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Results obtained for static models by the dispersion approach are reviewed. The emphasis is on the methods
used to obtain equations for the models and on the exact solutions of these equations. Use of these models in
various approximation schemes and in analyzing low-energy TN scattering is discussed.

INTRODUCTION

Since its introduction, the static model' has occupied an
important position in the theory of elementary particles.

It would be difficult to find a textbook or monograph in
which it is not mentioned. The exact meaning of the static-
model concept itself has changed over the course of time.
Histories and bibliographies on the use of the static mod-
el in classical and quantum field theory have been pub-
lished by Henley and Thirring® and by Goebel.”

The review below is limited primarily to the static
limit of the dispersion relations. Figure 1 illustrates the
logical structure of the contents. We first consider which
aspects of the static-model concept have been explained
on the basis of the Hamiltonian approach, the dispersion
relations, and the Mandelstam representation. In 1955,
Bogolyubov® gave a rigorous proof of the dispersion re-
lations for nonvanishing momentum transfer and thereby
made it possible to distinguish the importance of the prin-
ciple of causality (or analyticity) and crossing symmetry
in deriving dispersion relations for the static model.? As
one of the basic symmetry principles in nat:ure,4 crossing
symmetry is an integral part of the static model. It is
incorporated only approximately in this model, but the
severity of the resulting restrictions can be adjusted.
This latter assertion can also be applied to the condition
of two-particle unitarity, which is used in the static mod-
el. It is the simultaneous incorporation of both these prin-
ciples which is responsible for the advantages and diffi-
culties of this model. Going beyond the scope of the ap-
proximations in the unitarity condition and crossing sym-
metry, Serebryakov and Shirkov arrived at the concept
of short-range repulsion. The equations which arise in
this approach generalize the equations of the static model
and permit effective use of the results of current algebra
and chiral symmetries.?® Despite the relative simplic-
ity of the static model, its equations have not yet been
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completely analyzed because of their nonlinearity. How-
ever, even approximate solutions of these equations have
played an important role in interpreting experimental
data, for example, on p-wave 7N scattering, We will be
concerned primarily with exact solutions of the equations
of the static model. There are many cases in which ex-
plicit equations cannot be found for these solutions, so
we are confronted with the problem of proving the exis-
tence and uniqueness theorems as basic tools forstudying
the solutions as well as for constructing them (approxi-
mately). Here it is extremely useful to use the methods
of functional analysis. The difficulties which arise are
not unique to the static models, so it can be hoped that
the overcoming of these difficulties in the simplest cases
will stimulate progress on more realistic models. Ap-
parently the most suitable analytic approach to the Chew—
Low equations is to use them in their dynamical form,
which arises in a study of the amplitudes for scattering
by their Riemann surfaces, which are of fundamental im-
portance in the entire approach.

In terms of a uniformizing variable, the method of
continuing amplitudes from one sheet to another can be
thought of as an equation. Then systems of nonlinear dif-
ference equations — the dynamicél form of the Chew— Low
equations — arise in the static models; analysis of these
equations can yield certain interesting new results. No
concrete interaction mechanism is specified in the Chew —
Low equations. In the language of the N/D method this
assertion is equivalent to that of arbitrariness inthe choice
of the function N: the generalized potential. However,
exact inclusion of the crossing-symmetry condition im=
poses restrictions on N and thereby singles out a definite
class of permissible forms of the generalized potential.
The dynamical form of the Chew — Low equations permits
significant progress toward the study of solutions of phys-
ical interest, which have simultaneously the appropriate
cutoff behavior and a Born pole. Important difficulties
arise in the analysis of such solutions by the methods of
functional analysis.

An interesting application of the Chew —Low equations
was the attempt by Low and Huang to formulate a criterion
for choosing solutions of the bootstrap type. Forseveral
soluble models they established relations between these
solutions and the form of the cutoff function and the num-
ber of subtractions in the dispersion relations. These
results were subsequently extended to models for which
exact solutions are not known.

The next important question which must be resolved
on the basis of the static models is that of whether it is
possible to predict internal symmetry groups. We can
now answer this question in the negative on the basis of
certain unsuccessful attempts to determine whether the
SU(2) group can be singled out in connection with a cri-
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terion for choosing bootstrap solutions. Nevertheless,
an extremely interesting attempt to solve this problem
was undertaken on the basis of the inclusion of inelastic
channels in the static models.™

Finally, comparison of the approximate and exact
solutions with experimental data shows that the static mod-
el describes the experimental results on low-energy scat-
tering within 20%. The physical picture which arises here
is consistent with the conclusions of other approaches
(effective Lagrangians, as a consequence of chiral sym-
metrices, etc.) but differs from them in the simultaneous
inclusion of the principles of crossing symmetry, anal-
yticity, and unitarity.

I. THE CHEW—LOW EQUATIONS

1. Derivation of the Chew — Low equations

and origin of the cutoff function. In describ-
ing the scattering of T mesons by nucleons at low energies,
it is a good first approximation to neglect the nucleon
motion in comparison with that of the T mesons. Then the
nucleon field can be treated as a classical field in which

T mesons are scattered and created. The fixed nucleon
can emit and absorb ™ mesons only in the 7 = 1 state. The
Hamiltonian for the interaction of the quantized meson
field ¢j(X) with the classical nucleon field u(x) is

L3 (v v mx, 1)

x

Mr.:

H =

II
Y

where 7%~ 0,08 is the pion—nucleon coupling constant and
i is the mass of the T meson.

The Hamiltonian (1) is invariant with respect to ro-
tations in ordinary space and in isotopic space. Thefunc-
tion u(x) incorporates the spatial distribution of the fixed
nucleon source; its density function is conveniently as-
sumed normalized: [u(x)dx = 1. The Fourier transform
of the source function is u(q) = [ exp (igx) u(x)dx.

If we assume that the source function is spherically
symmetric and has a finite radius R, we find that forq =
1/R the function u(g?) is small. The guantity Amax = 1/R
represents the maximum momentum of ™ mesons, which
effectively participate in interaction (1).

If inelastic processes are neglected, it can be shown
that the Chew— Low equations!*® hold for the model with
interaction (1):

3
Z AjyIm by (w')

Imk; (@) | j=1
=k Py
+w
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Re k; (m):%+%5 do’,  (2)
"

where

i6; in §;
hy (o) = Z2IBLOIER N O

i={2T, 2d}; T is the total isopin, J is the total angular
momentum, &j is the scattering phase shift in a state with
definite T and J values, w = (g% + p?)!/? is the total energy
of the meson, and the crossing matrix Aij and the numbers
Aj are given by

1 —8 16 Jh
( & & 1) . 3( z)(”)
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Since the spin and isopin variables appear symmetri-
cally in the Hamiltonian (1), the interactions in states
{1.3} and {3.1} are the same. The model with interaction
(1) is not the only model which leads to the Chew — Low
equations; models based on the following Hamiltonians
also lead to Egs. (2):

a) that for the interaction of neutral scalar mesons
with a source,

Hy=Vng [ uexds

b) that for the interaction of charged scalar mesons
with a source,

Hin =V T g [ u(x) (1,01 (x) + 1202 (x) dx;

c) that for the interaction of neutral pseudoscalar
mesons with a source,

Hin =VTw £ [ w(x) (V) o (x) dx;

d) that for the symmetric interaction of charged scalar
mesons with a source,

Hin =VEgS u (x) Ti9; (x) dx.

In these models the mesons interact with a source in
states with I = 0, 1, and in all these cases the scattering
problem leads to the Chew— Low equations.

Equations (2) have turned out to be quite important
for studying low-energy pion—nucleon scattering. This
model has received widespread acceptance, so it is quite
natural to pose the following question: Can we analyzethe
Chew— Low equations on a more general basis than the
specific form of the interaction Hamiltonian ? The first
step in the exploration of this possibility was taken by
Logunov and Tavkhelidze,5 who derived Eqgs. (2) from the
causality condition in the Bogolyubov formulation.! The
next step was taken by Oehme! and Chew et al.,® who ob-
tained the Chew — Low equations as the static limits of the
rigorously proved relativistic dispersion relations.’
Equations for s waves analogous to those for p waves were
derived in ref. 8; the same method can be used to find
equations for higher (d and f) waves for TN scattering.

For simplicity we describe the CGLN (Chew —Gold-
berger—Low—Nambu) method® for the example of the scat-
tering of neutral ™ mesons by spinless nucleons N. The
incorporation of spin and isospin does not significantly af-
fect the method. The transition amplitude for this process
is expressed in the following manner in terms of the S
matrix:

(@2: P2l S —1|gs p) =12 (p1+91— p2—12)
% 1 M
(2m)° " (4qha3p3pg)™2

T (pg1; page)- 4)

Here gj (p;) is the 4~momentum of the pion (nucleon), and
M is the nucleon mass. The Lorentz-invariant amplitude
T (p,9,3 p,9;) depends on two variables, which we can choose
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to be any two of the Mandelstam variables s, u, t:

s=(py+q)?=M?*4p*+2ME;
w=(p—qs)% t= —2¢%(1 —cos®),

where q is the momentum, @ is the c.m. scattering angle,
and E is the meson energy in the laboratory system.

For the scattering amplitude we have the expansion

T (s, ty=4n 4 3 QU+ £16) Py (1455) » ()

=0

where W is the total energy. The condition of two-par-
ticle unitarity is

Imf, (s)=q ()| f: (s) |- (6)

We write the dispersion relations in terms of s for afixed
value of t without subtractions:
sl d 1
T ty=g (11!2—3+M2—u)

2 st'. @)

s'—u

s In7 (s, &) [+

(M2

The Chew— Low equations follow from Eq. (7) if we make
several assumptions: First, we neglect all inelastic pro-
cesses in (7)., Second, we restrict expansion (5) to the lowest-
order partial waves, setting f7(s) = 0 for Z > 1. Third,

we go to the static limit in the equations for the partial
waves (4/M — 0, /M —0). After some straightfoward
calculation we find

3 0o fule) .
fo (m)k ”2 —n—S[ quz)d 2

TE]

i [y, ®)
It
2

w2
2

where

@ =M11'm &£ and f = g (W2M).

Equations (8) incorporate all the features of the TN
scattering problem in the static limit which were estab-
lished by Chew.? First, the crossing-symmetry condition
T(s, u, t) = T(u, s, t), which relates different partial waves,
reduces to a series of uncoupled equations of the type
f1(—w) = f7 (). Second, the different partial waves are
coupled because of the pole term. For each concrete prob-
lem we must specify: a) the quantum numbers of the me-
son and source as well as the group with respect to which
the interaction is invariant; b) the assumption regarding
the mass spectrum of the meson + source system; c) the
assumption regarding the growth of the functions f (w) at
infinity. Condition a can be used to determine the form
of the crossing matrix Ajj, while conditions b and ¢ fix
the pole and the growth rate of the functions f (w).

