator of all the discarded terms of
the series is very small, and this leads to a very small
contribution from the unaccounted-for parts of the series.
On the other hand, if Py g attenuates slowly and the con-
tribution made to I} by the external region is appreciable,
the very idea of substituting the model function in Py p
becomes certainly incorrect, None of the methods of solv-
ing the equation with an approximately known right-hand
side gives a good result in this case.

There are also other methods of solving the inhomo-
geneous equation (12), One of them'? is based on the fact
that it is possible to transfer the term with the potential
Vo(r) from the left to the right-hand side of the equation,
The solution of the equation with the right-hand side can
then be expressed in terms of the Green's function G(r,
r') =1/(T— &€pp) of the homogeneous equation, i.e., in
terms of a product of functions that are regular at zero
and at infinity. But then numerical integration of products
of exponentially inereasing functions by exponentially de-
creasing functions becomes inevitable, and this makes
the proposed method technically very complicated, In
another direct method"® of numerically integrating Eq.
(12), difficulties of the same type make it necessary to
invert a 150 x 150 matrix and to perform numerous iter-
ations.

Summarizing, we can state that if Ppp(r) can be re-
placed by an approximate function, the most convenient
method of finding the form factor is the use of the basis
of the Sturm— Liouville problem (21). Naturally, in the
case of a pure shell state we have for the transferred

nucleon Voo = 0 and oy =1, and the form factor obtained
0

in this manner coincides with the WDP form factor and
with the single-particle wave function of the shell model.
If Vypeg =0, 2 small deviation from the wave function of
the shell model will appear in the form factor connected
with the weakest component of the expansion of ¥, interms
of the states of W5 . The coefficients of the form-factor
expansion for the reaction 2ca(p, d)*Ca in terms of Sturm—
Liouville functions are given in Table 1. We see that in
the worst cases (the form factors of 2p, 5, and 1f5/9) the
convergence is so strong that the series can be terminated
with the third or fourth term. The form factors obtained
thereby coincide fully with the form factors from the exact
calculations,” The differential cross sections of the (p,

d) reaction, obtained with the aid of form factors containing
an ever-increasing nhumber of terms n in the expansion
(21), are shown in Fig. 6. We see that the absolute value
of the eross section also saturates quite rapidly, and the

angular distributions vary quite little, as noted in ref, 9.
The form factors of 2p,/, and 2p,/,, calculated with and
without allowance for the projection term in the right-hand
side of (12b), are shown in Fig. 7, where Fig. 8 shows the
corresponding angular distributions of the (p, d) reaction.
We see that inclusion of the projection term affects strong-
ly the behavior of the form factor and the absolute value

of the reaction cross section,

We proceed now to the question of the value of the
spectroscopic factor determined from the single-nucleon
transfer reactions, It is usually determined in the follow-
ing manner: The form factor obtained in the WDP pro-
cedure [see (17) and (18)] is normalized to unity. This
form factor can be used to calculate the single-particle
reaction cross section (do/d?)g p. This expression en-
ables us to find the spectroscopic factor Spp from Eq.
(9). It is usually assumed that the spectroscopic factor
obtained in this manner is connected with the coefficient
Cnlj obtained from the usual spectroscopic calculations:

SAB"-|ij F- (25)

We see now, however, that Eq. (25) is meaningless. The
point is that when we use the exact expression for the
form factor f, g, obtained by solving (12), the question of
the spectroscopic factor does not arise at all, since Eq.
(12) defines also a non-unity normalization of fa g (all
that are normalized to unity are the wave functions ¥y
and ¥ in the right-hand side of the equation). In analogy
with the WDP form factor, we can obtain the normaliza-
tion multiplier for the exact form factor

|fapPdr=Nag (26)

ce—3

and introduce the concept of the spectroscopic factor Spp
with the aid of the definition

Sip=Naps (27)

which enables us to connect the exact value of the cross
section (do/df2) g, With the value dg/dS calculated with

the aid of the form factor fy g = fAp/VNpp, Which now

is already normalized to unity:

TABLE 1, Coefficients apj of the Expansion of the'Form Factors fAB(rJ in
Sturm— Liouville Functions for the Reaction "zCa(p, dMca

172 1542
basis - . | basis
states “nlj | states aylj
17,0 | 0.9922 | 1f5,, [ 0.9300
s | 0.0222] 27, | 0.1590
A1 | 0.0032| 35, | 0.0427
oy | 00015 | 4f5, | 0.0166
Bfr | 00007 | Bfg. | 0.0083

= do do
San=(=). [
(dsz expl 98
2p3/2 2py 2
basis augy | /Dasis o
states 2| srates i
Ipya | —0.0851| dpy, | —0.1121
2pys | 0.9575| 2p, | 0.9416
Iy | 0120 3p | 0.1285
hpyy | 0.0270| dpyn | 0.0401
Spya | 0.0106 5pyp | 0.0210
6pyn | 00063 6py, | 0.0117
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Fig, 6. Cross sections of the reaction ‘“Ca(p, dJuCa(fsﬁ), obtained with the

ald of form factors containing different numbers of terms, n, in the expan-
sion (21),

It should be noted that by virtue of the difference be—
tween the exact s, p and the value 7% g obtained in the
WDP procedure, the WDP spectroscopic factor Spp ob-
tained in the usual manner may differ from the exact
factor, i.e., Spp = Spp- In the investigated case of 204,
the differences can reach 50%. This fact is indeed usually
emphasized in recent articles devoted to the determina-
tion of the exact form factor. It should be added that in
principle the exact spectroscopic factors Spp =N Apilso
differ from the squared coefficients Culj , since the Cnlj are
connected with an expansion in terms of the shell-model func-
tions, while N pgare connected with expansions in terms of
functions of the channel basis [see (15)], The results!!
for the case of the nucleus 22Ca, Nisted in Table 2, show
that the difference between these coefficients can be very
small (~10-20%), However, more serious discrepancies
can be expected for weakly bound states of complicated
structure, Tt is therefore hecessary also to approach
with greater caution the sum rules for the spectroscopic
factors,! since they were all obtained for the basis of the
functions @pzj» and not £ A;B+ The normalization condi-

tions for the functions \I:Ai and ¥y yield directly the sum

rule EiNAiB =1, which is the equivalent of the usual re-
lation l}_} ICanf2 = 1. However, the fact that the form fac—
tors f A;B are not orthogonal does not enable us to obtain

the equivalent of the other sum rule which, disregarding
the spin dependence and the standard fractional-parentage
coefficients,!* is of the form

