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The aim of this review is to acquaint the reader with the basic ideas and elements of the mathematical ap-
paratus on which the straight~-line path approximation in quantum field theory is based. A number of appli-
cations of the approximation to the interaction of high-energy particles are considered and its connection
with the quasipotential description in quantum field theory is considered.

INTRODUCTION

The study of strong interaction processes at high energies
is one of the central problems of elementary particle phys-
ics at the present time. The general principles of quan-
tum field theory provide the theoretical foundations for

the interpretation of the empirical laws established for
these processes. In the study of the interaction of high=
energy hadrons an important role is played by the idea
introduced by Bogolyubov in the theory of dispersion re-
lations®s? that the scattering amplitude is a single analytic
funetion of the physical variables,

It is this concept, which expresses the important re-
quirement that the different physical processes be inter-
related, that is the basis of the majority of theoretical
and phenomenological approaches to the description of
strong interactions at high energies, The following ap-
proaches have been developed furthest: dispersion rela-
tions and equations, dispersion sum rules, the asymptotic
approach, phenomenological Regge and eikonal approach-
es and the quasipotential approach. In recent years, the
fruitfulness of the quasipotential method for the study of
high-energy processes has been demonstrated.

The quasipotential method!!*14,34 54 proposed in 1963
and was significantly developed in the subsequent years
and widely used for very different applications in quantum
field theory. The success of this method is based on the
fact that it combines the rigor of the fundamental princi-
ples of quantum field theory with a lucid physical interpre-
tation, which enables one to exploit both empirical and
heuristic arguments pertaining to the interaction of particles
at high energies.

Insome recent investigations pertaining to the descrip-
tion of various processes at high energies attention was
drawn to the significance of the heuristic idea of smooth-
ness of a loecal Quasipotential; this idea is due to Blokh-
intsev® and Logunov and his collaborators.’? The a5~
sumption of a smooth local quasipotential enables one,
on the one hand, to reproduce the basic features of high-

" energy hadron scattering and, on the other, it leads to a
very simple qualitative picture of particle interaction at
asymptotically high energies. As a result of this, the
hadrons during a scattering process at high energy retain
in each scattering event, which is decribed by a smooth
complex quasipotential, large fractions of their longitu-
dinal (in the center of mass system) momenta, undergoing
small transverse momentum transfers. In a certain sense,
this behavior resembles the classical picture of the scat-
tering of fast particles that move along approximately
straight paths and suffer only small angular deflections.
An important difference, however, is the absorptive, i.e.,
essentially inelastic, nature of the high-energy scattering
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of hadrons and the approximate constancy of the total cross
section and the diffraction behavior at small momentum
transfer that are inherent to high-energy scattering,

The qualitative picture of approximately rectilinear
motion of the interacting particles that we have described
above can also be extended to inelastic processes at high
energies, since one of the most important empirical fea-
tures of these processes is the boundedness of the trans—
verse momenta and the dominance of the longitudinal (in
the direction of the collision) components of the secondary-
particle momenta. It is therefore of great importance to
develop methods based on the idea of rectilinear paths, i.e.,
on the assumption that there are small momentum trans-
fers in processes of elastic and inelastic interaction of
particles at asymptotically high energies. We shall refer
to suchmethods as straight-line path approximations. They
are the subject of the present review.

The straight-line path approximation was formulated
relativistically for the first time in, for example, refs,
4 and 23 using functional integration in quantum field
theory. The choice of this method was not fortuitous.
First, functional integration, as was shown in the pioneer-
ing papers of Feynman® and Bogolyubov,” is very con-
venient for finding closed expressions for the total Green's
functions. Secondly, in a functional integral representa-
tion of the amplitudes of different processes as sums over
the paths of colliding particles the notion of straight-line
paths can be simply and lucidly realized. In this approach,
the approximation consists of allowing for paths of par-
ticles that most nearly approximate the classical paths,
which in the case of high-energy scattering through small
angles coincide with rectilinear trajectories, The approx-
imate methods used to calculate the functional integrals
in this case are similar to the approximation procedures
proposed by Fradkin?! gnd Barbashov! in an investigation
of the infrared asymptotic behavior of Green's functions
in quantum electrodynamics,

In the present review we set forth the general method
of constructing two-particle Green's functions and scat-
tering amplitudes as functional integrals. The subjects
of our investigations are standard field-theory models:
the model of scalar nucleons that exchange sealar mesons,
and the model of scalar nucleons and vector mesons,
Closed expressions are obtained for the two-particle
Green's functions that contain contributions of all pos-
sible graphs taking into account radiative corrections,
closed nucleon loops, etc. An important stage in the con-
struction of the scattering amplitude is the development
of a method for the correct transition to the mass shell
and an analysis of the renormalization problem. A fea-
ture of the general expression for the scattering ampli-
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tude expressed as a functional integral is associated with
the specific factorization in the amplitude of the contribu-
tione that describe the effects of nucleon self-interaction,
exchange effects, and vacuum polarization. We alsodiscuss
the physical interpretation of the scattering amplitude as
4 sum over the deviations of the paths from the classical
trajectories. Further, on the basis of the expression for
the two-particle Green's function, we construct the am-
plitude of a process with the production of a certain num-
ber of meson quanta and we consider the general proper—
ties of the amplitudes of inelastic processes.

Taking as an example the expressions for the ampli-
tudes of elastic and inelastic scattering expressed as func-
tional integrals, we give a relativistic formulation of the
straight-line approximation. This approximation leads to
a modification of the nucleon propagators in which one
ignores combination of momenta of virtual mesons. One
can also make an even simpler approximation, which leads
to the vanishing of the guadratic terms in the propagators.
However, in some cases such a method is inapplicable
because of difficulties that then arise, in particular, with
divergences of the Feynman integrals.

As an example of the use of the straight-line path
approximation we consider the scattering amplitude of
two particles in the limit of high energies at fixed mo-
mentum transfers. An important feature is the factoriza-
tion of the radiative corrections in the scattering ampli-
tude, which in the given approximation has the form of an
eikonal representation with Yukawa interaction potential.
There are no retardation effects in the final result. It is
interesting to note that the sum of ladder graphs with
crossings in the straight-line path approximation reduces
effectively to a sum of ladder graphs of quasipotential
type. The diffraction behavior of the scattering ampli-
tude is due to our allowance for radiative corrections,
which lead naturally to a smooth complex effective quasi-
potential.

As a second example of the use of the approximation,
we consider multiple production of particles. Among the
various approaches that have been developed in this direc=
tion the one that is closest to the straight-line path meth-
od is the one in which meson production in strong interac-
tion is interpreted by analogy with bremsstrahlung emis=
sion of soft particles in electrodynamics. A common as=
sumption of such approaches is that one can partly or
completely ignore recoils when secondary particles are
emitted. Among the results set forth in this part of the
review we may mention the following: prediction of a
Poisson nature of the multiplicity distribution for fixed
t; the discovery of a region of scaling behavior of the
cross sections summed over the number of secondary
particles; approximate linearity of the mean multiplicity
in t.

The straight-line path approximation has been devel-
oped further in recent papers. In particular, it has been
used to study other field=theory models, a larger class
of diagrams has been taken into account, and different
asymptotic regions has been considered, In the present
review we have not set ourselves the task of making an
extensive review of all problems associated with this ap-
proach and the reader canturn to the review in ref. 2, which
contains an interesting analysis of the eikonal approxima-
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tion and its connection to the guasiclas sical approximation
and optical models of particle scattering.

Further, we formulate some mathematical realiza-
tions of the concept of straight-line paths that use the
methods of functional integration and enable one to allow
consistently for the deviations of the particle paths from
rectilinear trajectories. It is important to study this
question because it is only in this way that one can arrive
at a consistent resolution of the problem of justifying the
approximation and extending its applicability. We show
that allowance for correction terms leads to the appear-
ance of retardation effects. We also note the singular
character of the correction terms at shortdistances, which
can lead ultimately to the appearance of noneikonal con-
tributions to the scattering amplitude.

We formulate an operator method of solving quasi-
potential equations and establish its connection to the ap-
proximate methods of functional integration considered
earlier in the review. We show that if the local quasipo-
tential is smooth the operator method provides a consis-
tent justification of the eikonal representation of the scat-
tering amplitude and enables one to find the corrections
to it.

We investigate the structure of the noneikonal con-
tributions to the two-nucleon scattering amplitude. In
particular, we show that the sum of all ladder diagrams
of eighth order in the scalar model contains terms that
are absent in the orthodox eikonal equation and vanish in
the limit p/m — 0, where ¢ and m are the meson and nu-
cleon masses. The terms we obtain correspond to con-
tributions to the effective quasipotential resulting from
the exchange of nucleon—antinucleon pairs.

1. REPRESENTATION OF SCATTERING
AMPLITUDES AS PATH INTEGRALS

Construction of the Two-Particle
Green's Function

For simplicity, we shall first consider the model of
scalar nucleons interacting with a scalar meson field; the
model is described by the interaction Lagrangian Lint =
g T3¢, The results will be generalized to the case of
scalar nucleons interacting with a neutral vector field
later.

The one-particle nucleon Green's function in a given
external scalar field @ (x) satisfies the equation

(] +mi—gp (2)]G(z, y|g)=0(z—p). (1)

A formal solution of Eq. (1) can be represented as
the functional integral!