In one aspect, Egs. (2) differ significantly from the
equations derived in ref. 8. They contain, instead of the
functions h(w), the partial-wave amplitudes f; (w) =h;(w) *
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u?(@®, i.e., different functions have the same analytic prop-
erties in the Chew—Low equations (2) and the CGLN
equations. Very little is known about the source function,’
so it is clear that the partial waves in the Chew —Low
equations can have analytic properties quite different from
those in the CGLN equations.

To determine the meaning of the cutoff functionu(g?)
we turn to the analytic properties of the scattering am-
plitude T(s, u, t) as a function of any two atthe Mandelstam
variables s, u, t (ref. 10). For scattering of neutralpions
by spinless nucleons the Mandelstam representation is

1 1
7w =¢*(gp=+3p=3)
o0 o0
p(s'yu')

1 '
du s'—s8) (0" —u)

T S ds T
(M2 (M4p?

1
T

dt'py (z, 1') b ©)
e A‘L I:(:c s)(t'—1t) ' (z—u) (2 —-t)J

The double spectral representation in (9) simultaneously
describes three processes:

I.a+N—->a'+N' s
I 7' +N>a+N" u } are energy variables.
0L a4a’ >~ NN ¢

From (9) we can easily find (7). As a function of the vari-
able t, the quantity Im T(s,t) has cuts outside the physical
region for process I. To determine the consequences of
these cuts, we use the approach of Cini and Fubini,!! writ-
ing the imaginary part of the scattering amplitude as

ImT (s, &) ={Im T (s, )}e1 +{Im T (5, )}{pe1a - (10)
It follows from spectral representation (9) that the first
term in (10) has a cut as a function of t beginning at t =
1612, while the second, which is nonvanishing only for s >
(M + 2p)?, has a cut beginning at t = 4p%, We substitute
(10) into (7) and neglect the s and u dependences in the in-
tegrals of the second term [this approximation is valid
for |s| ~ |ul < (M + 2p)¥:

v 1 : 1

Tisu,t)=g° (1112—s+1¥13—u)

v y 11 L oe(t!) g
{Im T (s'8)} 1 [_:S - 5 ) ar,

(1 e (1)
The cut as a function of t, beginning at t = 442, is related
to the circumstance that the amplitude T also describes
process III. We approximate the imaginary part of this
process by a series of 6 functions,

et

c(t)=nXeib (t—1;).

We now convert (10) to

0

[ AIm7(s, Dhera
(M4-p)2

s 2"1

Lo v )= ey + o)
X [7=rt+ =] &

We single out the partial waves from (12) by the differen-

(12)

t—t;
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tial procedure of ref. 12, i.e., by combining the spectral
representation (12) for forward scattering with that for
back-scattering:

4 (WIM) fo (5) =T (s, O) T (s, —4a®)1/2; } (13)

4o (W/M) fu () =T (s, 0) =T (s, —4g*))/2.

It follows from these equations that fj(s) and f(s) have the
same system of poles tj. Now taking the static limit in
(13), we find that the functions f(w) and f (w) satisfy equa~-
tions whose right sides contain the same system of w
poles. This system of poles is symmetric with respect
to the line Rew =0,

The last step in the derivation of the Chew— Low equa-
tions from the representations (9) is to construct an aux-
iliary function having the same poles as the t-channel
contribution to representation (12):

V(qﬂ):lt_[m(memi)l; u(g?) =V (@/V(—1).

Instead of dealing with the partial wave f;(w) we can
now deal with the function f],(w)/u(q2) = hj(w), whose ana-
lytic properties are the same as those of the correspond-
ing function in the Chew — Low equation 2).

These arguments are generalized to the case of me-
son—nucleon scattering. The amplitude T has the spin—
isospin structure described by

L8 & +)
T'=A++5 (91~ 92) B; Aaﬂ = A" 6up0t,
tila (14)
- A (1/2) [TaTplgty

and the analogous equation for B, where af (t,, t;) are the
isospin indices for the pions (nucleons). From the Man-
delstam representation we find the analytic properties of
the partial waves fi(s) (refs. 13, 14). Figure 2a shows the
arrangement of cuts; the same cuts are shown in the w
plane in Fig. 2b. The cut — «,i due to process III can be
represented by a system of poles (Fig. 2¢), We construct
the function

V (g% 1
u(qz):y((il)' Vznm'

The functions hj(w) = fi(w)/u(qz) obviously have the
analytic properties shown in Fig. 2d. Assuming also that
fi3 = fsy» we find the Chew—Low equations (2).
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2.Pr5perties of the crossing matrix for
elastic processes. The amplitudeTﬁi’(s,u, t) for
1%

elastic TN scattering satisfies the crossing-symmetry
property

Tup (5, u, 1) =Tgo (u, s, t). (15)
i 1yta

1t2
This symmetry property can be easily reformulated for
partial waves; the resulting relations are conveniently
thought of as a consequence of the static limit of (15):

TO:B (p! — P m)=T?O: (7P9 P 4—&)); (16)
12

tilg

where the indices «, B give the isospin states of the pions
but can also be thought of as parameters charactierizing
the irreducible representation of same symmetry group
with respect to which the interaction of the particle and
the source is invariant.

To expand the T matrix in a sum over the representa-
tion into which the direct product of representations o
and t; decomposes, we introduce a system of projection
operators which project onto these representations. This
system has the properties of completeness and orthogo-
nality:

S Pi=1; PPy=8,P;. ar)

Using the projection operators we can write (16) as

D T3 (@) (Pap = 2 Ti (—0) (Pi)pa- (18)
i i
The indices giving the state of the source are the same
on both sides of Eq. (18), so we omit them. Since system

P; is complete, we can write the following expansion for
any matrix element (Pi)Ba:

(Pi)pe = Z;: (A7) (P;)ap- (19)

Equation (19) serves as a definition of the crossing matrix.
Substituting (19) into (18), we find

Ty (0) =2 4T (—o). (20)
7

Using condition (20) twice, and exploiting the orthogo-
nality of the operators Pj, we easily find the property

A:=E, (21)

Carrying out the summation over i in (19) and using the
completeness condition (17), we find

},’; Ay=1 forany . (22)
Taking the trace of both sides of (19), we find

eid;j=cy ci= Tr Pi>0. (23)
Equations (21)=(23) do not depend on which transformation
group the T matrix is invariant with respect to. If we

supplement these equations with the symmetry properties
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of the projection operators P; with respect to the inter-
change @ == 3, we can construct the crossing matrix on
this basis.!® These additional symmetry properties are

ey ==, (24)

where cj(m) are known numbers.

From the basic properties [(21)-(23)] of matrix A we
can draw certain general conclusions about this matrix.
It is easy to prove the following lemmas:

Lemma 1. If A and B are two crossing matrices
for elastic processes ofordersn and m, respectively, their
direct product

Ax B

is also a crossing matrix, of order n-m,

Lemma 2. If A and B are two crossing matrices
of the same order, the matrices

ABA, BAB

are also crossing matrices of the same order.!

From (20) we find the eigenvalues of matrix A to be
+ 1, while (22) shows that the eigenvalue + 1 always be-
longs to the eigenvector {1, 1,..., 1}.

A matrix satisfying condition (21) can be written as
+1, 0vny 0

0; 3 Ly O

A=u (25)

.0, O i 1
where u is an arbitrary nonsingular matrix., The choice
of signs in (25) determines the trace of matrix A. Let us
consider several possibilities.

We first assume n = 2 and trace A =0, Then from
(25) we find an equation with two parameters for A:

{—a?
At(“ ; )
b —a

Using (22), we can simplify this equation to
a 1—a
s ( ) ;
—a

14a
Equation (26) constitutes the most general form of the
two-row crossing matrix. The single parameter is given
by condition (23):

(26)

_ e—¢
ety @)

We now assume n = 3 and trace A = 1. From (25) and
(22) we find an equation with three parameters:
1: a, _(1 + a)

A:E—z(b, ab, —(1-|—a)b) i

¢, ac,

1+4ab—(1+a)e ° (28)

—(+a)e

We turn now to some examples of constructing a cross-
ing matrix for the group SU(2), A two-row crossing
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matrix is specified if we specify the numbers ¢, and c,,
which in this case are

eg = 2l; ¢ = 21} 2.

This matrix describes the interaction of particles having
spin ! and 1/2;
(—1, 2142\
1
an=mrir (o, 1) &)

The four-row matrix describing the p wave for TN scat-
tering is the direct product of the matrices (29), one of
which refers to the isospin variables and the other to the
spin variables.

The basic conditions are insufficient to construct a
three-row crossing matrix and must be supplemented with
Eqgs. (24). After constructing the projection operators for
this case, we can easily find eigenvectors (24) with eigen-
values £ 1. The matrix Al, 1 has the form (28), where

A+t 1l 1
B

l
_Tﬁ' (30)

We can also use general theorems to construct the
crossing matrix in the group SU(2)., For example, Rose
and Yang'? have shown that

Trd=1, 0

for matrices of odd and even order, respectively. A
column-summation rule was proved in ref. 16 for a cross-
ing matrix of order n and for the group SU(2):

3 (— 1)y = —(— tpsa-o,

Analogous assertions have been made for SU(m) (refs.
18-20).

3. Formulation of the boundary-value
problem. Equations (2) determine analytic functions
hj(z) with the following properties:

1) hj(z) are analytic in the complex z plane with the
cuts!) (=e0,=1], [+ 1, + ») (Fig. 2d);

2) h;"{Z) = hi(z*);

3) Imh; @ +10) = g2 *+1y2(g?) [hj(@ +i0) |2, where
hi(m+10)=lilg_£zi(m+ie), 0>1

is the unitarity condition;

4) hj (=z) = EAijhj (z) are the crossing-symmetry
conditions; !

5) hj(z) has a first-order pole at the origin, with
Res hi(w) = li;

6) hj(z) — 0 for [z| =~ and Im z = 0.

Using the Cauchy theorem and properties 1-6, we
can derive Egs. (2).

We have already mentioned that physically different
scattering problems lead to the Chew— Low equations (2).
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We show below that the solutions of even highly simple
equations like (2) with specified numbers A; are ambiguous,
Functions arise in the course of the solution which can
Jead to the presence of a pole in @ and a certain behavior
at infinity. These properties are specific to each specific
problem. The general properties of the functions satisfy-
ing various equations like (2) are properties 1-4.

For convenience below we analyze, instead of the

partial amplitudes, the matrix elements of the S matrix,
8; (0) = 14 2ig* u (¢°) hs (), (31)

where q = (w® = 1)1/ is defined such that [(® +10)2—1]1/% >
0atw > 1. Then g* (w) =— q(w*). We assume that u(g?
are meromorphic functions and that u* (@ —1) =ulw**=1).
The functions S;(w) contain, in addition to the poles of the
partial amplitudes h; (@), poles of u(g?). If we consider
general properties 1-4 only, we find no stipulation re-
garding poles in h; (). It is therefore not necessary to
consider the u(g®) poles, so the first property of hj (w) can
be transferred completely to the function S;j(@).

Property 2 of the partial amplitudes h;(w) also holds
for the functions S;(w) if we take into account the choice
of the q(w) branch. The unitarity condition 3 leads to

S; (04 10) = exp [2i8; (0)] for o=>1.