(27a)

ZlCmp=1.
B

It should be noted that in none of the experimentally in-
vestigated cases was this rule satisfied with accuracy
better than 30-40%,

It is thus not obvious whether the wave functions of
the shell model can be used in approximate methods of
solving Eq, (12) for the form factors. These methods work
well in the only case for which an exact solution is avail-
ahle, butitisnot certain how well they work in other cases.
We therefore consider it timely to search for technical
and economical means of solving the system (12h) for
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Fig, 8. Cross sections of the reaction “Ca(p, d)“Ca, obtained with the aid
of form factors calculated (1) with and (2) without allowance for the pro-
jection term in the right-hand side of (12b),

! 1
o 30 50 g7

closed coupled channels, One such method, using as the
zeroth iteration the shell-model wave functions, was pro-
posed by Rost,!® However, the convergence of Rost's
iteration procedure has not yet been rigorously proved.
The problem of solving the system (12) in the case of a
deformed potential was solved by P. £. Nemirovskii and
V. A. Chepurnov,!®* n our case, however, we are faced
with an additional difficulty connected with the fact that

it is necessary not only to find the eigenvalues of the sys-
tem (12), but also to obtain agreement (possibly by varying
the parameters Vyes) with the experimental values of the
binding energy & p,.

2. REACTIONS OF NUCLEON TRANSFER
TO UNBOUND (RESONANT) STATES

It has become clear of late that to refine our concepts
concerning nuclear structure it is necessary to consider
the properties of not only the low-lying excited states, but
also of the resonant levels in the continuum. In particular,
one can investigate transfer reactions of the type A +d —
(A+n)+p— A+n+ p with excitation of such resonant states,
The amplitude of this process has in the distorted-wave
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TABLE 2, Comparison of the Mixing
Model® with the Normalized Coefficie
the Exact Form Factor

Coefficients
nts Calculated in the Present Paper for

C%;j Obtained in the Shell

l L.
w )l i \ i | G102 Nap 1073 4 \ 1 '1 j lt‘fnusm'g Nyp, 1072
1 3 72| 97.8 99.7 2 1 | 32 ] 0.65 | 0.183
1 3 | /2| 0.68 0.709 | 2 1| 172 | 1.05 1.22

method the same form (5) as before, but the wave function
Iy now describes a state of the nucleus Binthe continuum.
This amplitude can be used to calculate the quantity &o-
(a2 dE d9y,)~!, which depends not only on the proton-scat-
tering angle 6 but algo on the energy E of the transferred
neutron and on the direction of its emission from the res-
onant state &,. Since the neutron-emission direction is
not determined in most experiments, we are usually in-
terested in the quantity

d2o

@, dE @8)

f a1 .

The form factor fAB(r) is in this case, as before, a
solution of the system of Egs. (12) for the coupled chan-
nels. Its physical meaning now becomes clearer [as in
(8)]: It is the wave function of the relative motion of the
neutron and of the nucleus A in the elastic-scattering
channel. Its asymptotic behavior is given by

fap(r) ~ sin (kr 86— In/2). (29)

Here 6 is the phase shift resulting from the potential
scattering by the self-consistent potential Vy(r) and from
the residual interactions, i.e., from the coupling of the
channels. In the region of greatest interest, that of small
positive energies of the transferred neutron, the position
of the resonance corresponds to the maximum of the elas-
tic-scattering cross section, i.e., 0peg & /2. The form
factor has therefore at the resonance maximum the asymp-
totic form

fan(r) ~ cos (kr). (29a)
Just as in the case of bound states, the form factor
at the resonance maximum can be obtained in several
ways. The most exact method is to solve the system (12),
which describes the elastic scattering of the neutron by
the nucleus A, for the case of coupled channels. This
yields the form factor. Technically, however, this is a
rather complicated problem, and its solution can be ob-
tained at present only in a few simplest cases, By anal-
ogy with stripping into bound states, we can therefore
attempt to use approximate procedures of finding the form
factors, particularly the WDP procedure, Inasmuch as
for bound states the form factor fAp of the WDP procedure
is the dominant term in the expansion of the exact form
factor fap in the functions of the Sturm— Liouville prob-
lem, it is desirable to define an analog of the Sturm —
Liouville problem for the states of the continuum,!"+® In
this case it is more convenient to introduce the eigenval-
ues A, of the Sturm— Liouville problem, which are con-
nected with the eigenvalues oy of Eq. (22) by the relation
Xy 1/ay. Equation (22) itself can be rewritten, intro-
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ducing the Green's function Gy(E) = 1/(E—Hy), in the form

Go(E)Vo(r) ¥n (r)=u%n {r). (30)
The functions @, are normalized in the usual manner:
(@n| Vol Pn) = -+ S (81)
The condition at zero takes likewise the form
[om (r‘);:o i, (32)

The condition at infinity can be chosen in the form (29a):

Pu (1) ~ cos (kr). (33)

Since the definition of the Green's function contains also
the boundary conditions, the asymptotic form (33) corre-
sponds to Eq. (30) rewritten in the form

1
P 1 Vo (r) @n (r) = 2atpn ). (30a)

Here P is the symbol of the principal value of the integral
whose kernel is the Green's function, With this choice of
the boundary conditions, the functions @p(r) form, in ac-
cordance with Mercer's theorem, a complete set. In
principle, it is possible also to choose other boundary
conditions, for example in the form of waves that diverge
at infinity.!® The eigenvalues ), are then complex, If
we let the energies E in (30) assume complex values, the
condition of diverging waves at infinity can be satisfied
also with real values? of A,. In this case the ¢p(r) can
be connected with the Gamow functions of the quasista-
tionary states, The solution of (12) for the form factor
can now be sought in the form

fap ()= cjikr) +§ anpn () (34)

where j 1(kr) is a spherical Bessel function describing the
incident wave; the coefficient ¢ is connected in simple
fashion!” with the amplitude for the scattering by the po-
tential V,y(r), and the expansion coefficients a, take the
form