Gz, ylo)=i S dtexp (—itm?) S [6v]T
b

T % T
xexp {ig | ato[z+2 v(mdn|} 8[e—y+2 | v(mdn|, @)
0 0 i

where

T

[Bv]e= {Gv exp [—i 52 V2 (n) dn]}/ { Sﬁv exp[—-i TSE V2 (1) dn]} : 3)

T
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v is the volume element of the function space of four-
dimensional real functions p (n) defined on the interval
TS =7y,

The Fourier transform of the Green's function is

G(p, q|g)= 5 diz d'y exp (ipz—igy) G (z, ylo)

=i Y drexp [it (P*—m?)] jd‘xexp liz (p— q)) { [6v]F
b J

o fig | r2pra | B @
xexp{1g§d§¢[r42p "bf\f(n)dnj}

Using the expression (4), one can find the two-nucleon
Green's function:

. i
G(py Ps ay, 93)=[exp - 5' DE‘-;—ZJ
XG(Py 4119) G (psy gs|p) S0 (9) lp=os (5)

where

[exp% j DF‘:;—J

; a2
= exp [ % j @'z d*z,D (z, — z,)

UV F T (6)
b (1) B (z,) :I ?

Sg() is the mean value of the S matrix over the fluctug—
tions of the nuecleon vacuum in the presence of the exter-
nal scalar field ¢. It is well known that Sy(¢) can be rep-
resented in the form

So(p) = exp [in (¢)], )

where the functional = (¢) in the framework of the models
considered here corresponds to a sum of connected dia-
grams containing one closed nucleon loop withanarbitrary
number of ends of the external meson field.

We introduce the notation
“jup = ‘[dz'p(z)j(xs—Z: pi; vy, i=1, 2, (8)

where

J@i—z pis w|vi)

T g B
= { a8 [ei—z+2p+- 2 [ vman]. o
0 0

Using this notation, we represent (5) in the form

G(py P2 quy ga)
=i? j dvy dty exp [ity (pi—m?) - it, (Pe—m?)]
0
X j @'z, dhzy exp [izy (py— gy) - iz, (P2—g2)]

X j [6ve]3e [Bvo] 72 & (24, o P1, 23 T2V, 8), (10)

where
8=[emz [ D gr]exeig f 001470 ] S0 @loms. 1)
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Let us consider in more detail the structure of &.
We define for each functiona]l A (@)

T i 82
A@=[exwy [0 4, (12)
so that the mean value of Alp) over the vacuum fluctuations

of the meson field is A = A (p) (@) p=0-

We now consider the mean value over the mesonvacu~
um of the product of two functionals:

EB_:[exp-rzi—jDB%]A(qa)B(cp) lgs (13)

It is not diffieult to prove the identity

AF=[expy [ D (504 52)" | 4000 B00) formonms
= [expi 5 D T‘szTJ A (@) B (%) lpsmpu—o

=4 (i [ D 5-) B9 umo- (14)

Choosing as the two functionals

A@=exw[ig [o(+7) |adB@=S@)  (5)

we obtain

Am=ew[ie [o0+0—2 [DG,+i]s (e

So (9) = exp [il (¢)], am)

where the functional ll{®) corresponds to the sum of all
connected diagrams with an arbitrary number of closed
nucleon loops and external ends with allowance for all
possible internal meson pairings.

Using the identity (14) and Egs. (1 5)-(17), we find for
& the expression

&=exp [~ [ D (41
—¢ [ DUty Jew[iM@]

=exp[*1;§z-jD(frH'a)z‘?‘iH(’“gjD(‘fH'h))]' 1)

Expanding (18) in a series in the coupling constant,
substituting it into (1 0), and making some simple functional
integrations with respect to Vi, we obtain the usual unre-
normalized perturbation series for the two-particle Green's
function.

Letus here emphasize an important fact that will be used
later. The expression (18) enables one to separate in a
general form the effects of interaction between the two
nucleons (exchange effects) from the effects of nucleon
self-interaction (radiative corrections) and vacuum renor-
malization,

Indeed, the first term in the exponential (18) can be
rewritten trivially in the form
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3¢ (st =ig* | Disa

g2 o2
+2 | Dt | piz

(19)

where the first term on the right-hand side corresponds
to one-meson exchange between the two nucleons, and the
remainder lead to radiative corrections.

Accord_ingly, we represent the gsecond term in the ex-
ponential in the form

=Tl 4+ T -+ Ty - TL(O), (20)
where
Ha=n[—g | DG+@]-T(—e§8)
—n(—g | Dis) +110)
and
m=0(—¢ S Dj;)—l'l(O),i=1,2. (22)

We show that the expressions (21) and (22) can be
represented in terms of the polarization operator of the
meson field:

82
or the total Green's function of the meson field:
D (x4, 3| ¢)=D (23— %2)
(24)

+ | dydtyaD (51— P (s 101 9) D (a2

in the presence of external sources. As a result, we ob-
tain for & the expression®

€ = exp [iH (0)] 3‘1’5‘2’3‘“‘, (25)
where
i ig2
s”:exp[—%sb‘n:ﬁj, el 18 (26)
and
gav —exp [ —ig* | Dija - (17)
Here we have used the notation
1 a
D=2 5 do S drD (4, wa|— g j Dji), =1 2%  (8)
0 0
1 1
Diy= § by [ @2aD (20 sl —8hs | Div—eha o). @
0 0

We note that Di“ is the Green's function of the mesonfield
interacting with the external source jj corresponding to
the i-th nucleon, while Df; is the Green's function of the
meson field interacting with both the nucleons at once.
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Thus, &, which determines the two-nucleon Green's
function, factorizes into factors that represent, respec-
tively, the interaction between the two nucleons, the ra-
diative corrections, and the vacuum renormalization.

Representation for the Two-Nucleon
Scattering Amplitude

The two-nucleon scattering amplitude is expressed
in terms of the two-particle Green's function (5) by

(2m)* 8 (pr+ p2— @1 — ) 1F (s P2 Qo )
= lim H (pi—m®) (qzi—mz) G (pyy P2 Q1 qs)-

p}, gi+mzi=1i2

(30)

Here we ignore the renormalization problem, which
is discussed in the next section, and we omit on the right-
hand side of (30) the factor exp[ill(0)], which does not
contribute to the scattering.

As we have mentioned in the introduction, the devel-
opment of a correct procedure for the transition to the
mass shell in the construction of the scattering amplitude
by means of the definition (30) in a general form is an
important problem. Many approximate methods that are
reasonable from the physical point of view when used be-
fore the transition to the mass shell shift the positions of
the poles of the Green's function and render the procedure
for finding the scattering amplifude mathematically in-
correct.

We shall here use a method for separating the poles
of the Green's functions that generalizes the method in-
troduced in refs. 3, 5, 20, and 23 in the determination of
the scattering amplitude in the model of scalar nucleons
interacting with a scalar meson field, the contributions of
closed nucleon loops being ignored.

Using the expression for the two-particle function (5)
and Egs. (9) and (25)-(29), we represent the definition (30)
of the scattering amplitude in the form

(27)* 8 (py 4 po— @1 —92) - F (P1s P2i @1y %2)

— lm [] (p—m?)@—m?)

p%, q%—»mi i=1,2

x | v | dv, | d&s | deoxp tim (1 —m) 1% (Fi— )]
0 0 0 0

X S diz, d'zy S bz, d*z, exp lizy (pr— 1) + 172 (P2 — 02)]

x § 16vli! Bl iF Gu 2l To)
3
X 8 (21—21+ 2P+ 2 vedn)
0
t2
x 8 (25 —22+2pka 12 | vadn) ,
Q

81)

where

1
F Gl 1) = £EVED} | dyexp[ —ingt | Diia] - 62)
0

In deriving (31) and (32) we have used the fact that the
free part of the Green's function, which is not associated
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with the interaction of the two nucleons, can be subtracted
in accordance with the equation

1
81 > 8 —1=ig | Dy, [ avexp [ —ivg? | Dijus | . (33)
Q

Taking into account the identity

R 0 W @
, g o= | ... (34)
(jdngdngdagdhz édglgdgzidtig; d1,

and making the following substitution of the ordinary and
the functional variables:

&
Ty —- T —2pi§i—2 5 vidn;
U
Vi () = v; M—8&) — (pi—q:) ® (— 1)),

T 7 By ]
i (35)
|

we obtain

(@28 (p+ ps—a1—a2) F (p1y P33 g1, g2)
= lim [ (pt—m? (g} —mY)
2

pf, q?—nu'.! i=1,

* 5 dr, dv, dE, dE, exp [it, (p}—m?) +it, (2 — m?)
b

B (] —m?) -+ i (53— m?)] [ diz,at,
X exp [ixy (pr— qu) +izy (pp — gs)]

X [ 81% 182 i (@01 22 o, Jo). 36)

Taking into account the translational symmetryi) of
the functional .# , and going to the limit in (36), we find
the final expression for the two-nucleon scattering am-
plitude:

F(pvPyi g1y go)= j [8vi]Z &2 (py, i | vy)

X [ 16v%0 82 (s, g5vs) g2 [ @tz exp (1an)

1
X Dis (@ pii qi|vy) f dyexp  —iyg? j Diyjsjs) (38)
0

where
A= (PI—'Q'l) =—(p:—qa), = =Iy—Z3.