We can also transfer crossing-symmetry condition
4 to the functions Sj(®) if we note that q(— w) = q(w) and
use property (22). We finally find:

1. S;(z) are analytic in the complex z plane with cuts
along the real axis in the intervals (=, = 1], [+1,+ )3

. S} () =8;%);
m. |sjw +i0) f=1,w > 1, §j(w +i0) = 1ix_11_10$i(w +ig);
B>
V. Si( -z)= ZA.iij(Z)'.
3

II. EXACT SOLUTIONS IN THE THEORY
OF CHEW—LOW EQUATIONS

4. Algebraic formulation cf the Chew —
Low equations. The Chew—Low equations are usually
solved by the method worked out by Salzman and Salzman®!
or by the N/D method.” Each of these methods involves
aregularization of the singular equations (2). This approach
frequently leads to spurious or unreliable solutions; an
example of a spurious approximate solution of the problem
by the N/D method can be found in ref. 61. These disad-
vantages can be avoided by using an algebraic formulation
of the equations.” In this approach, a system of algebraic
equations equivalent to the Chew — Low equations is de-
rived. In certain cases the algebraic system is more
convenient for theoretical studies, and it is definitely pref-
erable for numerical calculations.

.To derive an algebraic system from the boundary-
value problem formulated in Sec. 3 we consider thefunc-
tion

2z’ (32)

Z= —1:}_—-2-75- .
This function conformally maps the z plane into the z'
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plane; it maps the unit cirele |z'[ < 1 into a plane with
cuts (—w,=1] and [ + 1, + ), and it maps points + 1 of
the z' plane into points + 1 of the z plane. In terms of
this new variable the basic properties of the boundary-
value problem are:

1) by, (z") is analytic in the unit circle |z'| < 1, except
at the point z' = 0, where it has a pole with a residue
A /23 the function hy,(z") for |z'| = 1 is piecewise con-
tinuous. The conformal mapping (32) maps cuts in the z
plane into the unit circle |z'[ = 1 according to the equation
cos @ = 1/x;

2) Im hy (@) = F (9)| hy (@) |2, — m/2< ¢ < 7/2, the uni-
tarity condition. The function F(¢) is related to the source
function. We assume that F(p) is piecewise continuous;

3)hy (@ +m) = Z Agg hB(qD) is the crossing-symmetry
condition. The problem thus reduces to one of finding the
functions hy, (¢). It follows from condition 1 that hy ")
can be written as

o () =ho! (28) + 3, a5, 33)

It follows from the condition h} (z') = h, (2'¥) that all the
coefficients in (33) are real. On the unit circle lz'|=1
we find two Fourier series from (33):

Re hg (9) = a® -+ (Aa/2 4+ a®) cos @ 1- X afi” cos ng;
n=2 (34)

Im g (§) = (—Aa/2 +a@) sin @+ 2 ai? sin ng.
n=2

The function F(¢) has the properties F(¢) =— F(—¢); F@)=
F(@ + 7). We can thus write

F(¢)= 3 Fansin 2ng, (35)
n=1 .
where F,, are known numbers.
The function
Do (¢) = Im big, (9) — F () | has () I (36)

is periodic with a period of 27 and can be written as the
Fourier series

Dq () = 2, DY sin ng. @1
A necessary and sufficient condition for the vanishing

of series (37) on the interval — 7/2 < ¢ < /2 is that the
coefficients D satisfy

(=1

e 0 ©8)

(n/2) DS —4n (— )" 3 Dy

Writing Dr(xa) in terms of a]ga), we find a system of
algebraic equations,

Zo A8 L 3 B alal? =0, (39)
m==|

which is equivalent to the unitarity relation. The coef-
ficients A (%) and B(@) can be easily expressed in terms
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of the known numbers F,,. Substituting (33) into property
3, we find a system of algebraic equations corresponding
to the crossing relations;

a=1,2,...,N,
n=0,1 .

i 1
Z [Amﬂ_(_i)nﬁaﬂl aSP=Os 0 2
ﬁ=‘l T—Ny ] ] “sa

@0)

The problem has thus been reduced to systems of algebraic
equations (39) and (40).

We assume that the solution depends on s parameters,
i.e., that, under certain assumptions, each curve Im hy, (@)
passes through s points with abscissas @15 Poyev.,Pg and
with specified ordinates H{®), H{®), ..., H(gf). We thus
have

Im ke, (9p) = (—Aa/2+a'@) sin ¢,
+ 2 adPsinn g, =H®
n=2

(=1, 2, .18 a=1,2, ...,N). 1)
Systems (39)-(41) can be solved jointly by Newton's meth-
od.

An important advantage of this approach is its inde-
pendence of the number of partial waves. The conformal
mapping (32) does not incorporate the circumstance that
the Riemann surface of the functions h; (W) can have an
infinite number of sheets. As we will see below, this is
in fact the case. Accordingly, expansion (33) cannot have
a convergence radius larger than 1 for all problems. The
convergence of expansion on a unit circle is analyzed, and
this method is developed further, in ref. 24. The method
of reducing the problem to a system of nonlinear algebraic
equations was used independently by AmatuniZ® in solving
the equations for 77 scattering. ‘

5. Case of one partial wave. Solution
of Castillejo, Dalitz, and Dyson. The form
of the functions having the basic properties depends on
the number of these functions (i =1, 2,..., N) and is gov-
erned by the matrix A for a given N. The simplest case,
that of N =1 and A =1, was analyzed in detail by Castillejo
et al,2®

The CDD (Castillejo—Dalitz ~Dyson) method® isbased
on Wigner's™ R function. One of the governing properties
of the R function is that Im R(z) has the same sign as Im
z. Furthermore, the function R(z) is required to be a
meromorphic function over the entire z plane. The func-
tions h;(z) satisfy all properties of the R function, but they
are meromorphic in a plane with cuts (Fig. 2d). Such
functions have been called®® "generalized R functions." Tt
is then easy to show that the function H;(z) = — 1/hj (2) is
also ageneralized R function. Thenthe Herglotz theorem?®
can be used to establish the most general form of the H
function. For a neutral scalar field, we have

oo

H((.)):A(o"%—i—% ng—mﬁf%+$(m)‘ 42)
where A =0, ¢ = 0, and
S (o) = E R [1/(wn — 0) — UA(('?u -+ )] (43)

is an odd R function. The sequence Wy, Wy, ... can be
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either finite or infinite. The solution is thus not single-
valued and contains a countable number of parameters.
The most important feature of this solution method is the
transformation from the function hj(z) to Hj(z), which
linearizes the boundary-value problem on the right-hand
cut. This method has found many applications to disper-
sion relations, e.g., in ref. 28, where exact solutions were
found for several low-energy models for 77 scattering,
and the physical consequences of these solutions were
analyzed.

There is a simpler method for solving the problem
for the case N =1, A = 1, We start from the boundary-
value problem specified by conditions I-IV in Sec. 3. We
consider the function which is the inverse of function (32):

' =1n(0)=(1+ig)/w. (44)
Obviously, the function 7n(w) itself satisfies basic condi-
tions I-IV and is a highly simple solution. However, it
is not the most general function which satisfies condition
III. This would be the Blaschke function, which obeys the
inequality |b[7(w)] | = 1 within the unit circle and has only
zZeroes:

b(n)=n* I[1 L] :}L‘ "—*—11117};1 : 45)
h=

It follows from conditions III and II that the zeroes of Mk
must be symmetric with respect to the axis Imn =0. The
crossing-symmetry condition shows that these zeroes are
symmetric with respect to the Re 1 = 0 axis, so that n is
always even:
Ny — 12 —
— nh (2] ng
i) ,H I—ni n2 II T4ng, 2
(45 ng
x 11

(I My >+ 1)+ (2Re 1%, )2
ng (L1 Mps[P1%)24-(2Ren, )2 *

(46)

where ny, ny, n; are the numbers of poles on the positive
real and imaginary half-lines and in the first quadrant of
the 7 plane; A is the order of the singularity at the zero.
Equation (46) gives a different form of solution (42) and

is convenient in that the independent parameters in it are
related in a simple manner to such physical characteristics
as the positions and widths of the resonance and the masses
of the bound states. The number of singularities can also
be infinite; the limitations which arise on Mn; in this case
have been analyzed thoroughly.z‘q If we assume the func-
tions b(7) to be bounded functions within the unit circle,
we can replace (46) by a more general representation,
which turns out to be important in the solution of several
problems® (see Sec. 12 below).

6. Solution of the Chew — Low equations
with a two-row crossing matrix. As the sim—
plest example we consider a two-row matrix:

—1 4
1
duli[H Y.

@7)

This matrix corresponds to spins 1, 1/2 of the interacting
particles and is a matrix of type (29). The solution for
this case has been given by many investigators.3®34 we
will consider this solution here in more detail,
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We first determine the limitations which are imposed
on 8;(z) by the crossing-symmetry conditions. We write
S, and Sy as®

s=(sa):

Then condition IV from Sec. 3 can be written in matrix
form:

48)

AS (2) =8 (—2). 49)

We break up S(z) into parts which are even and odd func-
tions of z. Then the most general form of the column
matrix S(z) satisfying (49) is

s(z)—2a(z)
S"')z(stzwa(z))’ )
where s(z) = s(— z), a(z) = —a(—z), and, according tocon-

dition II, s* (z) = s(z*), a* (z) = a(z*). In particular, if we
set a(z) = 0, we find

S(z)ﬂ(i)s(z). 1)

The symmetry function s(z) satisfies conditions I-III, i.e.,
is the Blaschke function (46); Eq. (51) gives the even so-
lution of the problem defined by conditions I-IV for matrix
(43). To find the most general solution of the problem,we
note that unitarity condition III yields

|5 (0)—2a(0) F=|s(w)+a(0) =1 for o>1. (52)

Equations (52) give two unit circles centered at the
points 2a(w), = a(w). Obviously, these circles do not in-
tersect at any value of the ratio s(w)/a ), i.e., Egs. (52)
are compatible. These equations can be easily rewritten
as

|sta—22=|s/a+ 1% (53)
ls+aP=1. (54)

The points of the circles are defined by
s/a-}(s/a)y* =1. (55)

This condition is a consequence of (52) and gives the ratio
s/a for w > 1. Since the functions s/a are odd, the right
side of (55) changes sign at w < 1. We define s(w)/a ()=
&(w). Then it follows from the definition of 8;(w) that (55)
includes @ () (w) = @ (w + i0), and from condition II we
find (s /a)* = @) (w) = & (w —i0). We finally find an in-
homogeneous linear Riemann boundary-value problem:

o=>1,

OB (@) + P (@) =% .y (56)

whose solution is given, e.g., in ref. 35. The solution is
® () .—.-:%arcsinm-{-i Vor—1B(0);

B(0)=—B(—o). (57)
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The arbitrariness in the solution is governed by the re-
quirements that @ (w) be bounded and integrable on the cut;
these requirements lead to a special form for f(w). Inour
problem, S;(w) are meromorphic functions in a plane with
cuts, so f(w) is an arbitrary odd meromorphic function

of w, In the analysis below a particular solution of (57)

is quite important:

w4 w*=-+1,

w:-i—arcsin ®; 0=+1. (58)

In the complex w plane this solution is the equation of two
straight lines, Re w = = 1/2,

Since we know the ratio s(w)/a(w) [Eq. (57)], the prob-
lem of solving Eq. (54) reduces to one of finding, for ex-
ample, the function a(w). We seek the solution as a func-
tion of w; then i V0¥ =1 (w) = cos Twp (sin mw) = Byw).