2t e (@l Vol 1)+ (0| Pan)) (35)
In complete analogy with the case of coupled states, the
case A, = 1 corresponds to single-particle resonance in
the solution of (30), The coefficient ¢ tends to zero in
this case. If we confine ourselves to the dominant term

ay =
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‘Dnﬂ with Ang ~1 in the expansion (34), then the form be-

comes

(P, | Pap)
T Gy (1), (36)

4B (r) &
fap (r) ~ —a,,

We thus arrive again at the WDP procedure in the case

of resonant states. It should be noted that for Very narrow
resonances the wave functiong @y, in the internal region
of the nucleus depend very weakly on the choice of the
boundary conditions, and in practice we can choose any of
the forms listed above for the basis ®n- The boundary
conditions (33), however, have the advantage that, first,
they are the only ones for which the completeness of the
set ¢, can be demonstrated and, second, the stripping
amplitudes contain no additional divergences that result
when the Gamow functions are used,

It is clear that f?—\B will coincide with the exact form
factor in the case when PAg(r) in (12) is equal to zero,
and one of the values of Ap is unity, In this case the reso-
nance in the elastic—-scattering Cross section will be con-
nected only with the conditions of the reflection of the
neutron wave in the single-particle potential V(r), This
is the so-called single-particle potential resonance, The
strongest differences between fg‘aB and FAB can be then
expected when the experimentally observed resonance,
resulting from the coupling of the reaction channels, lies
somewhere in between the positions of the successive
single-particle states (resonances) with n and n+1 nodes
of the internal wave function. This is precisely the case

shown in Fig, 9.2

Solution of the System of equations for the coupled
channels in the model problem of 15N +n scattering leads
to the appearance of a narrow resonance in the dss elas-
tic-secattering channel, The wave function at the maxi-
mum of this resonance (the exact d,/y form factor) is
shown in Fig, 9 by the solid line, while the dashed line
shows the WDP procedure form factor for the 1d;s, state,
Although this single-particle state in the self-consistent
potential is 6 MeV lower in energy, we see that the Wpp

Fig, 9. Exact form factor Fggy for the n+ 1%
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fap = cos(kr)],

If, in analogy with stripping to bound states, we nor-
malize the two form factors to unity in the internal re-
gion (r < 7.5 F), then the cross sections caleulated with
these form factors will have the same angular dependence
and will differ in magnitude by 25-30% (as against the
50% difference between the exact Cross section and the
WDP cross section in the case of the bound 175/, state in
“Ca). This demonstrates that the convergence of the ex-
pansion (34) in the case of the continuum is not worse than
the convergence of the expansion in the Sturm— Liouville
functions in the case of the discrete spectrum, A com-
parison of the Spectroscopic factors with the coefficients
Cmyj is impossible in the present case simply because
the use of the basis of the channel functions is obvious in
the case of the continuum, In the case of nucleon transfer
to the resonant state, however, it ig possible to trace the

analogy with bound states, and also to introduce the con-
cept of the spectroscopic factors as measures of the single-
particle behavior of the investigated resonance,

We consider first the case Vyes = 0. The form factor
Fap(E, 1) is then simply the wave function of the elastic
scattering of the neutron by the potential Vi(r). As already
indicated, in this case only single-particle potential reso-
nances are possible. It is known® that the wave function
for the internal region of the potentialg can be represented
in the vieinities of such Tesonances in the factorized form

fap(E, r)=-C(E)u(r). (37)

Here u(r) is a solution of the single-particle Schrédinger
equation that is regular at zero, It can be normalized,
like the wave function of the discrete spectrum, to unity
inside the effective radius of the potential, The coeffj-
cient C(E) then takes the form

‘/r 1 I'y (38)

C(E)=

Substitution of this form factor into the amplitude (5) leads??
to a resonant form of the stripping cross section dg/dodE,
Integrating this expression with respect to the energy in
the vicinity of the resonance, we ohtain

_“"T_;f, ( dE dgﬁ~ :(%)s-p

* | o R e ~ (2 ), N (39)

2 (E—Eo)2+To/A

The cross section (da/dﬂ)S.p is calculated here with the

function u(r) and is a direct analog of the single-particle
cross section for stripping to bound states. The role of
the spectroscopic factor S is taken by the expression S =

f dEC(E)?. In our case of single-particle resonance, it

is equal to unity, in complete analogy with the single-par-
ticle bound states,
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If V,oq 0, Tesonances of more complicated nature,
usually called compound resonances, Can appear in the
elastic-scattering channel, The physical cause of these
resonances is very simple: The incident nucleon can give
up part of its energy to pair collisions with targetnucleons,
and go over thereby to a bound state in the single-parti-
cle potential Vy(r). The resultant compound-nucleus state
decays only when one of the nucleons of the system suc-
ceeds in again acquiring an energy sufficient to go out to
the continuum. The lifetimes of such states are much
larger than the lifetime of the single-particle resonance,
and their widths T, are much smaller than the widths Ij.
It is most convenient to describe such states in the Fano—
Feshbach theory for a system of coupled channels. Using
the results of this theory, we can show™ that the form
factor fap(r) in the vicinity of a compound resonance has
the factorized form (37), as before, and the coefficient
Cpp(E) is given by

g gt 0 ro S
Can(E): [E‘w “E Tk To :

(40)

Integrating this expression with respect to energy, we ob-
tain the analog of the equation (39) for the compound reso-
nance:

do da Te
=) T (41)

Comparing this expression with the definition of the spec-
troscopic factor [see (9)], we get
Sap=TT%. (42)
We recall that I, is the width of the compound reso-
nance and can be measured in elastic-scattering experi-
ments; I is the width that would be possessed by the single-
particle resonance at the point E = E¢ (this width can be
determined theoretically). Thus, for stripping to unbound
states, the concept of spectroscopic factor can not only
be introduced but also compared with values obtained from
an independent elastic-scattering experiment. Factoriza-
tion of (37) within the framework of the Fano— Feshbach
theory enables us to obtain a more general relation be-
tween the stripping cross section dzo'/dﬂp dE, and thecross
section 7(E,) for elastic scattering of neutrons by the
same target:

e 2B,
dQ,dl, — alo(£n)

(& (

da (0) )S 5 (43)

dQ,,

The experimental data® and the theoretical calculation®!
in the coupled-channel scheme show that this relation is
satisfied with good accuracy. The spectra of the protons
from the stripping reaction N(d, p)!*N — "N +n and of
the neutrons from the reaction *N(n, n)!°N, obtained in
ref, 25, are compared in Fig. 10.