All the quantities in (38) are functionals of the sources:

oo

ji= [ as[a—st2p0 1)+ 2qscf>(-;)+2§v,- an]. (9)
R 0

Note that the expression (39) defines the scalar density
of a classical point particle that moves along the curvi-
linear path xj(s), which depends on the proper time s =

2m¢{ and satisfies the equation

m dzy (s)/ds = pit () + g:® (— Q) +v, (O (40)
subject to the condition x;(0) = x;, i = 1, 2.
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For this reason, the representation (38) of the scat-
tering amplitude can be regarded as a functional sum over
all possible nucleon paths in the scattering process. It
is not difficult to generalize the results obtained here to
the model of scalar nucleons interacting with a neutral
vector field with interaction Lagrangian

Line=ig: A%, 4+ 55 A, (41)

For the two-nucleon scattering amplitude in this model
we obtain

F (Ph Pz gy, Qz) e 5 [avt]fm S(D (Plv el | \’E)

X j [6va] % E (s, ¢y | va) 1P Ui g2 j d*xexp [ixA]

1
X D" (@ipisge| vi) [ dyexp [ —ipge | RRi]. @2)
u

where

W=p+a+2v O i=1, 2. “3)

As in the foregoing case, all the quantities inthe rep-
resentation (42) can be expressed in terms of the Green's
functions of vector fields interacting with the sources:

1= [ dL12p® @)+ 200 (— O+ 20, Qe

=00

t
X8 [i—24-2p80 0+ 2240 (—9)+2 [ w(m) dn]. (44)
0

It is easy to see that the expression (44) determines
the current density of a point particle moving along the
curvilinear path (40), and that the current density satisfies
the continuity equation

0afP =0, =1, 2. @5)

Discussion of the Renormalization
Problem

It is obvious that the one-particle Green's function
G(p) of interacting nucleons defined by

2n)*8 (p—q) G (p)
=[5 [ D3] 601 210) S, @) fp (46)

does not, in the general case, have the same position of its
pole and value of its residue as the Green's function of
free nucleons, .6,

1 71

— PP E (57 pi--m;; , 47)

G (P) o

mi— pt
m[:iﬁ p

where

] “8)

m;h_—. mi4-5 (m;h)= m2 - dm?;
z=1 _FI’? (m.;h) 4

For this reason, when defining the scattering amplitude
(30) as the residue of the two-particle Green's function,
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we must write z(p? — m?,) instead of (p% — m?). Note how-
ever that because of the renormalizations of the mass and
field the functional integrals in (36) diverge, i.e.,

—> ay —
e elp{ i
h=1,2

% [8m? -+ (1—2) (pz—m;hn} (49)

[ w11 [8val % 7

xoxp[ =1 3} talomt +(1—2) (b —miy)1 ] | (Bl (v £
R

h=1, 2
where the symbol S denotes the regularized value of the

functional integral Icibta.ined after the separation of the
divergent exponential factors. It follows from this that
the scattering amplitude defined as the residue of the two-
particle Green's function at the physical poles (with al-
lowance for the renormalization of the masses and fields)
is given by Egs. (38) and (42), in which the regularized
values of the functional integrals are used.

The procedure for regularizing the functional inte-
grals in a general investigation of the structure of the
scattering amplitude can be appreciably simplified if one
assumes the existence of the limits

%D (p, ¢; T, E|V)

. o 50
T 00, 6o i w5 LU S

T, E=ro0

where all the momenta p and ¢ lie on the mass shell and
8() (p, q; T, £ |v) are defined by Egs. (26), in which the
nucleon currents are given by the expression (37), which
dependsonTand §. The meaning of the limit (50) reduces
to the existence of the following improper functional in-
tegrals:

5 [6v] 2w e (p, g|v)=1; (51)

{81z e® (p, gl v) A0) =41 (52)

for a suitable class of functionals Av).

Using the definition (50) and Egs. (51) and (52}, we
can represent the two-nucleon scattering amplitude (38)
in the form

F(py, Py @, @) =D (@) @ (@) f (P P23 Gus 02)s (53)

where

f (P P2s Qus G2) = S [6vi]Zw e (P1y g1 | V1)
X S [6va]Zw €@ (P2, 2| Ve) igzg diz

1

]

X exp [iwA] Diz (%, pi, g:| Vi) | dyexp [ —iyg® 5 Diziu'z] i (54)

i (f) = 3 [6v:]% A (P> @|v)y t=(p: —aqi)% (55)
R
Thus, in accordance with (53), some of the radiative
corrections to two-nucleon scattering are factorized in

the scattering amplitude in the form of factors that depend
only on the square of the momentum transfer.
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These radiation factors have a gimple physical mean-
ing: They describe the interaction of asymptotically free
nucleons in the initial and the final state with the fluctua-
tions of the meson vacuum.

The representation (53) may be particularly convenient
for a study of the asymptotic behavior of amplitude at high
energies, since it separates out from the scattering am-
plitude in 2 closed form the factors that do not depend on
the energy.

Construction of Amplitudes of
Inelastic Processes

We consider here a generalization of the above meth-
od to the construction of inelastic amplitudes. To be spe-
cific, we shall consider meson production in inelastic col-
lisions of two nucleons. These processes can be described
by means of the two-particle Green's functions of two
nucleons in the presence of an external meson field q,ext=

oo

G (py, P2 @i Q2| @) =1 S dtydty

0

% exp [ity (p} — m?) +- iva (P} —m)]

x | aseydzyexp lizy (n— ) +i%2 (P2 =)
x | 1BvIE* [8vaIE* 8 (@), G8)

where

& (g =[expy § D ggr | exp [ig § @1t | So@ lpmaen
—exp { % [ DGu+7 g § ¢t Gt 1)
il gest—g [ DGt |} - (57)
It is convenient to rewrite the expression (57) in the form
& (o) = exp [ill (91 ER (¢°X"), (58)
where
R (¢°*) =exp {ig S @t (jg -+ o) 411 [fpe“—gj D(ju-+Ja) |
— il (g —ill[—g { DG+l 5 (59)

€& = & (pext=0) is defined by Eq. (18) and corresponds
to purely elastic scattering of nucleons.

We now introduce

1 1
vy (el =i+ | do { . [ dy @iy P (2 ylow
0 i

—ag | Die), 1=t % (60)
L 1 i
Pua(zfgest) = [ dor { ana § dha  dydys (D1
] 1] 0
X (Dja)a [ 2 w1, 2092t —g | Dhaji-+hai) | (61)
where
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55
I (z, g, yz]¢)=mm)— () (62)

is the generalized vertex operator of the coupling of free
mesons in the presence of the external field and the po-
larization operator is defined by Eq. (23),

The functional R(p®Xt) in terms of the expressions
(60) and (61) has the form

R (™) —exp [ —iIT (0)] exp [ig j @ (D Ty) - ing XUy, |, (63)

The generating function of the inelastic amplitudes is de-
fined as the residue of the two-particle Green's function
of two nucleons in the presence of the external field (56)
after the transition to the nucleon mass shell:

1F (P P2s g1, g2 9 =  lim 1I (PF—m?) (g} —m2)

o}, giomez i=1, 2

X G(py, py; q, 92| oY), (64)

Omitting the factor exp[ill (¢®Xt)] on the right-hand side
of (64) = it does not contribute to the interaction of the
particles — and making the change of variables (3 5), we
obtain the following representation for the generating
functional (64);

Eps s g as) o™ = |ty av,
K OXP [izy (py—gqy) - iza (py — )] j [6v]%
XED (pi, qifvy)exp [ig J tp“‘l‘:] j [8ve] T

X E™ (py, g5 va) exp [ig j (pcxtl"z] i (2, T2l foi @Y, (65)

where

5] {:-'1: ‘)'.Elji) i ‘Pc'“)

1
=803, J avexp[ —ivg?[ Dz | . (66)
0

Here

- 1

DYy =D, (2, a; Pis @i |vi)— | do
b

x [ dzdy,dysge () D (21— g,

X I‘iz[zv Yis Yol oot —g j D (A4, ‘!'hzfz)J D(y,—z) (67)

S i

iy j’ dhy
0

and this quantity corresponds to the total Green's function
of the meson field interacting simultaneously with the ex-
ternal field ¢ ®Xt and the sources j1 and j,.

Note that the functional dependence of (67) on p®%tig
determined by the interaction of the external field with
the exchange currents in the two-nucleon system.

The amplitude for the production of N secondary me-
sons in a two-nucleon collision can be calculated by means
of the functional derivatives of the generating functional
(65), i.e.,
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M=

(2m)* 6 (g, + f2—p1— pp—

i

k;)

I

X F(py, Pz Qs Ga; Ky, ko, oo ky)

N
. B =
=1 { dy; exp (lyf’ff)gq,Tt(;)P (P Pt @ 02199 |oent_,. (68)

i=1

For example, the amplitude for the production of one me-
son with momentum k is

Fp1, b2 a1, g0 k) =ig f!ﬁvlll"m 8" (b1, 01| vy)
X J 1817 8% (aa, 03]y [ e exp Gt

AP a5 190 4T, g B 1wy g2
5 Y dy exp [— ivgzj D;‘;J'Ja] + Lo (23 piy qis & [v;)

0o
X exp ( —ig? 5 Dfd',jz)} ‘ (69)
Here we have used the notation

Ui (piy i ke [vi) = S dzexp (izk) T, (z] prxt) ls;=0 . i=1, 2; (70)

q;,"--"-'r 0

dhs 5 dz dy, dy, exp (izk)

=

1
T (z; p;, qi; k|v)= —g j dhy
0

XD =) Dyat )T (o, . 2l—g § DOhju+dain) | . (71)

The amplitude for the production for two or more mesons
can be constructed similarly.

2. STRAIGHT-LINE PATH APPROXIMATION
AND ASYMPTOTIC BEHAVIOR OF
SCATTERING AMPLITUDES AT HIGH
ENERGIES

Elastic Scattering

If vacuum polarization effects are ignored, 7= 0, the
two-nucleon elastic scattering amplitude is given by the
expression (42), in which

DY = pE™*

Xp (ik.
— DB (2;)4 j' a4k ::zp_(lk:) (gaﬂ—-k&kﬁ/k?‘). (72)

As a result, we obtain the following closed expression for
the two-particle scattering amplitudes?

ig? < afs
F(pry poi a1s @2) = iy | dizexp (iza) D ()

> 5 [8v1] %0 [8v2] %o [2v4 (0) - py-i- gy]a
1
% [2v5 (0) -+ o+ galp j dyexp— {1 § @D iy
0

<[ 28 b gl (=8 pi ailvy
i=1, 2
“Hvexp (k) j50 (k5 py, qi[v) i (—k; po, G2 | a) - (k —>~k)rj} .