It is easy to see that By(w) = Bolw + 1), Bolw) = — Bl w),
and

s (w)/a (w) = w+ o (1)- (59)

For the function ¢ (w) = s(w) + a(w) we find from (54) and
(58) the functional equation

) e(l—w =1 (60)

Since the function a(w) is odd, we find a second functional
equation for @ (w):

@ (W[ +Bo () + 1] = — ¢ (—w)/ [—w—Po (—w) +1]. (61)

The general solution of functional equations (60) and (61)
is

 wtPBo(w)
P @) = B w—1

exp [k (w—1/2)],

where h(w) + h(=w) = 0; h(w) + h(w + 1) = 0. We finally
find the general solution of the problem with the matrix
47):

w+fo ()

w+Po(w) +2
o )Wexp h(w—1/2]. (62)

Fipep== (w+ﬁo(w)+i

This method can be extended immediately to the case of
the matrix A, /; in (29), where I is an arbitrary integer.
The form of the function S;(w) for this case gl

1o (w) — (141
Sy (w) = (%) Q1 (w), (63)
1

where

]

1wk Uy () — 424 (— YL (424 (1—n)]

o (w) = 111 w10 (W) — 12— (— )" 1 12+ (I—n)]
e

X exp [k (w—1/2)]. (64)

Solutions can also be found for nonintegral L. In this case
the form of the matrix A is not governed by the specific
transformation group with respect to which the interaction
is assumed invariant. Accordingly, nonintegral values of
1 can be used for parametrization in Eq. (29); the solution
is again of the form (63), but now, instead of (64), we have

@ (w) =otg 5
. I (— w4024+ 1)T (—(—wt1)/2)
*w—114) T 1= pF ) T (—@—=1AFD3) " (65)
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. Let us consider the properties of the solution (62).
We define

D (o) = exp [k (w— 1/2)]. (66)
The function D(w) satisfies
ID(@}=1, 0=1, D(—e)=D ). (67)

This condition gives the function D(w) as the Blaschke
function (45) of variable 1 [Eq. (44)]. The position of each
zero of this function is specified by two parameters, cor-
responding to the two parameters of the CDD pole.® 1t
follows that an ambiguity of the CDD-pole type also arises
in more complicated cases and is the same in both partial
waves.

The remaining part of S(w) depends on the arbitrary
meromorphic function fy(w). The poles and zeros of S(w)
are given by

w+Po(w)+n=0, n=0, 1, —2. (68)
It follows from the periodicity of Sy(w) that the roots of
Eq. (68) can be determined simply by solving the one equa-
tion with n = 0:

w+ By (1) = 0. (69)
Let us consider the ratio [w + fy(7)]/{lw + Byw)]—1},
which appears in S(w). The zeros of the denominator ob-
viously lie one unit away from those of the numerator, i.e.,
the poles and zeros ofthis ratioare symmetric with respect
to the line Re w = 1/2. The equation for S,(w) contains
the additional factor {[w + By(w)] — 2}/[w + By(w)] + 1},
whose zeros andpoles are also symmetric with respect to
the line Re w = 1/2. This symmetry is a consequence of
the unitary condition on the cut w > + 1.

From Eq. (69) we find the following properties for
the set of roots W of this equations

a) Set W is symmetric with respect to the origin.

b) Set W is symmetric with respect to the Im axis.
Accordingly, to determine set W it is sufficient to findall
roots of Eq. (69) which lie in the first quadrant of the W
plane, including its boundary.

We can specify the properties of set W in more detail
only by making certainassumptions about Sq(w).

7. Riemann surface of the functions Si(z)
and some of their properties. We conclude
from the two-particle unitarity condition and the Schwarz
reflection princ:iple3 that the functions S;(z) have first-
order algebraic branch points at z = + 1. The crossing-
symmetric condition allows us to extend this conclusion
to the point z = —1,

To determine the nature of the branching of these
functions at infinity we must circumvent the points £ 1
simultaneously. If unitarity condition III holds at the right-
hand cut, it does not at the left-hand cut, and the functions
8; (= z) are determined with the help of the crossing-sym-
metry condition. Accordingly, the two points = 1 can be
circumvented simultaneously through the use of conditions
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Il and IV. Heve Ningu Hu®*® was apparently the first to
show that the point z — « is a branch point of the loga-
rithmie type or, more precisely, that all sheets of the
Riemann surface join at infinity, He treated the matrix
elements of the S matrix as functions of the energy and
momentum, working from unitarity condition IIT and the
odd nature of the phase as a function of the momentum
Silw, @) = 1/[S;(w, = q)]. He showed that for the neutral
and charged models the Riemann surface of functions
S;(w, q) has two sheets. This result agrees with those of
ref. 26. An analogous treatment for s-wave and p-wave
7N scattering leads to the conclusion that the Riemann
surface of these functions is not double-sheeted.

Jones®" used the concept of a universal covering sur-

face to analyze the Riemann surface of the partial ampli-
tudes according to a potential-scattering model. He also
pointed out the importance of correctly taking the form
of the Riemann surface into account in physical applica-
tions.

The explicit solution of the problem with a two-row
crossing-symmetry matrix shows that an infinitely remote
point is a logarithmic branching point. Working on the
basis of this result and the conclusions of Ning Hu, we
assume that the Riemann surface of the functions Si(z) has
an infinite number of sheets because of the branch point
at infinity., After determining the form of the Riemann
surface of the functions Sj(z), we can solve the problem
of their analytic continuation from the first sheet to any
other. The continuation to the second sheet follows from
conditions Il and ITl: S{*(z) = 1/8j(z).

For the continuation of the functions S;(z) to all sheets
of the Riemann surface it is more convenient to transform
to the variable w in (58) and write the properties of the
functions Sj(w) in matrix form.® We introduce the column
matrix

S (w)
8 (w) = | 5:®) (70)
8, (w)
We denote by I the nonlinear operation
1/8 (w)
1S (w)=| Y52 (@) (71)
1/8, (w)

The conformal transformation (58) leads to uniformization
of the functions 8;(w). Then conditions I-IV in Sec, 3 take
the following form in terms of the variable w:

I'. S(w) is a column matrix of meromorphic functions
in the w plane;

II'. S*(w) = S(w*);
II'. IS(w) = 8(1 = w) — the unitarity condition;

IV'. S(—w) = AS(w) — the crossing-symmetry condi-
tion.

The functional form of unitarity condition III' follows
from (58). Combining properties III' and IV', we find
AIS(w) = S(w — 1); IAS(w) = S(w + 1). Repeating this opera-
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tion n times, we draw the following conclusions 4

(AN" S (w) =8 (w—n);
(LA)" S (w) =S (w-+n).

(72)

n=1; 2,5 73)

Accordingly, knowing the values of the funetion S(w)
at the pole |Re w | = 1/2, i.e., on the physical sheet, we
can use (72) and (73) to continue this function to any plane.
The operator (ADR is the operator for the continuation to
the left to the strip |Re (w +n) | = 1/2, while the operator
(IA) represents the continuation to the strip |[Re (w —n) | =
1/2. If we initially assume that conditions I'-IV' hold only
for the first sheet of the Riemann surface, we can easily
show that they hold for the entire w plane. Figure 3 il-
lustrates the geometric method for analytic continuation
along straight lines parallel to Im w by means of the opera-
tors (A and (1A)2.

From unitarity condition IIl we can determine the
form of the column matrix Stw). We introduce the new
function gj(w) = In Sj(w), where the logarithm is under-
stood to represent that branch of the multivalued function
for which [In Sjw)]* = [In S;(w*)]. The functions g; (w)
satisfy the equation

gi(w)+gi(1—w)=0,
whose general solution is

gi (W) =47y (w—1/2), A (W)= —B; (—uw).
We thus have

exp Ay (w—1/2)

exp Ay (w—1/2)

exp A, (w—1/2)

S (w) = (74)

where each of the functions A (w) is antisymmetric with
respect to its argument. On the line Re w =1 /2 all the
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functions Aj(w — 1/2) are purely imaginary, and the uni-
tarity condition holds. Over the remainder of the plane,
on the other hand, the Aj(w — 1/2) values are complex.
The unitarity of the column matrix S(w) does not couple
the functions A;. This coupling is established by the re-
quirement of crossing symmetry, IV'.

Finally, we note that the ambiguity in the solution of
problem I-IV found in the case of a two-row erossing ma-
trix is again found in the general case of a matrix of
arbitrary order n X n. Accordingly, if we find a column
of functions S(w) satisfies conditions I'-IV', then the fol-
lowing column also satisfies these conditions:

Sy (w-+ B (w))
82 (10-+B ()

Sn (IL’ 'Jl" ﬂ (U’))

D(w) D(1— w) = 1; D(w) = D(—w); D*(w) = D{w*); flw) =
Blw + 1); Blw) = — B(—w); B*w) = Bw™).

8. Construction of the funection Sj(w)
with a finite number of singularities for
a crossing matrix of arbitrary rank. At-
tempts to apply the method discussed in Sec. 6 to theprob=-
lem with even three partial waves have been unsuccessful.
A natural step would be to attempt to formulate a system
of algebraic equations for the case of a Riemann surface
having an infinite number of sheets, through the use ofthe
variable w in (58), rather than z' in (32). This approach
was followed by Meshcherya.kov,“" who used one other as-
sumption: He sought those equations of problem I'=IV'
for which the functions §;(w) have only a finite number of
poles in the w plane. Then it follows from the unitarity
condition that each function 8 can be written as

D (w); (75)

N;
S:(w)=]1 m (76)
n==1

or, alternatively, as the sum of unity and an irreducible
rational function:

i N‘—' l .
b(;)w L T h(I;,]i

8, (W) =1+—5

w'ila

@ N1, ) @)
L w q—...-;-aN‘

We choose from the set of poles of the functions Si(w) the
pole having the maximum modulus |1—all) |,ie., R=
max {[1— al(li) |}. Then in the region |w|> R each of the
functions is free of singularities and can be expanded in
a series in inverse powers of w or w — . Such an ex-
pansion is known to be unique. The series

2 (i)
S (w)=1- E j:,%
n=0

(78)

converges absoulutely and uniformly outside a circle of
radius R. From (77) and (78) we find (for simplicity below
we omit the index i)

bwN-1-FboN -2 ... 4-by

= (w¥ - awN-14- ...+ ay)

X (ct/w - o/ 4 ... 4-apf™ L L)

(79)
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Equating the coefficients of identical powers of w, we find
an infinite system of linear equations in terms of the un-
Knowns g, @qyeee, Qpyeast

oy =by;

CoQy 0y = by;

Cﬁ'o‘?;a ‘.f'lallal.e—l-“:.— A+ = by (80)
Clo@x -y ~+ Oyl g - Wyoy == by;

gy C‘.qﬂﬂ.\'—i "J‘—.‘ .. “*l‘ C;q+_\’ = Ul- g=0.