3. FORM FACTOR OF STRIPPING TO
STATES WITH MORE COMPLICATED

STRUCTURE
Collective Excitations

The configuration-mixing methods used by us here-
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tofore describe fairly well the structure of the states only
in the case when the number of particles above the filled
shell is relatively small (or when the excited state is
made up of a small number of quasiparticles), This is due
not only to technical difficulties, but also to the fact that
the entire shell-model approach is based on the assump-
tion that the residual interactions are small in comparison
with the self-consistent potential acting on the transferred
particle, In the case of a large number of particles above
the filled shell (or more complicated excited states), the
situation is significantly altered. The residual interac-
tions can now lead to coherent effects such as vibrations
or rotations (including the so-called pairing vibrations).
We have already attempted to emphasize that the subdivi-
sion of the theory of direct reactions into problems con-
nected with the structure and with the mechanism of the
process is quite arbitrary, since both reflect the nature
of one and the same nucleus, The indicated coherent ef-
fects must therefore be taken into account when the struc-
ture of the stripping form factors is considered and when
the amplitude of the entire nucleon-transfer process is
calculated. In the case of the form factors, this enables
us to use the simpler coordinate system of the generalized
model and to write down the right-hand side of Eq. (12)
for fapgin relatively simple form, In the case of the am-
plitudes this makes it necessary to use the method of
coupled channels [see Eq. (4)] instead of the distorted-
wave method, Indeed, if we wish to take into account more
or less accurately the excitation of the collective modes

in the nucleus by the transferred nucleon, it is not con-
gsistent to neglect the excitation of these modes by the in-
cident deuterons or by the outgoing protons. The formal
substitution of the wave functions (4) of the coupled-chan-
nel method into the amplitude (1) yields an expression for
the amplitude of the coupled-channel method:

TCCM = _2 Tij= 2 S dry, drp]{r;-)* (k;urp) Vap (tn— rp)
i1

ij

X (Pd( | I'n—Tp | ) b (kdrﬁ) _f_\iBj (1',,). (44)
where
fagns ()= | ¥, (8) ¥a; (v, 3)d8. (45)
B B 30 40 50
= g T T T
Sy ) 16y 75Nfd, ) 1y
£,=72 MeV = 500 Eq=12MeV
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Fig. 10. Experimental cross sections of the reactions LSN(d, p)]'sN and **N(n,
n)*5N, obtained from ref, 25.
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As already mentioned, the wave functions \!r(")( Tp)
and qxﬁ (k drd) are calculated with the aid of thé] coupled-
channel method, We shall not stop here to discuss the
details of these calculations, since they are the subject
of a rather extensive literature,®,26=28 514 winl only touch
upon the qualitative aspect of stripping theory in the coupled-
channel method, Using as an example the approximate
approach of ref, 6 and stripping in a deformed hucleus,
we can verify that the transfer of a nucleon from the state
A to the state B (Fig. 11) can proceed in different ways:
A—"B;A—’AI"' B; A— Ay —+ B — B; A— By = B, The
amplitude of each process, which leads to the formation
of the state B, is a combination of amplitudes of inelastic
scattering (such as A — Ay, B— B)) in the input or output
channel, and amplitudes (of the type FAiBj) of the stripping

of anucleon by an excited target A; with production of the sys-
tem Bj. Each of these stripping amplitudes FAiBj(r) is de-

termined, in analogy with the usual strippingamplitude in
the distorted-wave method, by a form factor fAiBi(rn)

[see expression (45)]. It is clear that the relative con-
tribution ofeach of these steps to the total amplitude of the
process depends on the relative amplitudes of the intermedi-
ate excitation and stripping processes in which excited states
participate. Experimenthas shown® thatin many cases the
amplitude of the excitation or deexcitation of anucleusinan
inelastic-scattering process contains a small parameter.
Therefore, if all the transfer amplitudes of Fig. 11 are of the
same order, then the dominant process will be the so-
called sin%e—step process determined by the amplitude
Fag = TRB M. The contribution of the more complicated
steps to the production of the nucleus B is large only if
this amplitude is small for some reason, Such a small
value, in the language of spectroscopic factors, means
that the final state B is very far from the single-particle
state, To assess the degree of single-particle behavior
in the presence of collective excitations, let us examine
in greater detail the form factors FAB; contained in the
amplitude (44), J

Rotational states, We consider a transfer re-
action in an even—even deformed target nucleus A. Such
a nucleus can be described with a great degree of ac-
curacy as a rigid rotator with Hamiltonian

(46)

(47)

Here wis the set of Euler angles and IA is the angular
momentum with a component M directed along the z
axis in the laboratory frame; for simplicity we consider
the usual axially symmetrical case,

Taet
A; = = 8
%o | Fig. 11. Coupling of the channels that
| make the largest contribution to the
|
REy | reaction cross section,
A - 8
Tag
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The Hamiltonian of the odd nucleus B takes in the
collective model the form

Hy=Hy T4V, (48)

where V is the deformed potential of the average field,
with the aid of which we hope to take into account the
greater part of the residual interactions of the nucleons
above the filled core, Introducing the nucleon coordinates
r'(r, A, ¢), where 9 and @ are the angle variables in the
internal coordinate system connected with the rotating
nucleus, we can express this potential in a Woods— Saxon
form generalized to include the deformed case:

V(') =To{lfexp[(r—R (0))/al}t. (49)

The nuclear radius is here R(0) = R[1+ 4?: BroYa(0) —
n(p)1; n(p) is the correction of higher order in the degree
of deformation By and guarantees the conservation of the
volume, Expanding the potential in the spherical fune-

tions Y,q(0) and using (46)~-(48), we obtain the analog of
Eq. (12) for the form factor s p in the collective model:

|7 ve—R—gy s Lalar )

=(¥a] 3 60) Vio(0)| ). (50)
h=2
In the collective model we have the wave function
2p4-1\1,2 = iF
Wy s ( 3?[2 ) 2 Wy (r, 0, P) uT;\:"I,K (®), (51)

X

where K is the projection of the angular momentum Ig on
the symmetry axis of the nucleus.