(73)
where
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19 (s po arv) =21 | L@+ pd @10 (Dl

14
exp {21k [ pitt ) -+ aic® (=9 {vean]} (14)
(V]

is the transition current, which satisfies the continuity
equation

koS (k; iy qi[vi) =0 (75)

Note that the terms j(i)j(i), i=1, 2, in (73) describe ra-
diative corrections in each of the nucleon lines, while the
terms j{1) (2) describe the interaction between the two nu=
cleons.

Let us dwell briefly on the physical meaning of the
functional variables v, and V,. Introduced formally inthe
derivation of the solution for the Green's function, these
variables describe the deviation of the particle path from
rectilinearity; for if we set v = 0 in the equation (74) for
the transition current, we obtain

ja (k3 Py q]0) = —[2pa/(2pk +10) — 290/ (295 — i0)], (76)

which corresponds to the classical current of a nucleon
that moves with momentum-p for £ > 0 and momentum ¢q
for £< 0.

Note, however, that the approximation ¥ =0 is cer-
tainly false for proper times s of the particle near zero,
when the classical trajectory of the particle changes di-
rection. In the language of Feynman diagrams, this is
equivalent to ignoring the quadratic dependence on the
momentum k in the nucleon propagators, fies,

1 il
m"’-—(p—}—k)z_)- —2pk’

which can lead to the appearance of divergences of the
integrals with respect to d% at the upper limit.

A better approximation for the classical nucleon cur-
rent, which takes into account recoil, is given by themean
value of the current (74) with respect to the functional
variable v, i.e.,

Tathi poglv) = | 18917 ju ki Py 1Y)

—i | dzie @ -+2pt O+ 200 (—Dla
s exp {2ik [pLd (©) 4 ab® (— 01 4-ik* [ L]}
= —(2pa -t ka)/ 2Pk 4K -10) — (20a —ko)/(2gk — k2 —i0)]. (77)

The straight-line path approximation when used to
find the elastic scattering amplitude consists in substitut-
ing into the argument of the exponential in (73) the products
of the currents averaged over the functional variables v,
and vy:

F@ 0 P a0 75 (—F3 P )

=( 2iathke  _ 2Ma—Fa )( 2pp—kp __ 2qm-tkp )‘(78)
Skt R0 2gik—k—10 /| \2pok—k2+i0 — 2q:k k2 —10 1

8 Sov. J. Particles Nucl., Vol. 5, No. 1, July-Sept. 1974

1D pis a0 i (6 pas @)

=( 2pigtke 2Gig T Fe

Ipik k240 2qik-+ 2 —i0

( 2piptke 2qipt-kp_ )’ pacd B (79)
Bprk 10 Zqik+ kE—10

Therefore, the expression for the elastic scattering
amplitude ignoring terms corresponding to the replacement
of the momenta of the outgoing particles takes the follow-
ing form in the straight-line path approximation:

o T i ‘ ‘
fer (P1s P23 G1s 42) = (;i)l rh (@) r® () (po - qi)e (P21 q2)i
1

X 5 dszexp [iz (p— )] D (@) S dy exp [—iyx™ (z; Pi, 2:)1,(80)
where
2O (25 Pir €)= .(_z%- S @k exp (ikz) D*P (k)

( 2py+k  2m—k ( 2pp—k 2tk
2pk+ k2410 2q1kfk?-—i0)ot Apylk— k2410 2g.k+ 2 —10

)5; (81)

X

2 1
rih) (f) =exp {—i—’: 5 —(5734— D (k)

2py+k 2g1+k V2.
X (gt — I )] L

M2 (f) = exp [ﬁ S ﬂ'_D (k) ( 2py -k 2q;+ k )?.J . (3)

2 ) (@)t Spok K 2k K e

It is interesting to note that the contribution of the
radiative corrections to ladder diagrams in this apFroxi-
mation is factorized in the form of the factor () @)
which depends only on the square of the momentum trans-—
fer: t=(p;~ q,)’. A similar factorization of the contribu-
tions of the radiative corrections in the case of quantum
electrodynamics was found in ref. 30.

In the high-energy limit s — = at fixed momentum
transfers t bounded by the condition |t/m? | << g?, the quan~-
tities x) and +({) take the form

g"‘_

o & il ARy e ); (84
x 8n ki—kplexl‘( ikyx)) =gz Ro lxL s )

) = exp (al), (85)

where Kj is a MacDonald function of zeroth order, and
2
a :E-(z_,f)&ﬁ [In (m2/p2) 4 1/2+ 0 (u¥/m?)]. (86)

Thus, in the given asymptotic limit the expression
for the amplitude of elastic gcattering of two scalar nu~-
cleons interacting with a vector field has the form?

for (s, ) =19 (s, ) exp (at), @7
where
105, =2 | dx exp (ix1 A1)
x {exp [—Gg?/im) Ko (wlxL ) |1} (88)
pem —AY (89)
Kuleshov et al 8



As can be seen from (87), allowance for radiative ef-
fects leads to a diffraction behavior of the amplitude of
scattering of high-energy particles through small angles,
which corresponds to a Gaussian form of the local quasi-
potential of elastic scattering with range of ordergh /(me).
The forces due to the exchange of mesons between nu-
cleons obviously have range f/(ue), it being assumed that
gh/(me) « K/ (uc). Thus, in the region of momentum
transfer p? € |t] < g?m? it ig important to take into account
multiple meson exchange, which leads to an eikonal struc-
ture of £()(s, t),

As was shown in ref, 24, allowance for the interaction
of the nucleons with the zero-point fluctuations of the me~
son vacuum enables one to give a qualitative explanation
of the smoothness property of the local quasipotential.
Representing the amplitude (87) in the eikonal form, we
find the expression for the eikonal function corresponding
to this representation:

exp [2iy (x))] -—1.{ :zg exp (— p*/4a) exp [2iy©® (x) -kp)].  (90)

From this it is not difficult to show that x(x,) is acomplex
quantity with positive-definite imaginary part lexp2ix)] < 1
in accordance with the unitarity condition,

Expanding the exponential in the integrand of (90) in
powers of x(o), we can find X as a series:

_ g rd%k, exp (—ikx )
x(0) =3 | P
. 2\2 o a2k, d2k| exp [—ix (k, +k")]
() [ S iy
(k1 +p2) (k1 +p2)
X {exp[—a (ky ki) exp[—a (ki —kB)+... .

exp (—ak?)

(91)

The first term is purely real and corresponds to scatter-
ing on a Yukawa potential whose force center is distributed
randomly in accordance with a Gaussian law. The second
term in the equation gives a contribution to the imaginary
part of the quasipotential.

Thus, allowance for radiative effects in two-particle
scattering leads naturally to a smooth complex quasipo-
tential whose imaginary part is positive-definite, in ac-
cordance with unitarity,

Inelastic Processes

The inelastic amplitudes describing the production
of a certain number of particles of the vector field in a
collision of two high-energy scalar nucleons can be found
by means of the generating function oy Py qy, q, |ACKE),

In the framework of the straight-line path approxima-
tion, f(p,, py; 0y, q, |AX) takes the form

F Py pos qu, go| A = g2 j' diz, diz,
X exp iz (py—a1) +izs (P2 — 2)] (P4 @) (P2 + a2)p
X D™ (2, — z,) exp { ig j' A% AS

KUY (k5 o g exp (1h2) + 7 (65 pa, g2) exp (— ke }

! .
X US dhexp {% j d*kD™ (k)
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X f 2 ja’ (k; Pis ‘Ii)fl(ii)("ﬁkJ Pi: 43)
i=1,2
+Aexp [ik (2, — 2,)]

X 18" (6 1, @) I (— 3 po, 92)-:—(k—+—k)]},

(92)

where the functional means of the current and its bilinear
combinations are defined by (77)=(79), respectively,

The amplitude for the production of N particles ofthe
vector field is defined by means of the variational deriv-
atives with respect to the field A€Xt,

N
(@) (py -+ ps— gy — gy — S 1))
i=1{

i=

X F Py Pai G4 ai heg K . . ky)

N

5

= ] e (k) ATy (P Po3 0 0] A |y
=1 .

(SAext
o
=& [ dedtesexp iy (hi—g) 123 (py— o)
N
X II ex (k) & (ks P1s ) exp (iksxy)
§
+ T (ki3 Py g2) exp (iksza)] (py - q)g (P2 +-g3)p
1
2 r

X D% (2, —,) fdh exp {1 | @sepuo (1)
fo

x[ 3 (=%, @) o (k5 pa, g)

i=1,2

T2 (ks puy ) 1 (—F; pas g0

X eXp [ —ik (x,— 2,)] ﬁ:(ff%_k)”, (93)
where eg (k) is a polarized vector meson with momen-
tum k,

In what follows, we shall be interested in the case
when the produced mesons are "soft:"

N N .

—1}:2 Bty | 3k [ €Iy~ [~ P —qur ], (94)
i=1 i=1

where the components of the particle momenta are speci-

fied in the center of mass systemp;+ py= 0,and the mo-

menta of the initial nucleons are taken along the z axis.