The system (80) can be solved. From the first N
equations we determine the sequence Woy Cyynvnnnay ONmye
All subsequent g beginning with @y are linear combina-
tions of the N preceding unknowns, since the last equation
in (80) can be written as

N

A
ag= D (—ap) g
o=l

g=N. (81)

Accordingly, from (77) we can construct infinite series
(78) on the basis of Egs. (80). Condition (81) is written
best in terms of the "infinite Hankel matrix:"

Oloy Clyy Cla, wuny Olpyy on
o o, O, 3 O P

S 1 2 '3 n+ls o H Ciih “:’ i (82)
Olgy g, Oy vey Qnggy oe

Let us consider the sequence of determinants of prin-
cipal minors Dy = | | ls . From Eq. (81) we find

Dyyy=Dypp=...=D;=0, r=N, Dy 40,

We call the infinite Hankel matrix having this property a
"matrix of finite rank N." It is clear from the construc=-
tion that the rank of the Hankel matrix S is the degree of
the polynomial in the denominator of the proper rational
fraction (77).

Accordingly, each of the functions Si(w) can be un-
ambiguously associated with an infinite Hankel matrix
s, whose rank N; is equal to the number of poles of the
function S;(w), each counted a number of times equal to
its order.”® To construct the function Si(w) it is therefore
sufficient to calculate the first Nj + 1 of the coefficients
in expansion (78) and then use Eqgs, (80) to find the numbers
by, by veu, by @, @y, .00, ay, i.e., the functions Sj(w) in
the form (77).

We must now determine the limitations imposed on
the expansion coefficients otr(li) in (78) by the crossing-
symmetry IV' and the unitarity condition III'. Substituting
(78) into condition IV' and equating the coefficients of iden-
tical powers of 1/w, we find

Ayl = (— 1)1, (@)

The condition III' holds for each function Si(w) sepa-

rately, so the equations for the coefficients ozl(ll) do not
depend on the index i, which can thus be omitted. For the
funetion S(1.— w) we have the expansion
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S(l—w)=1+ 3 “_“—W- (84)
n=>0

We rewrite the series (84) in terms of the variable 1/w,
using the obvious equation

a—uw

() 3 (85)
p=0

Substituting the n~th derivative of (85), with @ = 1, into
(84), we find

oo n
S—w)=14 3 —=n—; an= S (—1)*1C0;,,  (86)

n=_0 p=0

where CB =pp—1)...0—n+1)/nlfor n <p, CE =0 for
n > p, and C% =Cll = 1. We see from (86) that each of the
coefficients in the expansion of $(1 — w) in inverse powers
of w can be expressed in terms of the coefficients of no
higher order in the expansion of S(w) in the analogous se-
ries.

Substituting expansions (78) and (86) into the unitarity
condition IIT', and setting the coefficients of identical pow=
ers of 1/w equal to zero, we find the following restrictions
on the coefficients:

=1

n
I ' ! '
Clp - Op -1~ l Lyl —m—1 = “1
m=0

1 L T T, (87)

It is easy to see that the expansion coefficients in (78) with
even n are independent parameters. Setting a_; = 1, we
find from (87)

oy =ty (oo -+ 1)/2;

2oty — 20ts (ctg + 3/2) = — ot (atg - 1) (ctg - 2)/4; (88)

The problem of constructing the functions Si(w) thus re-
duces to one of solving a system of equations of the form

Ob&}m“) =f [Ctg",ka(zir)n—i, ity G Asja53)=(—1)"“a$:');
afpe =afd.

(89)

The form of the functions f does not depend on the index
i and is governed by Eq. (87). The reality of the coeffi-
cients « follows from condition II'.

To determine the form of the equations which the
coefficients af satisfy, we write these coefficients in a
column:

alt)
Oy =
af™
Here @ is understood to represent
[a{h)?
a::]z) =

2
[af™]
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Acting on the first of Egs. (88) with operator A, andusing
(83), we find

A = a4 20; Aog= — - (90)
If we have found a real solution of this system, the sub-
sequent coefficients, o i), ozéi), ete., can be determined
by solving the system of linear equations (88). Accor-
dingly, the number of different sets of functions S; (w) sat-
isfying the basic properties I'=IV' and the additional re-
quirement (76) is no greater than the number of different
real solutions of Egs. (90).

To illustrate this method we show the results of the
solution of problem I-IV for several particular cases.

1. The functions Sj(w) satisfying the conditionsI'-IV"
for the crossing matrix

1/3, —1, 5/3
Ay =1 —1/3, 1/2, 5/6 (91)
1/3, 172, 1/6
are
N w—Db/2 N w—52 wH1/2 N w172
Siw) =g S =g e S0 =y ©2)

2. This method can be easily generalized to the case
of the three-row crossing matrix Aj in (28) (refs. 40,41):

w—(14-3/2) . w—(+3/2) wt(—1/2),

So(w) =g Fu+1/2)° S (w) = (1 12) w—(1/2)°
w4 (1—1/2)
Sa(w) = =1 - (93)

We note that these equations hold for any real I, not neces=-
sarily an integer.

3. It can be shown that the oanly solution (except for
a trivial solution) with a finite number of poles for the
three-row Chew— Low matrix ) is
Sy (w)= [w b2 ]2 :

wt—1

iy , o 2
8y (w) = qu-L:__.l i wil ; Sa(w)= Iji_f . (94)
4. For the four-row Chew— Low matrix
1. —4 —4 16
S (R 4
A:'—:ATXAJ’:% 2 1 8 (95)

— 2 8= 4
4 207%% 1

problem I-IV has the following solutions with infinite num-
bers of poles:

Parameter I 1L 1T
5 1 ww—2) ww—2) w(w—2) w(w—2)
i w2—1 w2—1 w2—1 w?—1
w(w—2) w wlw—2) w
Sta() e Wl wi—1 w1
w w(w—2) wo w (w—2)
S31(w) w—1 w—1 w—1 w2 —1
w w w w
S33 (w) w—1 w—1 w—1 w—1 (96)
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Solution I is the direct product of the two solutions
corresponding to the two-row matrices A7 and Ay, dis-
cussed in Sec. 6. The structure of solutions II and III is
obvious: In each of them, one of the solutions correspond-
ing to the matrices A and Aj is a trivial solution (i.e.,
the column |]).

Working from these solutions with finite numbers of
singularities, we can construct solutions containing mero-
morphic functions. For this purpose we must use the
arbitrariness in (75), which permits functions satisfying
conditions I'-IV'. Using this arbitrariness, we can at-
tempt to satisfy the particular conditions mentioned above.
However, we note that in this approach we cannot construct
from solutions (94) and (95) a physical solution for the p
waves of TN scattering, namely, a solution with a Born
pole. The physical solution must therefore contain an in-
finite number of singularities in the w plane.

9. Example of functions Sj(w) with an
infinite number of singularities. The method
Jescribed in Sec. 8 is obviously inapplicable for functions
having an infinite number of gingularities.’) The possible
existence of such solutions was shown in ref. 43 for the
case of the three-row crossing matrix Ay in (91). A
geometric interpretation of problem I'-IV' turns out to
be useful in finding such solutions,’* We introduce the
ratio

X ()= 58, (w)/Sz (w); ¥ (w)= S5 (w)/S; (w).

Then the problem reduces to one of solving a system of
nonlinear finite-difference equations of the type

X(w-1)=f[X(w), Y (@)
Y @+ 1) =X @), Y @) (@8)
where 7 and ¢ are birational functions. System (98) can
be interpreted as the mapping of the {X(w), Y(w)} plane
into the {X(w+1), Y(w +1)} plane. The fixed points of this map-
ping are determined from a fourth-degree algebraic equa-
tion, which has a double root X =1 (or Y = 1) and two dif-
ferent real roots X, 5 = (7 £ 3V5)/2. Since there are no
general methods for solving Egs. (98), it is natural to at-
tempt to find solutions corresponding to an extremely
simple mapping — the piecewise-linear mapping

X (w--1) =[aX (w) — pI/[X () +7]. (99)

In the case of coincident fixed points, the transformation
(99) is called "parabolic." It can be shown® that the so-
lution with a finite number of poles in (92) corresponds
to this case. When there are two different fixed points,
the transformation (99) is called "hyperbolic" and leads
to two solutions with an infinite number of poles:

ag(e-d
1y s@=| 25 (»+7) | oy
1
% (100)
"h%("’”z)
2) S@)=| a5 (v+3) |-out),
1
%

V. L Zhuravlev and V. A. Meshcheryakov 79



where ¢ = In (1/2) (7 + 3V5) and

f[ {on+ (21;._%) soh 5 [20—1—7 (—1)k] }
k=1

;‘1:11 {ch -;— (2.&:—%) ich-;—[2w— 1+—;- (_1)h:]}

The poles (zeros) of the functions @ (w) for solutions
(100) lie on the lines Re w = +k + 1/2 — (1/4) (-nk=1],
Rew==£k+1/2 + (1/4) [(-1)K 1] at a spacing of i(27/c)
and have an accumulation point at infinity. The system
of poles (zeros) is common to S;(w) and S;(w), and the ra~
tio 8,(w)/S,(w) has an infinite number of poles (zeros) on
the line Re w = 71/2 (Rew = 3/2) with a spacing i(27/c).
The zeros and poles of the ratio 8, (w)/S,(w) do not con-
tribute to S, since they are offset by the corresponding
poles and zeros of the function ¢ (w). Accordingly, the
functions 8;(w) for solutions (100) do not have poles in the
strip —1/2 = Re w =< 1/2, i.e., on the physical sheet [ex~
cept for the poles which can be introduced by means of
the functions B(w) and D(w) in (75)]. However, there are
an infinite number of zeros and poles on the nonphysical
sheets. We note that the functions Sj(w) are bounded by
a constant on the physical sheet. For the three~rowcross-
ing matrix AC-L jn (3) the only solution is parabolic, i.e.,
the solution having a finite number of singularities, (94).

Turning to a brief discussion of the solutions found
in the last two sections, we note that their explicit forms
imply the existence of functional relationships of a poly-
nomial type. For the matrix Ay 1, solution (92) satisfies
the property S,(w) = 8,(w) - Sy(w), while solutions (100) sat-
isfy the property S;(w) = — S,(w). For the three-row ma-
trix AC-L there is a single relationship of this type:

85 =58 (w)-8;3 (w), (101)
corresponding to solution (94). The functional relationships
here play the same role as that played by the first integrals
in the theory of differential equations, which can be used
to reduce the order of an equation. Accordingly, for a
system of difference equations like (98) we can attempt
to find relationships which would significantly simplify
the solution of these equations.