The Hamiltonian Hp can also be expressed by intro-
ducing the angular-momentum operator j = Ig— f A of
the transferred nucleon:

2 2, .o & & 3
I[B=T+V+§;—o[133'5‘(fa+215)*(]+f-ﬂ'i‘ -Lig)l,  (52)
where the subscripts " +, =", and z of the operator 3

pertain to the internal coordinate system, The last term
in the square brackets describes the Coriolis interaction,

In the limiting case of very large moments of inertia
%0, both the Coriolis interaction and the entire contribu-
tion made by Hy to Hp become negligibly small. This is
the case usually called the adiabatic limit, Now K be-
comes a good quantum number, and the wave function (51)
takes the form

241 (1B r
¥o=("gmz—) (Yx(rr 0 0) I3 ¢ ()
_ ( _ 1)IB+K§I,{IPH—K ([!)) IFK (l‘; 0, f[)} (513.)

Since the interaction V(r') is expressed in the compact
form (49) only in the internal coordinate frame, it is much
more convenient to work with an equation for the form
factors in the same frame. If we expand the function T
in terms of the spin and angle functions ¥ l{jw’ @)
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T (r) =%ﬁ Ry () 150, 9), (53)

then Eq. (50) assumes in the internal coordinate system
the simple form

(T +V (r—R)—Ep) Rujn (r)
=N (V=R =V (r— RO)| ¥l Rega (). (502)
47

Since the form factor fAB(r) is defined in the laboratory
frame, its connection with the functions lek is given by

(IjOK | I5K)-

N/ 2@1at1)
fas®) =V orF
S (LajMam | I3Mp) _R,,::_(r]_ Yl (). (54)
where T is the set of the angle variables in the laboratory
frame.

We see now that Eq. (50a) is the analog of Eq. (12) for
the form factors. The main differences between this equa-
tion and Eq. (12) are, first, the possibility of using the
adiabatic approximation and, second, the smaller number
of coordinates of the collective model, This leads to an
appreciable simplification of the possible ways of solving
equations (50a) in comparison with the methods described
above for the solution of the system (12), From the form
of (50a) we see clearly that we are again dealing with a
system of coupled equations. The most accurate way of
solving (50a) is, as before, the method of coupled channels,
which was successfully used in ref. 16. Since we are
dealing with bound states, the problem can be formulated
as an eigenvalue problem, The agreement between the
theoretical results and the experimental binding energies
Eg is usually obtained by fitting the parameters of the
potential. Since the repeated utilization of the coupled-
channel method, which is essential in these approaches,

greatly increases the computation time, Rost's iteration
procedure'” can likewise be used in this case.

Other methods of finding solutions of the system (50a)
consist, as in the case of pair interactions, in expanding
the functions Ry in various sets of basis functions, The
best known basis is the set of eigenfunctions of a spherical
oscillator and is used in Nilsson's scheme, The advan-
tage of this basis lies in its completeness, but its short-
coming, just as in the case of pairing interactions,? is
that the asymptotic behavior of its components is known
to be incorrect, thereby greatly complicating the calcu-
lations of the form factors. To compensate for this short-
coming, Satchler?® proposed to use the coefficient obtained
in Nilsson's scheme in combination with the Woods— Saxon
spherical-potential wave functions contained in the WDP
procedure, The degree to which this procedure is con-
sistent is not yet clear. More consistent, however, is
the approach of refs, 30 and 31, in which the basis of the
Woods— Saxon spherical-potential eigenfunctions is used.
However, in this approach the question of allowance for
the continuum states arises, as always. The need for this
allowance follows from the fact that in the Nilsson basis
each state Ry;). contains a small admixture of components
with large values of the prineipal quantum number n, cor-
responding to the continuum in the finite Woods— Saxon
potential. A more successful choice of basis is, as before,
the basis of the functions of the Sturm— Liouville prob-
lem.??? The relative effectiveness of different choices
of the basis can be evaluated from the data of refs. 28
and 31, which are listed in Table 3. The coefficients Nljk
of the coupled-channel method, given in tl‘}e table, were

obtained with the aid of a normalization \ R%jk(r)dr =
N%jk' Just as in the case described above, the coefficients
of the dominant components are close to one another in

the different bases, Figure 12 shows the cross section of
the (d, p) reaction on 1%yh, obtained in the distorted-wave

TABLE 3. Comparison of the Expansion Coefficients of Single-Particle Wave Functions of the Deformed Nucleus *Mg,