Under these conditions, the amplitude for the production

of N mesons factorizes and it can be written in the form

Finet (N) = (p1, Poi qus @ai Keas Feay ., Koy
ni
=fal Hi gela (k) J& (ki py qn)
=
ny
x L] gelh Gei) T8GRt 2y 2a), (95)
where
1 2pi+-k 32—k L .
Ja! (ks pur 1) = (o — 2= )or P02

ny o n 2 R
t=Aﬁ=—_(q1_—p,+zlki)um(qz—pz—i—lgl k), nd-ny=N. (96)

The differential cross section for the production of
N mesons in a two-nucleon collision is given by

Kuleshov et al. 9



_ i 2 (957)
do‘_,\r—-————‘—_“zvs(s_éma) |fine1 (N)l ( J'Ii)

N
x8(pi+ Pz"‘h"]a*galki)

X G Tg-2es N AL Ty @nP o7

N

1 day dqs 1 II dk; 1
P

where s = (py + pp)*

Using (97) and making the transformation

ny

ng
8 (P:'i‘Pz_*?:—‘QzﬁZ ki— 2 ki)
i =1

=1

= d"“(Pl_qi—% ki+A)6(P2_‘f13—§ Ki—A) (98)
' t=1

i=1

we can represent the differential cross section of meson
production in the form*

1 diA
(d0)ng,ny —=> 55 -y | fer (& D Wi (pis A) Wy (P2, —4), (99)

fixed A

where

ny

Way (s )= 2n Sma(}?l-‘%—z ki-i-A)

nyl 2q40 =~

m
gk (—g) m——
* I 2 ((2:)3) [ia’ (k3 P aa) |* (100)
i=1

and the expression for Wn, (py,— A) is similar,
The quantities Wy (py, &) and Wy, (p;,—A) depend on
the variables

t—A?, v;=pA,and i=A?, v;= —paf, (101)

respectively.

Using the variables (101), we transform the volume
element d*A to

diA i (102)

dd
O I [ o
Tio—t z)d vy dvy e

where @ is the azimuthal angle, and the physical range of
the variables of integration is determined by

—t<2v<s, =12

—st<0, mP&s. (103)

In what follows we shall be interested in the differen-
tial cross section (do/dt)y,, np in the limit s = = for fixed
t. Integrating the expression (100) with respect to dv, and
dv, and using (87), we obtain for [t/m? | < g?

(do/dt)ny, ny ?:’ (1/4n) v (£) wny (s, t) wny (s, ), (104)

fixed t
where

w (s, 1) = 220 S AW, (2, v)
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1 " ik —g?) |\ T
—exp () | T1 go- - G |79 (b Proga P 1= 1, 2. (105)
ﬂpi=1

The region of integration SZp with respect to the mo-
menta of the secondary mesons is determined by the con-
dition

n n
—t<2p N h—(A— N k) <s (106)
i=1 i=1

or, since in our case (A= kj)? ~ A2, by the condition
i=1

(107)

s

0<2p 2 kis<s+t.

i=1

We now consider the approximation in which one can
ignore the total momentumof the emitted mesons in ac-
cordance with the condition of softness (94). In this ap-
proximation, the expression (105) becomes a Poissondis-
tribution s’

wa (5, 1) = —— exp (a2) [ (5, 1)]", (108)
where?)
- 2 k T—
7o, )= — o | 178 G py @) I=1,2, (109)

is the mean number of particles produced in a two-nu-
cleon collision at high energies s — « for fixed t.

Using (96) for Jg, we find that for |t| « g’m? we have

n(s, t) = —bt. (110)

Here b depends on the chosen method of cutting off
the integrals at the upper limit with respect to the mo-
menta of the emitted mesons. In particular, under the
conditions R} ~ m? and 1> a?>» p’/m? wherea =R, /po
we obtain

b [2%/(3 (20 m)] [In (m¥/e%) -+ 1/24+0 (m)],  (111)

which is equal to twice the slope parameter of the diffrac-
tion exponential (86). Note also that the equation 2a =b
holds in the infrared asymptotic limit 4 — 0. In thiscase,
when we sum in the expression (104) over the number of
all emitted mesons, the dependence on the variable t can-
cels, which leads to the vanishing of the diffraction peak
in the differential cross section. A similar feature has
been noted in ref. 19 and is analogous to the scaling be-
havior of deep inelastic processes of hadron interaction
at high energies.!"s'?

3. SOME MATHEMATICAL REALIZATIONS
OF THE CONCEPT OF STRAIGHT-LINE
PATHS IN THE METHOD OF FUNCTIONAL
INTEGRATION

Above we have studied some applications of the straight-
line path approximation in its simplest form. Putting it

Kuleshov et al 10



crudely, we have used the approximation . ( Bv] exp F ~
exp (j [6v] F) or even exp(FV = o)+ In othér words, we
have assumed that when particles are scattered in the
asymptotic region of high energies and bounded momen-
tum transfer only the paths that differ least from the clas-
sical trajectories of particles contribute to the Feynman
path integral.

Below, we consider a number of approximation sys-
tems that are different mathematical realizations of the
physical concept of straight-line paths in the method of
functional integration. We may mention that methods of
measure theory and integration in function spaces have
been widely used in recent years in quantum field theory
investigations. This approach is based on a representa-
tion of the solutions of the exact equation of the theory in
the form of funetional integrals. However, because of the
absence of a developed technique of calculation of general
quadratures the functional integrals are "a law unto them-
selves" in the sense that necessary information can be ex-
tracted only by some approximation procedure.

The simplest and best known approximation proce-
dures are those in which one deals with only Gaussian
quadratures at each stage of the calculations. It is in this
class of approximations that the kikj = 0 approximation
and the straight-line path approximation discussed above
belong. The approximation procedured developed below
go back conceptually to the idea of rectilinear paths and
enable one, in particular, to estimate consistently the ef-
fects of deviation of the particle paths from rectilinear
trajectories in high-energy scattering processes.

Formulation of Approximations

We consider a functional integral in Gaussian mea-
sure:

j.T;sr%fexP [—i j dgv? (E):, exp (gm [v]), (112)

where 7[v] is functional and the constant is the normaliza-
tion constant. It is well known that the calculation of (1 12)
can be reduced to the finding of functional derivatives in
accordance with the equation

2

[ 18v1 exp (gm [v1) = exy {+ {ae 6—Vf—(§} exp (g [v]) .\_:u . (113)

In addition, in some quantum field theory problems (see,
for example, ref, 31) one needs to determine the action
of the differential operator

o {4105},
where

82 42 i
5 D s 5 dgidE;D (§,, §z)m ;

D(¢,, £,) is a function of propagator type. Having inmind
later applications, we unite the two problems as follows.
It is required to find the functional II [v] from the relation

exp (I [v]) = exp {T[ j' D’,gﬁviz} exp (g [v]) = exp (gau [v]), (114)
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where 7[v] is a given functional; D is g function of two
variables. If

D= —5("11—"]2)/2, (115)

the value of the functional II [v] for v = 0 determines the
functional integral in accordance with (113). To simplify
the equations, we shall denote the action of the differential
operator in some cases by the averaging sign, as in (114).

For greater clarity, we introduce the graphical nota-

tion
. { &
=0, el (@,
ewl{ifo L.} wbl=7 =),

In this notation, for example, we obtain

brediwit» (DO + O-0).

where the first two termswill be called unconnected graphs
in the usual terminology, We emphasize that although the
graphs (116) obviously have an analogy with Feynman
graphs, in many cases their superficial appearance will
have nothing in common with ordinary Feynman graphs.

(116)

We now assume that the structure of the functional
m[v]is such that there is a smallness parameter associated
with loops. In this case, there exists an approximation
procedure, which we shall call the correlation procedure
and in accordance with which we seek the functional II [v]
in the form of a series:

M= gI,. (117)
n=1

Substitutingthis‘expression in (109), we readily obtain

++“-’
4
&

Considering the graphs (118), we readily see that the cor-
relation method does indeed correspond to an expansion
in the number of loops, and that only the connected part
of the sum of all graphs with n loops contributes to .

Terminating the series (117), we obtain an approxi-
mate expression for the functional II. This approximation
is valid if for alln = 2

7" | connected L luncogllgtaected (119)

part P:

In this case, when exp II ig expanded in a series in powers
of g, allowance for only II; gives the principal terms in

Kuleshov et al, 11



each order, while allowance for II, gives the corrections
to it, ete.

The correlation procedure is intimately related to an
expansion of the form

spEd =exp(gn) [14+ 3 L @—m].  (120)
n=2

Such an expansion was encountered in refs. 1 and 5. In
general, it has the same region of applicability as the
correlation approximation, and differs from it in that it
gives fewer correction terms in each order in g. How-
ever, the higher correction terms in the correlation ex-
pansion have, in our opinion, a simpler geometrical mean-
ing [see (118)], which makes it easier to use to a certain
extent.

As we have pointed out above, these approximations
are good when thereexistsa smallness parameter associ-
ated with loops. It may also occur that the theory contains
a smallness parameter associated with a line, i.e., that
grises when the functional 7 [¥] is varied. Then one can
make an expansion in the number of lines joining different
loops. Representing T in the form

(v = | dnzinlexp [—ifn@® v (E)d5 ] (121)

and substituting (121) into (120), we obtain
exp (s (v) =1+ 3 & | [LGnalniD
n=1 F=1

xexp[ =i {v(Dn)—z {0 (2 )]

j=1 =1

X exp [—ie SD (iz nmj)],

(122)

where the smallness parameter € is assigned to the terms
with different 1 and I [v] = Ilg [v] for & = 1.

We seek the functional II¢ [¢] in the form

=¥ @i (123)
n=0

Restricting ourselves to only the first few terms of the
series (123), we arrive at an approximation which we shall
call the M7 approximation.

The calculations lead to the following expressions
for the first terms:

=>:
- OO,

_iz 52 o ozﬁ
37 5 D)z Oz 8p,6v, (za " dv; O,

=97

Ind (ST &
- 2Yo(3)
(124)

&

1 Z 3T >+
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where the numbers indicate the order of a convolution,
i.e.,

82 8tn
[ DisDos e - g = ) T Fa s
X D (&1, Ba) D (B2 B0)
82 b

etc.