A method has been developed for constructing func-
tional relationships of the polynomial type.** For the ma-
trices Ay,q and AC"L, the only polynomial relationships
have been calculated here. The mathematical literature®®
reveals a method for locally (i.e., in the neighborhood of
a fixed point) constructing arbitrary functional relation-
ships. However, these methods cannot be used effectively
in our case.? Nevertheless, as is shown below, the an-
alogy hetween differential and difference equations turns
out to be useful.

10. Existence theorems for the Chew —
Low equations. All the illustrative exact solutions
above have been based on a special circumstance: the
linearization of Egs. (2). When we leave this specialclass
we are immediately confronted with a nonlinear problem
in some formulation or other. For example, the system
of equations (III, IV) can be solved for any crossing ma=-
trix A, but the very existence of a solution requires a
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special proof.

In terms of the concepts involved, the first such at-
tempts were those by Low and Huang® in studies of "boot-
strap solutions" (Sec, 11). Lovelace subsequently ana-
lyzed the number of parameters governing a solution,
Treating equations like the Chew— Low equations as equiv-
alent to a nonlinear operator in a Banach vector space,
he showed that the number of independent parameters is
governed by the index of the Fréchet derivative of this
operator. He did not prove the existence of the solution
itself,

Warnock® and McDaniel and Warnock® proved the
existence of solutions on the basis of theorems regarding
fixed points or the method of contractive mappings within
the framework of functional analysis. They analyzed three
formulations of the Chew— Low equations: the Chew— Low
equation itself (2), the N/D formulation,-and the equation
for the inverse amplitudes, 1/hj(w). They assumed the
cutoff function to satisfy the Holder boundary condition

le@—p(m<k|t—z|* k, p>0,
where

p ()= (g°12m) u (g®); t=1w.

They proved the existence and uniqueness of solutions for
any set of CDD poles with small residues and with an ad-
ditional restriction on the magnitude of the coupling con-
stant. These restrictions for the three specified formula-
tions of the Chew— Low equations are lziTSilp [A;]=0.014,

0.11, and 0.013. For the physical value of the coupling
constant, 2~ 0,087, this value is approximately equal to
9. However, the actual construction of iterative solutions
of Egs. (2) obviously requires even smaller values of the
coupling constant. In this approach the restrictions on
the coupling constant are related to the analytic methods
used; a possible analytic continuation to larger coupling
constants was not actually carried out.

An analogous approach was used by Atkinson® to
prove the existence of amplitudes which satisfy the Man-
delstam representation and certain requirements which
follow from unitarity. Although these papers were afflicted
with the same difficulties involving the value of the cou-
pling constant, they show that progress reached in one
direction can be transferred to another direction. Related
papers are those mentioned above, in which the Newton—
Kantorovich method was used to solve the equation for
low-energy 77 scattering® or used for nonlinear systems
of algebraic equations equivalent to the Chew — Low equa~
tions.?,

We believe that a natural approach to establishing
existence theorems for the Chew—Low equations would
be to start from the basic requirements I-IV and only then
use the requirements fixing the physical solution. Below
we use several concepts of the theory of ordinary diffe-
rential equations® to analyze the Chew—TLow equations in
difference formulation I'-IV', Inthis approach successful
use can be made of the concepts of a fixed (stationary)
point and an invariant manifold, first introduced by Poin-
caré 5
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Let us consider Chew—TLow equations (2) with athree-
row crossing matrix AC-L on an infinite-sheet Riemann
surface w, given in (58). It follows from crossing-sym-
metry condition IV' that

1 4 —4
S(wy=s (w)|1|+sw)|—2|+p@w)|—1], (102)
1 1 2
where
sy (@) =8, (—w); 82 (W) =5, (—w); (W)= — (—w).
We introduce the variables
s1(w); y (w) =55 (w)/s, (w); x(w) =1 @)/s; (w). (103)

In terms of these variables we easily find the following
system of equations, which is equivalent to conditions
nr-iv':

’ g s z 222 — gy — 2y ;
@' =F(z ) F( Y =175 32—y 22’
y' = —F(y, 2); 2()=—z(—w) yWw)=y(—w);
sis (1 —2y+-2) (1 —2y' —a') =1; s (w) =5 (—w); (105)

1 4
} . (106)

1 —2
1 1
In Egs. (104) and (105) the primed functions correspond
to argument w + 1, while the unprimed functions corre=-
spond to argument w. Equations (104) are independent of
Egs. (105), so they can be solved successively. It is es-
sentially this approach which led to solution (94) of the
Chew— Low equations. Turning away from the functions
B(w) and D{w) of (75) in this solution, we analyze this so~
lution on the x, y phase plane by a method similar to that
used to analyze the solution of autonomous systems of
differential equations in phase spaces. The solution is
mapped onto the phase plane as a curve all points of which
are invariant with respect to the substitution (x, y) — &',
y"). This curve corresponds to functional relationship
(101) and, in terms of the variables x, y, is

} (104)

-
sl
2

+y (W) +z ()

S (w) =3, (w) {

y—azt=0. (107)
Parabola (107) touches the y axis at y = 0. The direction
of the tangent to the invariant curve at this point follows
from the linear approximation of Egs. (104): x'=x, y' =
y. In other words, the only invariant lines are the coor=-
dinate axes. Solution (94) is characterized by the following
function as well as by curve (107):
ss(1—yh) =1, (108)
which is found from Eq. (106). The x,y phase plane is
not adequate for a geometric mapping of funection (108);
it is necessary to transform to the phase space X,¥, s, of
system (104), (105). In phase space, Egs. (107) and (108)
are represented by two surfaces. Their intersectiongives
the line which maps solution (94). The one-dimensional
space associated with this line is the simplest nontrivial
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invariant manifold of the Chew—Low equation.

It is natural to ask whether invariant manifolds of
higher dimensionalities exist. In this case the invariant
manifold can be a surface in three-dimensional space.!!
The equation of the surface is conveniently written in the
form

5= (y, 2. (109)
The quadratic functional dependence of € on x automatical=
ly incorporates the invariance of the surface with respect
to the crossing-symmetry transformation. The physical
solution of Eq. (2) has the property 8j(z) = 1 + O(z2—1)*2
as z — 1. Accordingly, surface (109) must have a limit-
ing point in phase space x,y,s, with coordinates (0, 0, 1).
It is easy to see that surface (109) can be tangent to the
y, s, coordinate plane at the point 0, 0, 1) or to any plane
of the sheaf of planes orthogonal to the y, s, coordinate
plane and containing the point (0, 0, 1). The function &
obeys the equation

Oy DO, Y (1 —2y+0) (1 -2y —2)=1. (110)

It can be shown that on invariant curve (107) the function

O (y, 29 =11 —)* (111)

is a solution of Eq. (110).

The solution of Eq. (110) can be sought as a double
series x and y:
Dy, 2= > (112)
m, n=0

Qam, n‘rzmyn .

In the solution of the equations for the unknown coefficients
@ymon 2 situation arises which is conceptually completely
analogous to that which arose in Sec. 8 in the use of series
in one variable. Technically, however, it is of course
vastly more complicated. The convergence and construc-
tion of series (112) were analyzed inref. 55. It was proved
that this series converges in a certainrectangle containing
the point (0, 0, 1), and it was therefore proved that atwo-
dimensional locally invariant manifold, invariant surface
(109), exists. This apparently exhausts the invariant man-
ifolds containing the limiting point (0, 0, 1), Actually, the
arbitrariness of (75) and the two independent coordinates
of the invariant surface lead to a situation in which the
general solution depends on three arbitrary functions. In
this manner the arbitrariness achieved is the same as that
specified by crossing-symmetry condition IV.

The existence of invariant manifold (109) still does
not prove the existence of the solution of the Chew —Low
equations (2). This proof requires an analysis of themo-
tion of a point over surface (109), given by Egs. (104).
Equations (104) have three different fixed points. The
physical solution of the Chew — Low equation must be
mapped by a line arriving at the point x =0,y =0, In the
linear approximation the motion of any point from a small
neighborhood of the origin reduces to mappings with re-
spect to the x axis, and the initial point does not approach
the origin. The position of a point with respect to the
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origin is governed by terms of higher order in x,y. To
eliminate oscillations due to the linear terms it is con-
venient to analyze an iterative transformation F. Rep-
resenting F() as series in increasing powers of x and y,

x(h):x"\r_ E ag:}'n‘?: J H
min=2 (113)
y(h) =( 1)1& _I__ .\‘l . b(ﬁ} nl'"'y

m n;..

we can show that the coefficients ag})n and b(k)n can be
calculated step by step and that the series converge.ss It
is easy to see that the set of orders of transformation F
forms an infinite Abelian group G with the following mul-
tiplication law:

FmFay — poniny (114)
In the coordinates x,y the group multiplication law be-
comes

¢ (1-(’"), yrmx) =™ (EI""), y"") = UM+ (_1.’ y); } (115)
y(") (:C‘m’, y("l)) =y:"n (_rcﬂ:‘ y(ﬂ)) = _I]"""'“’ (.T y)'

Subgroup G, of group G,corresponding to the oddpow-
ers of the initial transformation, has animportant property:
(= 1)K = 1 within subgroup G;. Accordingly, series (113)
are polynomials in powers of x, y, k which identically
satisfy Egs. (115), and in subgroup G, these series can be
discussed for all real values of k, not only the integer

values. From Egs. (115) we find the group equations
dz™/dk = bz (zth, y"") 8z = dab (z, dli, i
dy"",’dl. - Gy( (k), rk;}’ } (]. 16)
Sy =dy (z*, y")jdl| —o.

It follows from Egs. (116) that the trajectory of a pointin
the phase space (x, y) is described by the differential equa-
tion

dy""‘d:r"" = by (;r"", y""),'d.z‘ (_r(ﬁ), yrk:)' (117)
We can use Eq. (117) to analyze the behavior of an arbi-
trary point near the origin and to analyze the behavior of
trajectories along which the point moves under the in-
fluence of mapping F (ref. 56). We simply state the re-

sults: All the trajectories can be classified into one of
two types; the first type includes trajectories of the para-

¥

’
7
N Ly %
\ A
N /
X Vi

\

4 ’

\

7/

Fig. 4

82 Sov. J. Particles Nucl., Vol. 5, No, 1, July-Sept. 1974

bolic type, which arrive at or emerge from the origin
(denoted by I in Fig. 4). Trajectories the second type are
hyperbolic (L). The hyperbolic trajectories do not arrive
at the origin. The motion of a point near the origin ecan
be described as follows: If the initial point lies in the
parabolic sector, there are always two trajectories iy and
1, (Fig. 4) along which the initial point approaches (or
leaves) the origin under the influence of transformation
F, jumping from one trajectory to another. If the initial
point lies in the hyperbolic sector, there are always two
trajectories L, and L, along which the initial point moves
under the influence of transformation F, jumping from one
trajectory to another.

We can now discuss the existence of a solution of the
Chew— Low equation having the correct cutoff behavior
and Born poles. This solution must pass through the
point with coordinates x =0, y = 0. This point can be ap-
proached by a finite number of mappings (104), and it can
be shown the mapping of the Born term falls in a family
of parabolic trajectories.