Obtained by Different Methods

Coefficients of expansionin Coefficients of expansion in | Nilsson coeffi- S—
Basis Sturm—Liouville functions | Woods—Saxon basis functions |cients (Bgg = . i
Band states (By =0.45, By =—0.04) {Bgg = 0,45, Byg = —0,04)for [0,3) fordifferent} SXpansion by the
ancs for different values of N different values of N values of N coupled-channel
N | i 0 Py . method (Bgg =
. . 0.35)
d o 1.03 —0.073 1,0 1,0 0,493
5/2+[202] £7/2 =0.081
g0 —0.139
sy —0.044% 0,447 —-0.004 —=0.035 U.Alw 0.37 ]
dg s -0.742 —0.089 ~0.765 ~0.7 -0.711
12 (211] d5 5 —0,440 0,023 —0. 406 ~0.54 —0.4323
g5 —0.004
g7/9 —0.086
) 0.148 0,724 —~0.039 0.087 0,740 0,746 0,703
dg o 0.638 —0.049 0.587 0.58 0,465
1/2+[200] dg o —0.346 0.066 -0.294% —-0.20 {1,222
270 0,126
g9 2 -0.085
il 3 5 1 3 3
Ppe 0,038 —0.173 —0.054 —0.011 not coupled -0.23
P32 —0.258 0,602 0.097 ~0.111 0.632 0.55
fas0 —0.075  —0.040 not coupled ~0.20
172~ [330] i1 0.501  0.103 0,767 0.78
hg o =0.015
hyy o 0,083
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TABLE 4, Comparison of the Expansion Coefficients of the Single -
Step Wave Function1/2[510] of *"yb, Obtained by the Sturm—Li-
ouville Method® and by the Woods—Saxon Method®
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Fig, 12. Cross section for multistep stripping to the rotational states of the
1/27 [510] band of Y vh (solid curve), The single-step-transfer cross sec-
tions are shown dashed,

method and in the coupled-channel method, and also the
experimental data for the ground-state rotational band of
1""yh, The form factors used in the distorted-wave cross
section pertained to only one (Ij) set, The coefficients of
the expansion of the form factor of '""Yb in terms of the
two bases are given in Table 4,

In all the approaches described, the role of the re-
sidual interactions was reduced only to a deformation of
the self-consistent single-particle potential, The adia-
baticity approximation in (52) enables us to use the con-
cept of a pure single-particle motion, and greatly sim-
plifies the problem, The next stage towards a more ac-
curate allowance for the residual interactions is the in-
clusion of the Coriolis forces, The wave function of the
nucleus B can now be expressed in the form

2Ig41 472 I I
Vo= (o) S Gt 0)
: Ko

MWD @) Rl k() Wk (). (51b)

I 2
The coefficients C]{BQ are the mixing coefficients resulting

from the Coriolis interaction, and can be calculated in
Kerman's model® or in the semimicroscopic approach.®
Only one attempt has been made to date®® to take the Co-
riolis interaction into account in the calculation of the
stripping reactions in the coupled-channel method. The
mixing coefficients were calculated in the basis of the
bound states of the spherical Woods— Saxon potential, and
each component of the expansion was then replaced, in
analogy with Satchler's already mentioned suggestion,?
by a WDP funetion so as to ensure the correct asymptotic
behavior of the form factor, Calculations®® show that while

9
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Coefficients of expan-
Coefficients of expansion in sion in Woods—Saxon
Basis Sturm-Liouville functions (Byy=| basis functions By =
states 0.28, Byo = —0.008)atdifferent | 0.28, B4 = 0.008) at
values of N different values of N
O T T i | 5
Prra |—0.020[—0.034 0.022{—0.250|-0.009 |—0.022] 0.177
Py 0,016 [ 0.036] 0.603]—0.020] 0.009| 0.044| 0.616
f5m 0.21 0.358| 0.014 0.040| 0.476
Fora 0,066 |—0.418| 0.074 —0.036| —0.423
Iz“' s —0.394 | 0.034 —0.418
By 0.137 [—=0.088 0.008
132 —0.099
f1sm 0.072

the admixtures of Coriolis interactions in each asympto-
tic state are relatively small, allowance for these admix-
tures can alter the reaction cross section quite signifi-
cantly (~30%).

Vibrational states, Two types of vibrational
states can be distinguished: the so-called giant resonances:s
with large excitation energy, and low-lying states such as
shape oscillations and pairing vibrations, Not a single
attempt has been made to date to include giant resonances
in stripping theory; we confine ourselves therefore to low-
lying vibrational states.

The energies of these states, however, are too high
to use the adiabatic approximation as in the case of the
rotational spectra, It is appropriate here to dwell again
on the similarities and differences in the approaches of
the collective model and the method of configuration mixing
in the shell model. In the shell model the subspace in
which the residual interactions operate is limited from
the very outset to the shells above the filled core. Then
additional limitations that the Pauli prineiple imposes on
the multiparticle Schrédinger equations can be readily
fitted into Eq. (12). In the case of rotational states, which
was considered above, we include the greater part of the
residual interactions in the self-consistent potential, with
the aid of the term [V(r — R) — V(r — R(g))]. The adiabatic
approximation makes it again easy to take into account
the influence of the Pauli principle: It is merely neces-
sary to consider the unfilled single-particle states of the
nucleon in the field of the deformed core. Any deviation
from adiabaticity makes allowance for the Pauli principle
in the collective model extremely difficult, and forces us
to seek microscopic methods of describing collective ex-
citations. Such methods are calculations in which the
Tamm— Dancoff approximation is used, or else micro-
scopic approaches®’® in which the random-phase approx-
imation is used, Even in these approaches it is very dif-
ficult to take complete account of the Pauli principle,
since it forces us to dispense with the quasi-Boltzmann
approximation and to take exact account of blocking ef-
fects, In the calculation of spectroscopic quantities, these
shortcomings are inessential and they can be offset by
renormalizing the residual interaction constants. In the
case of the form factor, on the other hand, as seen with
(12b) as an example, such a renormalization does not
suffice, Another shortcoming of semimicroscopic ap-
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proaches is that they always employ the limited basis of
the shell model, However, as demonstrated with the shell
model as an example (see Sec. 1), the expansion coeffi-
cients agree quite well in this limited basis with the ex-
act spectroscopic factors Syg. One can therefore ex-
pect stripping on an even—even target to yield informa-
tion on the main components of the transition amplitude
by considering only the unoccupied states for the odd nu-
cleon above the core. This again enables us to use the
collective model and write down the Hamiltonians of the
nuclei A and B in the form

H 4= > honodos;
A - %30, } (55)

Hy=H,+T V() +He

where a'; is the operator for the production of a phonon
of multiplieity A and natural frequency w,; the interac-
tion Hg of an external particle with the vibrations of the
core is given in lowest-order perturbation theory by

H = "“Z—:.-[O’-AY?.] V2 1. (56)
Using again the expansion in the channel functions
Wy =X [faca Vi)'
and the equation
fan(®) == R () ¥3(@),

we can write down a system of coupled equations for the
radial part of the form factor Rﬁ in the form