X 5V (Er) OV (&) OV (Ea) OV (Ea)

Thus, we actually obtain an expansion in the number
of lines connecting different loops. Since we are dealing
with connected graphs, k and n, the numbers of such lines
and loops, satisfy the inequality

k>n—1. (125)
This means thatthe sum of the first n terms of the 757
approximation is contained in the analogous sum of the
correlation approximation, i.e., the region of applicability
of the former is larger than that of the latter. Its use,
however, may appreciably simplify calculations, since in
the case of the former there is no need to consider the

sum
@_@ & +....+ +....

The first terms in all these approximations are equal,
and differences appear only when the corrections are
calculated. This reflects the fact that when these methods
are used to calculate high-energy scattering amplitudes
they are different variants of the straight-line path approx-
imation.

Corrections to the Eikonal
Equation

Let us consider the application of the above methods
for the actual examples of the scattering amplitude of two
scalar nucleons in the model Ljy¢ = g% “9¢@, which can
be represented in the following form® if radiative correc-
tions and the vacuum polarization contributions are ignored:

|

1g2
for (prs P 01s 82) = roiyr | @%2D () exp [ —ia (pu— )] { an
% Sy (@3 pys Poi Qs o) + (01 0),

(126)

where

Sy = S [8vy] ™, [6v2] " exp {ig"?w

'B!._-—-;g

% ,,j, deD | — -+ 2, ()

lt— e

— 2y (1) —2 | de, (1)

§

- def
+2 | anem]} = Jovam Bz, exp gt 27)
-1

ai.z(g)=Pt.zﬁ'(§)+%.zﬂ'(-—§)' (128)

We shall seek the asymptotic behavior of the func-
tional integral Sp at large s = (p, + p;)® and fixed momen-

tum transfers t = (p,—q,)’. The calculations show that in
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this case the parameter 1/s is associated with the loops
and 1/Vs is associated with lines®) and therefore with al-
lowance for the relation (125) in the n-th order in g for
8, for fixed x = 0 the principal term has the asymptotic
behavior 1/s™ and the next correction is 1/s™/s, Thus,
if it necessary to calculate only the first two asymptotic
terms in each order in g, it is convenient to use the 414
approximation generalized for the two functional variables
¥y and vy, and it is sufficient to use the approximation
explly =1 + I, +. .. with respect to the type of the ex-
pansion (120). Thus, the approximate expression for S
18

(129)

Sy = exp (ig%m) [1 + iig_‘_ 5 dgﬁﬂ%g (% )2]

v=0 "

Proceeding from Eq, (127) for Sy » we obtain the expres-
sion

= - (250, Sd'kD(k) exp (—ikz)

x | dtdvexp 2ik [Ba, (&) —vaz ()]}

¢ exp [i#* ([] -+ 7])] = gy | d*D () exp (— ika)

o0

% j d& dv exp (2ik [§a (£)/)/ 5 — vay (v)/)/5])

xoxp [1 =2 (1E]-+[7])]. « (130)

In this equation, we have made the change of variables

E, 7 — EMNs, T /NS,

Similarly,

= Jal(wm ) +H e’

_ inzgt
T (2m)Es

v=0

j d*esd*k,D (ky) D (k) exp [ — iz (ky -+ Fea)] (ksks)

as (T4) :I

% If &, dt, d ey exp { 2ik, [g,-“fT(?’——nT

ag(82) “z(“_z)

-+-i{}—§(|§u+|n|>}exp{mz[ng e

H (Gl u) = 0@ 8+ 0@, w), (1)

where

D @ Ea) =0 Boo B [ E | O (|Ea|— 18 ) +] & | (|| —| & D] (132)

We now find the asymptotic behavior of the expressions
(130) and (131) as s — = for fixed t. The expression (130)
must then be calculated to terms O(1/s? and (131) to
O(1/s%. Forthis, wego over to the center-of-mass sys-
tem and take the z axis along the momenta of the incident
particles. Then
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p1.3={¥, 0, 0, tV_S;_ff} .

?
fh.z:{lg—g, iAH/H‘;tTmzv

iv%m(i+sfim2)} i

A} = —i, J

(133)

and, substituting (133) into (128), we obtain in the limit
8 — o for fixed t

a () 1 = a2, o A ‘l (134)
=S nnofd); |
)

nt=(1, 0, 0, & 1).

Using (134), we obtain asymptotic expressions for
(130) and (131). Namely

- 1 ‘
=T I d*kD (k) exp (— ikz)

X j d& dvexp [iE (ko — kz) — i (ko - k)]

X {1—2i%%‘1—[§ﬁ(‘“§)'+'fﬁ(—t)]

ik? { 1 @k )
+37EH1ED } +0 (%)~ — g | T o (ikx))

iA
‘n‘m[(Iu+$z)‘l}(—fﬂ—xz)“}*(-fz—xo)‘5(10—-752)]
4 J k, i
X s dzk_]_exp(lk_;_xl)W+m([%+¢:|+f%—zz )
5 k 1
X jd"’klexp (ik)x)) ——ki-_lj:l-lz +0(_s2_)
1 h B%

i Rl ey
X [(xo+ 22) ﬁ(_lo““-’:z)"f‘(zz—xo) ¢ (z0— )]

XK (50D~ = (12 +-22 |+ | 20— )

X Ko(plx)-+0 () (135)

5§ (pams )+ ()]
iA2gt
S T s

jv=0

j' %@k D) (k) D (k) exp [ — iz (g + k)] (keks)

X | dbudvdtad exp [ (g — k) — i (kg + ky))

X €xP 18 (kao—kae) — iy (kao+kae)] (D (&, &)

+O (1, ] +0 ()

A2 2
= (gt |+ 20— e ) K? (1 % -

(136
327225 )

Here we assume [x,|= 0, which ensures that all the in-
tegrals converge. The functions Ky and K; are MacDonald
functions of zeroth and first order and are determined by
the expressions
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1 r exp (ik;x;)
Ku(}thi,1)=§;S dzki—k?r‘l,f ;

Koz D

Kiulx )= =351,

We now substitute (135) and(136)into (129) and obtain
for Sy, the desired expression'®

e oen [ i82h T [yt BIFL
Sx,ue:\p[ 4ﬂsKo(M|"L|)_]{l G Vs 1%L

X [(10“3‘5'31)ﬁ('“-ro—xz)‘l'(i?z*xo) 8 (zo— 22)] Ki (| xL0)

2312
ﬂfn—s%; (| %o+ 2| -+ | 20—z ) Ko (| x1. 1)

ighhZp2

T aams /s (37

(|20t 2| 17—z D K3 (w1 x1D } -

In this expression, the factor in front of the braces
corresponds to the eikonal behavior of the scattering.am-
plitude, while the terms in the braces determine the cor-
rection of relative magnitude 1/Vs.

As is well known from the investigation of the scat-
tering amplitude in the Feynman diagrammatic technique,
the high-energy asymptotic behavior can contain only
logarithms and integral powers of s. A similar effect is
observed here, since integration of the expression (137)
for Sy in accordance with (126) leads to the vanishing of
the coefficients of the half-integral powers of s. Never-
theless, allowance for the terms that contain half-integral
powers of s is needed for the calculations of the next cor-
rections in the scattering amplitude. It is interesting to
note the appearance in the correction terms of a depen-
dence on X, and Xz, i.e., the appearance of the so-called
retardation effects, which are absent in the principal as-
ymptotic term.

Making similar calculations, we can show that all the
following terms decrease sufficiently rapidly compared
with those we have written down. However, it must be
emphasized that this by no means proves the validity of
the eikonal representation for the geattering amplitude in
the given framework, for the coefficient functions in the
asymptotic expansion, which are expressed in terms of
MacDonald functions, are singular at short distances and
this singularity becomes stronger with increasing rate of
decrease of the corresponding term at large s. Therefore,
integration of S) in accordance with (126) in the determina-
tion of the scattering amplitude may lead to the appearance
of terms that violate the eikonal series inthehigher order
in g?. The possible appearance of such terms in individual
orders of perturbation theory in models of the type ©*was
pointed out in refs. 6 and 36.

We may mention that in the framework of the quasi-
potential approach in quantum field theory there is a rig-
orous justification of the eikonal representation on the
basis of the assumption of a smooth local quasipotential.
In the example just considered we have a singular interac-
tion, which when radiative effects are ignored leads to a
quasipotential of the Yukawa type, which requires special
care.
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4. OPERATOR METHOD AND THE
STRAIGHT-LINE PATH APPROXIMATION

Formulation of the Operator
Method

We consider a quas ipotential equation with local quasi-
potential for the scattering amplitude of scalar particles:

T(p,p'; 8)=gV(pP—0 )

At S dqK (q% )V (e—u; ) T (4, P’ o8) (138)

where p and p' are the relative momenta of the particles
in the center-of-masssystem in the initial and the final
state: g-=4 (p? +mi) =4 p**+ m?).