This concludes the proof of the existence of a physical
solution for boundary-value problem I-IV for the function
5; thhout reference to the magnitude of the coupling con-
stant £2,

III. APPROXIMATE METHODS WITHIN
THE FRAMEWORK OF THE STATIC
MODEL

11. Bootstrap solutions in fixed-source
models. Using static-model equation (2) we can pose
questions regarding the analytic formulation and validity
testing of various hypotheses of the dispersion approach;
these questions are difficult to answer within the frame-
work of the total S matrix.’” One of these hypotheses —
the hypothesis of the Chew —Mandelstam bootstrap mech-
anism® — is that hadrons are not elementary particles,
but can instead be constructed from each other in such
a manner that all masses and coupling constants are de-
termined. The familiar applications of this mechanism
are in p-meson production,® in the explanation of the {33}
resonance in terms of the exchange of a nucleon in the u
channel,®’ and in the explanation for other pion—nucleon
resonances,*?

Low and Huang*® posed the question of the existence
of bootstrap solutions in several models with a fixed
source. As the bootstrap condition they used the Levinson
theorem

Abg () = 8g (00) — B (1) = — by, (118)
where b is the number of bound states in channel @. The
choice of the Levinson theorem as an additional condition
for selecting bootstrap solutions is based on the analogy
with potential scattering, in which case the bound states
are due to the interaction and vanish when the interaction
is turned off. In the N/D method for solving the disper-
sion relations, the functions N and D are found unambigu=-
ously by means of additional requirements on the D func-
tion: the requirement that this function have no poles and
the requirement of a certain asymptotic behavior at in-
finity,

lim [log D (w)/log ] = 0.
@—+o0
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Then the Levinson theorem is equivalent to the assertion
of a one-to~one mutual correspondence between bound
states and zeros of the D function. The N function with

its crossing-channel poles assumes the role of a potential;
this completes the establishment of the analogy mentioned
above.

A test of the condition depends strongly on the asymp-
totic behavior of the functions hj(w). Equations (2) are
written without subtractions. When there is one subtrac-
tion, constants c; appear on the right side of these equa-
tions; according to the crossing-symmetry condition, these
constants are related by the condition E cJ-Aij = c¢j, which

F

reduces the number of independent parameters. Thenum-
ber of subtractions also depends on the source function
u(g?, which was chosen in ref. 48 in the form

u (g?) = k¥ /(g*- k%)°. (119)

Herec =0, 1, 2,...; and k is the cutoff momentum (k> 1).
Accordingly, the total number of arbitrary parameters
is 2 + n, where n is the number of subtractions.

The problem is formulated analytically as follows:
Given a specific static model, does a solution of the Chew—
Low equations exist which satisfies the Levinson theorem
(118) for any choice of conditions at infinity, including the
choice of cutoff function (119) and any number of subtrac-
tions [with the restriction that a subtraction not be nec-
essary for u(q®) =1]? LowandHuang showed that solutions
of the Chew— Low equations without subtractions which
satisfy bootstrap solution condition (118) do not exist in
the neutral-pseudoscalar, charged-scalar, and symmetric-
sealar models. When there is a single subtraction, there
are several bootstrap solutions, differing in the number
and positions of the bound states. To determine a unique
solution we must impose two physical requirements: 1)
The fixed nucleon must be a bound state in a channel with
the appropriate quantum numbers; 2) there are no bound
states with masses lower than the mass of a nucleon, In
the special class of solutions of the symmetric-pseudo-
scalar theory [see solutions (96)] the bootstrap solutions
are related in a simple manner to those for the neutral-
pseudoscalar theory. Among these solutions, however,
there are none of physical interest, i.e., which would cor-
respond to a bound state in the T = 1/2, J = 1/2 channel.

The results of Low and Huang were generalized in
ref. 61 to the case of two-row and four-row crossing ma-
trices of a general type. The method is not related tothe
exact solutions and is based on estimates of the asymp-
totic behavior of the functions h;(z).

Generalization of the static model to the case of SU(3)
symmetry leads to the prediction that resonant states
arising in the scattering of two octets as a result of the
exchange of a baryon in the u channel will belong to ade-
caplet.®

12. Attempts to predict internal sym-
metries on the basis of the static model.
According to one hypothesis, the internal-symmetry group
for strong interactions is not an additional assumption
but a consequence of dispersion theory 4% The static
model is very convenient for testing this hypothesis. The
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requirements that the S matrix be invariant with respect
to a definite internal-symmetry group are incorporated

in the concrete form of the crossing matrix in this model.
The following approach can therefore be formulated for
the problem of internal symmetries on the basis of the
static model:* For which parameters of the crossing ma-
trix satisfying only basic requirements (21) and (22) do
exact solutions exist for Chew— Low equations (2)?

If it turned out that an exact solution with, say, two-
row matrix (26) exists only for the parameter a==1/(2n+
1),n=0,1, 2,..., we could talk in terms of a prediction
of SU(2) symmetry. Solutions of Chew— Low equation (2)
with an arbitrary crossing matrix (26) were found above
(Sec. 6). A general solution of Egs. (2) is not known for
a matrix of arbitrary order, and particular solutions, e.g.,
solution (93), again do not fix the internal symmetry group.

The next step in the analysis of this questions is to
use bootstrap condition (118). Cunninghams" asserted that
the Chew — Low equation with a two-row crossing matrix
has a solution which satisfies condition (118) only for the
case of SU(2) symmetry. In the proof he used a solution
with a function ¢(w) in the form (65). The Levinsonthe-
orem requires a finite number of poles in the function
Si(w), and this situation can be arranged by means of the
Blaschke function D(w) in (46). The positions of its zeros
are governed by equations analogous to (69) and lead to
the circumstance that the infinite product does not con-
verge. However, condition (67) allows choice of the func-
tions D(w) from a broader class. For example, the solu-
tion can be chosen in terms of bounded functions in the
form®®

D (z) = Ao (2) D (2), (120)
where

[ —i (2—1'?

A @) ="—T1m:

(121)

i@2—1)2 T In [14-F2(z")] o' da’ }

X exp { ) (1’2—-1)”2(1:’2—23)

T

‘1
{
F () =““—(t+1uz) H‘ In [z - (22— 1)/} +(I2—j)_u—2|3(x)}l

The function Ay(z), which has a single pole at z = 0, was
used previously®® to construct a solution of the Chew—
Low equation with a single subtraction which satisfies
condition (118). Accordingly, the bootstrap condition and
the Chew— Low equation again do not lead to any predic-
tions regarding the internal-symmetry group.

In another approza.cl'l‘“"m to this problem, inelastic
channels are incorporated in an analysis of the static mod-
el, It is assumed that the analytic properties are the
same for the elastic and inelastic amplitudes and that the
latter have a definite w parity. It turns out that in this
model the inelastic amplitudes are related in such manner
that the vanishing of any of them implies the vanishing of
the other. Working on the basis of this result, Ehrhardt
and Fairlie'™ treated the two-channel problem of finding
the elements of the S matrix with a unitarity condition of
the form

'§1 Sfj (UF) Sjk(i_w)=6ih
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where

Sg (w) =Sz (w).

A crossing-symmetry condition is not imposed on the
functions S,(w) and Syy(w). Assuming, first, that the in-
elastic amplitudes are of odd parity with respect to wand,
second, that the solutions can be expanded in series in
1/w, Ehrhardt and Fairlie found that the solution they found
in first order in 1/w agrees with the solution of the static
problem with SU(2) symmetry [see solution (62)]. Terms
of higher order in 1/w do not have this property, so we
cannot agree with these investigators regarding a predic-
tion of SU(2) symmetry. Analogous difficulties can be
found in models having more channels. Despite these dif-
ficulties, these analyses are worthwhile, for they have
shown that the incorporation of inelastic channels signifi-
cantly extends the scope of the problem and allows a novel
formulation of the question of the origin of symmetry
groups.

13. Algebraic formulation of strong-
coupling theory in the static limit., We turn
now to yet another interesting application of the static
model — in the "strong-coupling limit." It was shown on
the basic of the classical theory for meson—nucleon scat-
tering that in the strong-coupling limit there are an in-
finite number of isobars with quantum numbers J = T (refs.
71, 72), whose energies differ by AM ~ 1/g*. The exis-
tence of an infinite number of isobars and their dependence
on the coupling constant g can be easily incorporated in
the S matrix formulation of the static model.

We use Wick's operator form for the equations, from
which the Chew —Low equations follow in the single-meson
approximation:

1
= A I’gA — = bW (122)
M—E M—M—M4E

Isa(E)=gp
where f is the amplitude for the secattering of meson A by
the source (whose quantum numbers are omitted), E is the
total energy of the system, and M and M are the mass
operators. In this formulation the cutoff function is also
omitted: u®*(q®) = 1. In the next step, a definite energy
dependence fpa (E) is assumed for the amplitudes:

Apa

= (123)

fBA:_

where w = E — M, w? = ¢ + p, and App are constants.
The basic equations of the strong-coupling theory are found
from Egs. (123) by expanding fpa (E) in a series in 1/w
and requiring that the first two terms of this series vanish
and that the amplitudes satisfy the unitarity conditions,
These equations have the form

(gpr £a]l=0; (124)
!\zm:[gg. [% gA]J ; (125)
A2=A, (126)

We see that Egs. (124) and (126) are of order g* and g°,
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respectively; the coefficients of the higher-order terms

in the expansion in 1/w tend toward zero in the strong-
coupling limit. From a different point of view, Eqs. (124)-
(126) are a consequence of the matching of initial equations
(122) and hypothesis (123) with the energy dependences of
the amplitudes, fga(E). The strong-coupling limit allows
us torestrict the treatment to the first two equations in

the chain of equations which arise in the expansion inpow-
ers of 1/w.

Algebraic equations (124)-(126) constitute a second-
order model in the chain (general principles) — (model),
which is appealed to in an analysis of the quantum-number
dependence of the isobars. The crossing matrix, which
plays an important role in the original Chew — Low
equations, is not involved in the formulation of this
model. Accordingly, the symmetry group with respect to
which the interaction is assumed invariant is actually not
fixed. This latter circumstance is responsible for the
richness of the content of this model, which can be ana-
lyzed by purely group-theoretical method and which lies
outside the scope of this review, This question is ana-
lyzed in detail by Goebel,™

IV. COMPARISON OF THE STATIC=-
MODEL PREDICTIONS FOR s AND
p WAVES OF 7N SCATTERING WITH
EXPERIMENT

14. Quantitative s-wave theory for ™N
scattering. Lacking a theory for strong interactions,
we are forced to resort to semiphenomenological and phe-
nomenological equations in a quantitative analysis of pro-
cesses involving hadrons. A phase-shift analysis of ex-
perimental data on elastic TN scattering, for example,
presents an urgent need for an analogous technique. At
present several phase-shift analyses have been carried
out over broad energy ranges on the basis of special par-
tial-wave parametrizations. Various assumptions areused
in choosing the parametric equations: correspondence
with the quantum-mechanical results regarding the cutoff
behavior of the phase shifts of the partial-wave expansion
near resonances,’? the existence in the partial waves of
cuts following from the dual spectral representations of
the scattering amplitudes,”™ crossing symmetry,’™ etc. A
justified parametrization of partial waves can significantly
reduce the number of unknown parameters and lead to an
unambiguous solution of the phase-shift analysis.