[Ty V(r)—(Epg—Ex)) Ri}
= = N YL | s YD Rid (7). (57)

The matrix element of the interaction operator (56) can
be determined from experiments on inelastic scattering
of nucleons with excitation of vibrational states of the
target, Just as in all the previously described cases, the
most accurate method of solving (57) is the coupled-chan-
nel method. The first attempt to use this method was
made in ref, 37, where the cross sections of the transfer
reactions “®Pb(’He, d)**Pb and *®Ph(d, p)?"*Pb were cal-
culated, The results of the calculations agree well with
the experimental data, The problem of obtaining the form
factors was greatly simplified in this case, since the ex~
perimental spectra of levels of the nucleus 2'*Pb show
that in many cases the interaction matrix elements in the
right-hand side of (57) can be calculated by perturbation
theory, The alternate approach is to use the basis of the
Sturm— Liouville problem to calculate RA.( r). This ap-
proach was used in ref, 38 in conjunction’with the coupled-
channel method to determine the cross sections of the re-
action 52Cr(d, p)®Cr. To obtain the experimental binding
energies €pp = Ep— E,, the coupling constant O, was
varied in Eq. (57). The values obtained for this constant
(0.21) agree well with the results of calculations of the
inelastic-scattering reactions.
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H}ghly Excited States (statistical approach)

The structure of the states ¥g becomes more and
more complicated with increasing excitation energy of
the final nucleus, since the residual interactions lead to
a mixing of an increasing number of excited states of the
core. This is accompanied by a continuous decrease of
the admixture of a state with a nonexcited core to the
given excited state, an admixture that determines the am-
plitude of the transfer reaction in the distorted-wave meth-
od,

The structure of such highly excited states can be
described within the framework of the semimieroscopic
approach proposed by V., G, Solov'ev.? To find the strip-
ping to each of the states it is necessary then to use the
methods listed above. An alternate method, which makes
it possible to operate with average values of the cross
sections and with others, is the statistical approach, which
is now widely used to describe neutron resonances in
elastic scattering of neutrons. Since, as shown in Sec.

2, the reaction of stripping to resonant states is alsocon-
nected with the cross section for elastic neutron scat-
tering,?+* this approach can be used also to describe

(d, p) reactions on bound excited states,

Using again the channel expansion (16) for the func-
tion ¥p, we introduce for convenience form factors Fap
normalized to unity [see Eq, (26)], Then

1[’3 = (\_: VjVAiB {f—AiB‘P.A]IB' (58)

By virtue of the finite resolution 6 of the experimental
setup, experiment will show only the average cross sec-
tion do/d2. We introduce the function n(x) of the experi-
mental resolution of the setup:

1 )
9(“”)=E":T+W‘ (59)

The average experimentally observable cross section of

the (d, p) reaction now takes the form (apart from spin
factors)

do/dQ = 3 p (Eg—E) N 15 5o (Ep)s.p AE. (60)

B

To obtain the averaged values of the spectroscopic factors
Nu, B We can use the following simple model.**** Assume

that in the absence of coupling between channels we have
the single-particle state

Wio= [fAuBoqrAlrﬂ" (61)

with energy E;. Turning on the residual interactions mixes
this state with states of more complicated structure, cor-
responding to the excited core \I'Ai (for example with states

of three-quasiparticle type with energy E;). Assume that
the matrix elements of these interactions V; satisfy the
following conditions:

Voi=Vi; Va=Vu=0; Fk i5£0. (62)
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In this case the average cross section defined by (60) ag-
Sumes the Lorentz form

s (do 1 T-6
EZRalY (E"))?"’W' EoFiE—Brrirrog (83
where the width of the Lorentz curve is
Vi
(64)

0i
=02 T=rrrom

and the shift of the maximum AEg, due to the residual in-
teractions, is

Vi (E—Ey)

(65)
As seen from (64), in the statistical description the width
T'is proportional to the mean square of the matrix ele-
ment V; and to the number of states with energies Ej in
the interval 6,

A statistical approach of this type was used in refs.
41 to describe stripping reactions to highly excited states
of the **P nucleus and a number of rare-earth nuclei,
The states ‘I’Bu were assumed to be single-particle states
of the transferred nucleon in the deformed potential of the
target nucleus, and were obtained by the Sturm-— Liouville
method described above, The stripping eross sections
obtained with these form factors by the distorted-wave
method were then calculated in accordance with Eq. (63),
it being assumed that 6 « I", The most interesting result
in this description is the function T'(E). The authors of
the cited references have proposed that the single-particle
states are connected only with doorway states of 3-quasi-
particle type. The density of such states increases qua-
dratically with the exeitation energy E. If it is assumed
that the matrix element Vy; is constant, then the function
I'(E) should also increase as the square of the energy. It
was precisely this type of I'(E) dependence which was
used to obtain the theoretical curves (Fig. 13), If, how-
ever, we use the factorization idea described above and
trace the transition from the bound states to the resonances,
then (see, e.g., ref, 40) we can connect the behavior of
I'(E) with the behavior of the imaginary part of the optical-
model potential, which increases with energy much more
slowly (the growth is closer to linear), One of the pos-
sible explanations of this linear dependenceis thatdoorway
states of the particle-plus-phonon type are considered.
Returning to the curves of Fig. 13, we note that inasmuch
as only the bound states ‘I’BD were considered in the the-
oretical calculations, the behavior of the theoretical curves
near and above the binding energy Ep of the transferred
nucleon is certainly incorrectly accounted for, The fall-
off of the experimental curves at high excitation energies
is due only to the decrease of the penetrability for the
proton wave functions,

Allowance for Pairing Correlations

Residual interactions of an extremely important type
are pairing correlations of the superconducting type (see,
e.g., refs. 42 and 43). These phenomenological interactions
make it possible to take into account in a rather simple
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Fig. 13. Dependence of the experimental (a) and theoretical (b) cross sec-
tions of the lTl’Er:(cl, pJ reaction on the excitation energy of the residual nu-
cleus *™gr,

manner the short-range part of nucleon—nucleon forces
in the nucleus, and also the role of the Pauli principle
and of the antisymmetrization effects. A significant ad-
vantage of this approach is the possibility of describing
states of particles far from doubly magic nuclei, The
most convenient method for the description of pairing
correlations is second quantization, In this method, the
form factor for the transfer of a nucleon to a state with
single-particle quantum numbers /j is

fan =(B|aj;| Ay, (66)

where a;. is the operator for the creation of a particle in
the state’lj, If we use the general form of the wave func-
tions of nuclei A and B in the superfluid model, then it
follows® from Eq. (66) that the role of the spectroscopic
factors will be assumed by the squares of the coefficients
u and v of the Bogolyubov canonical transformation:

ui in the case of pickup;
By { ) } (67)

v} inthe case of stripping.