To solve Eq. (138) we make a Fourier transformation:

r 1 ¥ ’
V(p-p;s)=ﬁ,;)?5drcxpll (p—p)r1V(r; s); (139)
T{pp; 8= S dr dr’ exp (ipr—ipt’) 7' (r, ¥'; ). (140)

Substituting (139) and (140) into (138), we obtain
T(r,r'; 8)= ——(25)3 V (r; 8) 6 (r—1")
g | daK (@ 9)V (55 ) exp (—iar)
® 3 dr’ exp (iqr") T (¢', 1" $). (141)
Introducing the representation
T(r,v'; 8)= (2:_:)3 Vr; s)F(r,r';8), (142)
we have
F et 8 =69 (c—1) + iy | daK (a¥ 8 exp (—iay)
x | drexp (i) V(s 9 F (', 175 9. (143)
We define the pseudodifferential operator
fr=K(—¥E ), (144)

and then
K (r; s)= 5 dqexp (—iqr) K (q% ) = Ly (2)°8° (). (145)

With allowance for (145), Eq. (143) can be rewritten
in the symbolic form

Fr, v 5)= 6% (e—1) +-gle [V (r; ) F (1, x5 8)]- (146)

We shall seek the solution of this equation in the form

F(r,r';s) j—+—(2:‘)3 5 dkexp [W (r; k; s)] exp [—ik (r—1")].(147)
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Substituting (147) into (146), we obtain an equation for
the function
exp [W (r; k; )]
=1 -+gLe {V (r; s)exp (W (r; k; s) —ikrl}exp (ikr).  (148)

Using the idea of modified perturbation theory in the
exponential,?! we write the function W(r; k; s) as an ex-
pansion in the coupling constant g:

W(r; k; 5) = gﬁ g"W, (r; k; s). (149)

Then from Eq. (148) we obtain expressions for the func-
tions

Wiy(r; k; s)= jlqu (q; s) K [(k-I-q)2 5] exp (iqr); (150)
Wales by o) = — PRI )
"'"% Y dqy dgy exp (—iqr — iqyr)
XVAas 8)V gz 9) K [(q - q - k)% s
XK (a1 k)% 8]+ K [(q, - k)% s]) (151)

etc.

Restricﬁng the treatment to W, instead of W in (147),
we obtain from (147), (142), and (140) the following approx-
imate expression for the scattering amplitude 52

Ti(p, 0's 8) =5 Y drexp[i(p—p’)r]

KV (r; s)exp [gW (r; p; 5)]. (152)

To elucidate the meaning of our approximation, we
expand T, in a series in the coupling constant g:

+1

™0 (p, 95 5) =4 5 dqy ... dqnV (a5 ) ... V (qu; 5)

xV(p—p'— Nass) [ Kllq+p)5 1 (153)
i=1

i=1

and compare it with the (n + 1)-th iteration term of the
exact equation (138):

Ttm-u (p’ p'; 3)
n+l
=& da. da, V@i ) ...V (qm 5)
xV(p—P'_Z q; S) DK [(q+p)% ¢
1= P

X K (a1 + qs + p')% s}---K[(éqr.‘up')z;s]. (154)
i=1

where 2 is the sum over the permutations of the momen-
P

ta qq, Qgseees Qpe

It is easy to see from (153) and (154) that this approx-
imation in the case of the Lippmann —Schwinger equation
is identical to the so-called 4 = 0 approximation, accord-
ing to which terms of the type 9;9; (i # j) are omitted in
the nucleon propagators.
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Operator Method and Asymptotic
Behavior of the Scattering
Amplitude

Taking the example of the Logunov— Tavkhelidze
Quasipotential equation, let us consider the case when the
expressions previously obtained for the scattering am-
plitude can be used to find asympotic behaviors in the re-
gion s — = for fized t. In the asymptotic expressions we
shall take into account both the principal term and the
following correction term, using the equation

exp [W (r; p’; 8)]

=exp [gWy(r; p'; ) (1 +g*Wa(r; p's 8) .. .], (155)

where W, and W, are given by (150) and (151).

We take the z axis along the vector p +p'. Then

P—p'=4,; Ajn,=0; t=—A}, (156)
Bearing in mind that
1 1
KI(]'!' ’2;S]= .
-+ Va+pE+me (q+'p')2—~2--+- it
-2 S:tai—q4, 7, 1
W s (gz—ie) [1_ V;(Qz'—ie) ]-"0(3—2)' (157)
fixed ¢
we obtain from (150) and (151)
Wi=Wiis+ Wyl(s 1s) +0 (1/s3); (158)
Wa=Wa/(s2)'5) +0 (1/s%), (159)

where

Wio=2 5 dqV (q; ) 2L _ 5; [aev(VETam 5);  aeo)

oy S0l —q A
W= =2 [ aqV (a; o) exp (— i L8y

= —8V (VP 2% ) +2(v3 1A, V,)

% “dz' =)V (VL F7% 5); (161)

War=—4 [ dasdaz exp [—i(a, -+ @) 11V (a5 )V (q3; 5)

3@’1;92z+%i%l
(7, —18) (g, —1e) (7,, + q,, —18)

— judz’ {3V2(VE'—"F5"2; 5)

+[vy Sﬂdz"V(Vri T ). (162)

'To determine the desired asymptotic behavior with
the given accuracy, it is sufficient to write the scattering
amplitude in the form

70, s 8) =i [ dry dzexp (ia e ) v (Vi ET 2, 3

" Wio Wy Wag
xexp(g—s—) (1+g~—sv; rgzs——ﬂ;; ) (163)
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Then, substituting (160)-(162) into (163) and making
simple but fairly tedious calculations, we obtain for smooth
potentials the well known expression!’

T(t, s) = '(—thF S d?r ) exp (iAr))

fixed t
2| £ -
exp [—%g— 5 dav (V'3 2% s)Jﬁi

2i

X

% (e i
Vs Sdfi exp (iA;r))

xexp [2£ | azv (VFT 7% 4) | aav (V¥ o)

—00 —oo

e T
TRV S d’r| exp (iA r)) _Ldz

o0

% {exp [Zng _5 'V (V2% s)]

oo o0

—exp[ZE [ v (VT2 5) ]} { 5 ViV (VP 2% 5)

s
—

L2 [ e,y (VTS 9)]')

__”_Lg_ 2 Zp i 3 ¢ TR
EETRYA A% S d?r; exp (A r;) 5 zdaV (V'8 +25 5)

—o0

oo

% exp [%1_;{_ 5 dz'V (V' 2% s)l (164)

z

It is easy to see that the first term in this equation
describes the eikonal behavior of the scattering amplitude,
and all the remaining terms determine the corrections
to it of relative magnitude 1/Vs.

Relationship between the Operator
Method and the Path Integral Method

To establish what actual physical picture may correspond
to our results, we establish the relationship between the
operator method and the Feynman path integral method.
For this, we return to Eq. (148) for the function W. The
solution of this equation can be written in the symbolic
form

1

R =V =T <

exp W=
. (165)

oo

- 5 dvexp [iv (1 - ie)] exp { —itgK [(—iV — KV (1)} X 1.
0
In accordance with the Feynman parametriz ation,?
we introduce an ordering index 7 and rewrite (165) in the

form

expW = —1i S drexp [it (1 -1-ie)]

0

® exp { —ig S dnK [(_ivn+e—k)2lv("n)} « 1,  (166)

0

Using the Feynman transformation
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Frrmi={2 | 25m

x(0)=0

xexp {i | dnx () (p () —P (01} 7 Ip (),

[i]

(167)

we write the solution of Eq. (148) as the functional in-
tegral

exp W= —1i fdmexp [h:(l -‘—is)J be“p

0 : x(0)=0
T

X
7 (27)®

scexp[i | ancmp () |6 (x; pi ) x 1. (168)
0
In this equ_ation we have
G(x; p; T) =exp [r— Tg dnx (1) Vn+e]
0
X exp { —ig § dnK [(p () —k)*1V (rn)} (169)
and this function satisfies the equation

£ _{—igK [(p () —k1V () —X (—) V}G; } 1)

G(t=0)=1. ‘

Finding from this equation the operator function G
and substituting it into (168), we find the final expression
for W:

16

o0

expW=~—iSd‘rexp[i'r(i‘i-is)],Yf[p S g

J (2n)?
0 2 x(0)=0
scexp| i | dm () p(n) ] exp (gm0, (71)
0
where
a=—i |k () —KAV [r— [ Ex©8E—n+5)]. aT2)
0 0
Writing out the expansion
exp W =exp (gn) =exp (gn) E %(n;r_;)“, 73)

n=0

in which the averaging sign denotes integration with re-
spect to 7,x (1) ,and p(n) with corresponding measure [see,
for example, Eq. (171)], and making the calculations, we
find that

n=W,; (F—n)2=W,, etc. (174)

i.e., the expansions (173) and (155) are identical.

Restricting ourselves in the expansion (173) to only
the first term (n = 0), we obtain the approximate expres-
sion (152) for the scattering amplitude, which corresponds
to our allowing for the particle paths that approximate
most closely the classical paths and in the case of the
scattering of high-energy particles through small angles
coincide with rectilinear trajectories. In other words,
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we can say that the operator method ig at high energies
a realization of the concept of straight-line paths.

5. STRAIGHT-LINE PATHS AND THE
EIKONAL PROBLEM

As we have shown above, the straight-line path meth-
od is based on the assumption that there is dominance of
large momentum transfers in individual interactions of
high-energy particles. Thus, the large momenta carried
by particles in the collision process have a tendency to
be conserved ("inertia" of large momenta). The kind of
particle that carries the large momentum may change
during the interaction process in accordance with empir-
ical laws observed in inclusive processes. Thus, in a
collision of fast nucleons one must allow for the possi-
bility of emission of a "hard" meson, to which there is
transferred an appreciable fraction of the initial-nucleon
momentum,

Usually, in the derivation of the eikonal equation by
summing the perturbation series, the initial particles are
taken to be the leading particles that carry the large mo-
menta. However, the existence of virtual processes in
which the nature of the leading particles changes must
lead to a modification of the orthodox eikonal representa-
tion. The possible appearance of extra terms in the as-
ymptotic behavior of the sum of perturbation theory dia-
grams in addition to those in the ordinary eikonal formula
was first noted in ref. 36,

We shall consider here the structure of the noneikonal
contributions to the two-nucleon scattering amplitude, de-
scribed bya sum of ladder diagrams without inclusion of
radiative corrections and vacuum polarization effects in
the scalar model.?