The scattering phase shifts are first subjected to the
parametrization

8:(q) = a,g®++1. (127)
The first estimates of the s-wave scattering lengths were
found by this method:™ a, =0.16 and a; =~ 0.11. A natu-
ral generalization of Eq. (127) is to incorporate higher
powers of ¢ while retaining the odd parity of the phase
shift as a function of the momentum:™®

(2)

8:(g) =¥+ (a1 4 afPg® + afPgt - . . ). (128)

Successful use of Eq. (128) depends onthe convergence
radius of the expansion.

Use of the effective range theory for the parametriza-
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tion of the partial waves is more justified than parametri-
zation of the phase shift itself. For a superposition of
Yukawa potentials the series

P?Hetgdi(g) = X alMg (129)
nz=0

converges in the circle |q | < m/2, where m is the small-
est mass in the superposition of Yukawa potentials.™
From Eq. (129) we easily find

. }: nsﬂ)qﬂn_iq‘llﬂ
n
8i() =

—In &/—————
2i W\ agquu%,‘qz!n !

(130)

n

which contains logarithmic branch points, which may lie
within the circle |q | < m/2. Accordingly, the convergence
radius for expansion (128) is no larger than the conver-
gence radius for expansion (129), for which the Mandelstam
representation gives a unit value. The convergence region
of expansion (129) can be expanded by choosing a different
expansion center.*® However, the practical advantage of
this approach has not yet been demonstrated.

The most thorough analysis of mN scattering phases
onthe basis of effective range theory was that of McKinley,”
who also pointed out certain disadvantages of this method.
For s phases the following equations were found:
tg 8y =g (0.17 — 0.04q |- 0.01¢%); } (131)
tg 63 =q (—0,10— 0,0364%+- 0.003¢%),

which hold up to 600 MeV in the laboratory system. We
note that s waves are treated independently in these equa-
tions. Actually, they are coupled by the crossing-sym-
metry condition. The importance of this circumstance
was first pointed out by Cini et al.’’ The dispersion re-
lations for zero-angle scattering allow us to partially take
into account the coupling of TN scattering s waves. The

7 N scattering s wave was analyzed on the basis of disper-
sion relations in ref. 81, where the following equations
were found:

sin 26y —sin 28 w L

SnZh s B g = (@ —ag) B+ (B) ¢ (B); } -
in 28 in 26. w

&:_2%5_"1_2 1= (@ 2a5) +e (B) ¢ (B).

The functions ) (E) in these equations can be assumed
constant. Calculations based on Eqs. (132) yield a; =
—0,171 % 0,005, a; =—0,088 + 0,004, c(~) =—0,094 + 0,013,
and e(+) = —0,096 + 0,026, We also note that the approxi-
mate scattering lengths a, + 2¢; = 0 and ¢, —a; ~ 0,3 were
found on the basis of the PCAC hypotheses and current
algebra..32

All of these approaches to a quantitative prediction
of ™N scattering s waves fail to incorporate one of the two
fundamental requirements of two-particle unitarity and
crossing symmetry. A good basis for a quantitative de-
scriptionof the 7N scattering s waves is the static model,
in which these requirements are incorporated.

In this case the problem is described by equations
analogous to the Chew— Low equations (2), except that ma-
trix (3) must be replaced by matrix (47) and we must set
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A; = 0. A general solution [see Eq. (62)] is known for
this problem; we write it in the form

2 (0)—1
@ ()
O (w)—1

(133)

Sﬂ. ((D) A @ () [P (0)—2] D((r)); }

Sq () = D (w).

Here the functions @ (w) and D(w) are given by Egs. (57)
and (66). In solution (133) there is an arbitrariness inthe
form of the two functions f(w) and D(w), which obey con-
ditions (67). Even very simple assumptions regarding
these functions lead to an explanation for the strong de-
pendence of the scattering lengths a; on the isospin:“ a+
2a; = 0, This dependence remained puzzling for a long
time. The approximate equality a; ® ay is based solely on
the crossing-symmetry property B At present this de-
pendence is related to the p meson.? In the static model
this dependence finds a natural explanation on the basis
of analyticity, unitarity, and crossing symmetry.

Meshcheryakov“ analyzed the experimental s-wave
data for low energies on the basis of Egs. (133). Theform
of the arbitrary functions was chosen solely on the basis
of a good description of the experimental data over arange
as broad as possible. Several models have now furnished
a good explanation for the role of p and 0 mesons in the
low-energy behavior of the phases.?®*®" This influence can
be incorporated in the static model through an appropriate
choice of the functions B(w) and D{w). An analysis of this
type was carried out in ref. 88. Good agreement with the
experimental data is found with the following (evidently

tgd sy

g

0,08 -

tg tfa/g 0.5 7 L5

o gl

-0,76

-0.24

Jasi

~0.32

Fig. 6
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not unique) choice of the functions B(w) and D(w):

(1 —ia/gq) (1—ig/gqp)? (1+ig/ag) (1 4-ig/ay)?

Do) = trrmyas a8, (T —TaTao) T—Tgia™ e
Blo)=—=. bo-4-byq2+ bogd-|-bsgd
& (T a2/q%) ;
where

By, o« ="Mp, o/2, my = T65 MeV, m, = 410 MeV,

The parameters in these equations were determined by
the method of least squares. For the scattering lengths
the values a; —a; = 0,299 + 0,011 and a; + 245 = 0 were
found, in excellent agreement with the results of refs.
89, 90. The theoretical curves of tan 6, /q and tan 8;/q
(Figs. 5 and 6) show the good quantitative description of
the energy dependence of the mN-scattering s phase shifts
at energies up to 260 MeV in the laboratory system. It
is interesting to compare the physical pattern of the TN~
scattering s phase shifts with the approach based on ef-
fective Lagrangians. Calculating the contributions of the
poles from the p and ¢ mesons and calculating the ef-
fect of remote singularities on the scattering lengths, we
can find anunambiguous correspondence between them and
the contributions of the corresponding Lagrangians; the
contact interaction is responsible for the inclusion of the
remote singularities.

15. Parametrization of the TN-scatter-
ing p waves at low energies. Much less ex-
perimental information is available on the p waves for
TN-scattering than on the s waves; the only exceptional
case is that of the {3.3} resonant wave. The effective
range theory has been used to obtain the following param-
etrization for the waves:"’

tg 8a1/q° = (—0.13 - 0.0720 — 0.0120%) 0}
q° ctg 63y =4.108 4- 0.7987¢% — 0.8337¢%;
tg 8,,/q° = — 0.015 - 0.005¢%;

tg 615/q% = — 0.0035. (135)

All the parameters in Egs. (135) are independent, so they
cannot be considered satisfactory.

Using the dispersion relations, we can approximately
calculate the p-wave scattering lengths; for this purpose
we also use experimental data on TN scattering over a
broad energy range.?

Assuming u(g®) = 1 we can obtain from the Chew— Low
equation (2) an approximate expression which agrees with
that from effective-range theory:

Mig*/w ctg §; (0) =1 —or;. (136)
This simple equation gives a good description for the _
{3.3} wave up to the energy of the{3.3} resonance. Lyson®!
offered a parametrization of the {3.3} wave on the basis
of Eq.(136), which incorporates the influence of the source
function:

[ 3 L
T F2u? (g) L otg 8y, () :1—5;’: , (137)
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e vigh)=1

|

L vitg?)etg Gisg)
=

where

2= 0.087; w,=2.17;
o* ~ VT ¢84¢%2M; u(g) =1+ (g/a)’I™; a* =1.84/Mc.

Parametrization (137) gives a qualitative description of
the {3.3} phase shift up to a laboratory energy of 600 MeV
(Fig. 7).

An interesting phenomenological equation was proposed
by Hohler® for the resonant phase shift:

sin® 833/ = A exp [ — /0], (138)

where

A=47.5, o0=0.397.

Equation (138) gives a good description of the experimental
data from 189 to 525 MeV in the laboratory system. We
believe it is quite significant that Eq. (138) contains a
logarithmic branch point at infinity, in accordance with

the structure of the Riemann surface of the static model.

The absence of an exact solution of the Chew— Low
equation for p waves has led to various approximations
on the basis of these equations. The most natural approxi-
mations are those in which an attempt is made to exploit
the approximate equality of the interactions in the {1.3}
and {3.1} states. However, if we set

hyg (@) = hgy (w) (139)
in Egs. (2), we immediately find a contradiction of the

unitarity condition: According to approximation (139), the
problem reduces to one of finding the two functions hy,(w)

and hy3(w) which satisfy the crossing-symmetry condition
with the matrix

ERVEE! (140)

1 16
i)
Applying (140) to the functions hj(w) twice, we find hy, =
2hys, in contradiction of unitarity. This circumstance was
first pointed out by Schwarz,” who suggested that the ma-
trix in (140) be replaced by

P

1/2 0 f131)

Although this matrix does not satisfy requirements (21)
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and (22), it does not lead to a contradiction of the unitarity
condition. Markley™ analyzed the approximate Chew— Low
equations with matrix (141); he found a good description

of the resonant phase shift but he found the phase shiftd,,
to disagree with experiment.

A possible reason for the unsuccessful application of
approximation (139) to Egs. (2) is the circumstance that
these equations are physically not closed, as was pointed
out by Serebyrakov and Shirkov % An attempt to apply
this approximation in the modified Chew— Low equations
incorporating the concept of short-range repulsion was
also unsuccessful.*

Dedushev et al.? found a good description of the{3.3}
wave on the basis of the backward-scattering relations
incorporating an approximate cancellation of the baryonic
u-channel contributions. An analogous result can be ob-
tained on the basis of the Chew—Low equation incorporat=
ing the concept of short-range repulsion, Inthis aplcaroach,BB
the contribution of the crossing integral for the {3.3} wave
is cancelled approximately with the short-range potential,
and the same equation as that of ref. 97 is found for this
wave.

DBelow we set j = 1.

2)This notation (S; and Sy) is used because this case corresponds to the s
waves of 7N scattering.

3)The Schwarz reflection principle gives a method for the analytic con-
tinuation of a function across its boundary of definition if the function is
known to take on real values on part of this boundary. In our case, the
functions are real on the interval (—1, + 1), so

S;i (z%) =57 (2).
4)1n terms of the variable z, Eqs. (72) have the form

(TA)PS (0) =5 (0)

and give the analytic continuation from the physical sheet to p-th sheet
(ref. 38).

5)There is one exception: The method of Sec. 8 permits a generalization
if the sets of poles (zeros) of the functions §1(w) differ by only a finite
number of elements.?? In other words, these properties are formulated as

lim §; (w)/Sj(w)=1,
|wj+o00

where i and j are any indices. Below we seek solutions for which at least
one of the ratios S;(w) /Sj(w) has an infinite nimber of singularities.
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