The energy of the state i of the odd nucleus B is given
in this approach by

Ey = V’(f?i'* A AR (68)

where &; is the energy of the shell-model single-particle
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state, A is the chemical potential, and A is the energy gap
due to the pairing correlations.

In the more complicated case of semimicroscopic
models deseribing collective excitations, the spectro-
scopic factor (67) will contain different combinations of
products of the coefficients uj and vi.

It is seen from (67) that the coefficients uj and vj
acquire the same significance as the coefficients Cypzj in
the configuration-mixing method of the shell model. There-
fore, by analogy with the case of configuration mixing,
although the system energy E; is renormalized in accor-
dance with (68), the asymptotic behavior of the wave func-
tions is determined by the shell-model energies €. An-
other difficulty that arises in the analysis of the form
factors is in this case the fact that in principle the energy
E; does not always coincide with the real binding energy
¢ pp (as is the case, incidentally, in most calculations
in the shell model with residual interactions). In those
regions where the superfluid model is used, the stripping
cross sections are therefore calculated so far by using
the WDP procedure, The question of the validity of this
procedure has hardly been investigated, although it is
clear that in principle it should be ascertained in the same
manner as in the cases described in Sec. 1. The usual
superfluid-model approach makes use of simple approx-
imations to solve a very complicated problem. The simple
method of obtaining a diagonal representation for the
model Hamiltonian of the system, based on residual in-
teractions of special form, does not leave room in this
case for the introduction of a radial dependence in the
right-hand side of the equation for the form factor [P, (r)
in Fq. (12)]. Therefore any attempt atexamining more
consistently the form factors in the pairing-correlation
model will undoubtedly make this model much more
complicated. TFrom the practical point of view, one
can hope that more accurate approaches to the problem
of the form factors will not influence greatly the cross
sections of the transfer reactions in this model, The ar-
guments favoring this statement are connected, first, with
the fact that the contribution from remote states (those
farther than 2A from the Fermi surface) is very small,
as can be seen from the behavior of coefficients u; and
vi. Second, we already know that most residual interac-
tions are taken into account in the problem by including
the deformation in the single-particle potential, From
this, and also from the relative smallness of A (~1 MeV),
it follows that even an asymptotic expression determined
by the energy #; does not lead to a noticeable change in
the reaction cross section,

Among the first attempts to describe more consis-
tently the form factors in the pairing-correlation model
is that of Sugawara,' who used a modification of the Har-
tree— Fock— Bogolyubov method to take into account the
diagonal terms of the residual interactions and the anti-
symmetrization effects in the equation for the form fae-
tors. To obtain the correct values of the binding ener-
gies, Sugawara varied two parameters in the residual
interactions, making the solution self-consistent (in the
Hartree— Fock sense) in each variation, The ensuing
calculations were much more complicated than in the
ordinary approach, in spite of the fact that the coupled-
channel methods were not used to their fullest extent,
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Sugawara obtained for the cross sections of the (d, p) and
(p, d) reactions on several isotopes of Fe, Ni, and Zr val-
ues that agreed well (within 30%,) with experiment, and
also binding-energy values that were accurate within sev-
eral percent. Unfortunately, no comparison was made of
the "exact" spectroscopic factors Nap with the ordinary
spectroscopic factors of the WDP procedure,

CONCLUSION

In the entire review we have adhered to a unified de-
scription of the equations for the form factors and empha-
sized the analogies in the approach to these equations for
all possible nuclear models, It is therefore clear that
the applicability of different approximations in the solu-
tion of the equations for the form factors can be assessed
within the framework of the simplest configuration-mixing
model. The main difficulty in this case lies in obtaining
for the system of equations for the coupled channels a
solution that makes it possible to take accurate account
of the influence of the continuum. As already indicated,
in the only case for which an exact solution of the problem
exists, the approximate methods make it possible to de-
termine the spectroscopic factors with accuracy not worse
than 50%. Recognizing that any attempt at a more con-
sistent analysis of the system of equations for the form
factors leads to a tremendous complication of the standard
speectroscopic calculations (the best example is that of
pairing correlations), a 50% value may be a perfectly sat-
isfactory approximation, We have no guarantee, however,
of not greatly exceeding this figure in the general case.
1t is clear that the largest difference between standard
methods should be expected in the case of low binding en-
ergies and large configuration mixing,

Another question that arises in the determination of
the form factors is that of the residual-interaction renor-
malization due to the inclusion of the continuum in the an-
alysis. The results of an exact calculation® give grounds
for hoping that the residual interactions used in spectro-
scopic calculations can serve, with a cut-off basis, as a
good zeroth approximation in any iteration procedure used
to find the form factors. This question, however, also
calls for additional investigations.

There is also an experimental way of checking the
correctness of the spectroscopic factors obtained for
transfer reactions. It consists in comparing the cross
sections for stripping to a resonant state with the elastic-
scattering cross section. In the cases investigated here-
toforel!s24,1% the relation (42) turned out to be valid with
accuracy up to 30-40%. The experimental data in this re-
gion, however, are still very scanty.

It should also be noted that the question of the inelu-
sion of the continuum in the basis of the states arises not
only in the problem of the stripping form factors, but also
in any spectroscopic problem in which the completeness
of the basis sets is used, Investigation of the stripping
form factors can therefore undoubtedly affect the results
of structure calculations.,
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