High-Energy Asymptotic Behavior
of Feynman Graphs and Modification
of the Propagators of Virtual
Particles

We investigate the scattering amplitude of two scalar
nucleons inthe model Lint = g:9 *y¢:, ignoring radiative
corrections and closed nucleon loops. This amplitude
can be represented as a sum of diagrams of the typeshown
in Fig. 1, in which p, and Py are the momenta of the ingo-
ing and g, and q, those of the outgoing particles. If there
are ! momenta of integration and I internal lines (in dia-
grams of this type, I = 31 + 1), then

I
1
F=5dk1...dkrnm, (175)
i=1

where rj are linear combinations of the momenta of in-

tegration kj "

Introducing the Feynman parametrization, we obtain

1

F=(I—1)!5dcx1...da;5(i—2 m;)j

0 i=1

dky ... dky

¥k, o s 07 (176)

where

i

I
W=§@mﬁ—ﬂ+mh=2

1=

1
aijkik;+2 th biki+-¢, (177)
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P —=
IR
P> —>
Fig. 1

after which we can integrate with respect to kj and ob-
tain a representation for F in Chisholm's form:%

i I
F = (in®)! (I —21—1)! 5 doty ... dayd (1— 3 o)

i s

[ @) 22 (178)
D (o, 5, 9]~
In this equation, we have
i by
aij
C =det ||ay[l; D=det ||t O . (179)
bl aas bg c

and the Chisholm determinant D can be represented in the
form

D (%, 5, 8)=f(0) s+ g (et 1+ h (a). (180)
Let us briefly review the main results of ref. 37,

which we shall use to study the asymptotic behavior®) of
the expression (178).

Definition. A t-path is a set of lines of a graph
that form a continuous are and the set is such that a) if
all the lines of the set are collapsed into a point, thegraph
is split into two parts joined at only one vertex, the mo-
menta p, and g being joined to one of the parts and the
momenta p, and q, to the other; b) none of the subsets of
this set has the property a).

The length of a t-path is equal to the number of lines
forming it;at-path of minimal length is called a t-path.

Rule. If a graph F is such that there exists a total
M of t-paths of length p, its asymptotic behavior is given
by

[Co ()] ~2-2

A
ks o (ot +ho)T ~2L-P Fp

I—21—1—p)lp! (lns)M-1
(M —1)! L 5

M P
xHG(qul—i)b‘(Eau—-i){da}. (181)
J=1 v=1 v P
Here
goi'f‘ hﬂ=D (OL! S, i) ,Gg):[);
Co(@)=C (=) Iu,ff’:u; (182)

CES) are the parameters of the lines that belong to the j=th

‘E—path; ay, (v & P) are the remaining parameters; and f,
is obtained from f [see (180)] as follows.

Make the substitution
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(183)

alit = hjal;
then

f—hidz ... Ayl () and Fo=F mo- (184)

Having written down the necessary equation, we turn
to the further exposition. In the case when the momentum
transfer in graphs of type F (see Fig. 1) is equal to zero,
i.e., p; =4y and py = 9, the set of lines whose propagators
contain the momentum p; will be called a p-path.

Thus, in the graphs there are two p-paths, each of
which forms a continuous arc. Note that each p-path is a
t-path by definition. However, in contrast to t-paths, which
are topological characteristics of a graph, the disposition
of p-paths depends on the actual arrangement of the mo-
menta of integration. In the graphs considered, the latter
can be arranged in such a way that the p-paths coincide
with any pair of t-paths that do not form a closed loop.

Assertion 1. Suppose there is given a graph such
that a pair of t-paths that do not have a common line con-
tribute to its principal asymptotic behavior. If the mo-
menta of integration are arranged in such a way that the
p-paths coincide with the E—pa.ths, and one then makes the
following modification in the propagators that depend upon
the external momenta:

1 1
(2_ ki) 42p 3 ky—mi+ie - 2p 3 kitie
1 i i

) (185)

i.e., one ignores the masses and the products of the mo-
menta of integration, then the asymptotic behavior of this
graph is not affected.

Proof. The modification of the propagators (185)
leads to the following changes in the determinants C and
D [see (179)]. In the determinant C the parameters cor-
responding to the t-paths vanish, i.e., C goes over into
Cy. In D, there is change in ¢, in which the same param-
eters vanish. This means that in fla) [see (180)] thefea~
tures associated with t-paths are preserved, i.e., the
previous asymptotic dependence on s is preserved. The
quantities Cy, gt + hy, andfy caleulated by (182)-(184) are
also unchanged. Taking into account the expression for
the asymptotic behavior of the graph (181), we therefore
see that the modification of the propagators (185) does not
alter anything in this expression.

Assertion 2. Suppose there is a graph such that
a pair of t-paths having a common line contribute to its
principal asymptotic behavior. Arrange the momenta of
integration in such a way that the p-paths coincide with
the t-paths. Then its asymptotic behavior is the same as
that of the reduced graph, obtained from the original graph
by collapsing the common line into a point and multiplying
by the factor + 1/s. The plus sign is chosen when the ex-
ternal momenta in the common line have the same direc-
tion and the minus sign is chosen otherwise. Assertion
1 applies to the reduced graph.

Proof. Suppose thatthecommonlinehas parameter
B and its corresponding propagator is
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1 2 - g 4
by X >< 71
o, = =
2 = I 7 7z
Fig. 2

1
(Y k) +2 @ pa) (X be) — ML stie \

(186)

It is sufficient to prove that this propagator can be
replaced by # 1/s; for Cq and gyt + hy are then unchanged,
by the same arguments as we used to prove Assertion 1.
The quantity f has the structure

(187)

where ol and o () are the sets of parameters correspond-
ing to the two t-paths. It is now obvious that f can be
replaced by

b _oy4|CE=0; %)
f =5C(ﬂ—0)+t Hegr g

(188)

which proves the assertion, since f (1) pas the same sin-
gularities as f and leads to the same function fj.

Eikonal and Noneikonal
Contributions to the Scattering
Amplitude

As is well known, the scattering amplitude of two
scalar nucleons when radiative correction and vacuum
polarization contributions are ignored can be represented
in the form [ef. (126)-(128)]

f(p1, pas @1, Q2) = (;i; S d*zD (x)

i

x exp [ —iz (pr—a)] § S+ (grga)  (189)
where
8= 5 [Bvi]=, [6va)=_ exp {ig®h
X °§ dE ,§, duD | — o+ 2ay (§)—2vas (V)
ERa Y (190)

0 0 .
—2 [ wman+2 | vetmdn]}
-t 1
a4, 2 (8) = p1, 20 () + 1. 2% (—E)-

In the expressions (189) and (190) the momenta of in-
tegration of each individual diagram are arranged in such
a way that the p-paths coincide with the nucleon lines.
Setting v, and v, equal to zero, i.e., ignoring terms of the
type kikj in the nucleon propagators, and ignoring twisted
graphs, we find by Assertion 1 the sum of the contributions
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Fig. 3

£z

to each diagram of the t-paths that coincide with nucleon
lines. As a results, in the limit s = p, + Pz)?‘ — o0 with

t=(p,— qt)2 fixed we obtain the well known eikonal rep-
resentation of the scattering amplitude:

f;:-:.(z;;}fs d®x) exp(—ix A))

ig2
X{exp[——jli?Kn(p[x__])]—-i}. (191)
In this connection, the contributions from the t-paths that
coincide with the nucleon lines will henceforth be called
eikonal contributions,

In ref. 36 it was pointed out that in diagrams of higher
orders in the coupling constant g (beginning with the eighth)
one must also take into account other t-paths, that make
contributions that are as great as the eikonal contributions.
Let us begin our study of noneikonal contributions with
the diagram of eighth order (Fig. 2).

In this diagram, which we shall call the XX diagram,
there are four E—paths of equal lengths of three: (1234),
(11213141), (1'234'), and (12'3'4), Formal allowance for all
four paths would lead to the asymptotic behavior (In’s) /s®,
However, this corresponds to the vanishing of the param-
eters of all the lines in the diagram, which is impossible
because of the factor 6 (1— _Erx,-). Allowance for any three
paths leads to the asymptotic behavior (Ins) /s®, which is
not the principal asymptotic behavior, since in this case
its coefficient, which is proportional to Cy, will vanish
because the f—paths form a closed loop. Thus, one must
calculate the sum of contributions from the following pairs
of t-paths:

(1234; 1'2'3'4"), (1234; 1'234"),

(12'3'4; 1'2'3'4), and (12'3'4; 1°234). e

The pairs (1234; 12'3'4) and (1'2'3'41; 1'234") do not
contribute, since these t-paths again form a closed loop.
All pairs of t~paths in (192) lead to the same asymptotic
dependence on s of the form (Ins)/s?, and therefore in what
follows we shall only be interested in the coefficients of
this behavior.

A contribution to the XX diagram from the pair (1 234;
1'2'3'4") is present in the expression (191). In this con-
nection, we shall denote it by

by 9

Pz '

Fig. 4
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(In 8/s%) F50 (2). (193)

We now find the contribution to the asymptotic be-
havior of XX from the t-paths (12'3'4) and (1'234"), We
arrange the momenta of integration in such a way that
these paths coincide with p-paths. Then by Assertion 1
we can modify the propagators after the fashion of (185)
in the lines in the t-paths, We do this after the substitu-
tion of the momenta of integration

ki—»ktm.-‘p. (194)
Thenthe nucleon lines are replaced by meson lines:
1
D (km/p) = g —mE e = WDy (k)/m?;
Drn (py—i—k) = w2, [(py—qy) pim—kYm2,  (195)

i.e., t ~ tu’/m? and the propagators corresponding to
f—paths merely acquire factors of the form p/m. Asa
result, we can assume that all lines that oceur in thet-
paths are modified nucleon lines. We then obtain a graph
of the same form as in Fig. 2 but in which the p-paths are
now directed along the nucleon lines (Fig. 3).

Thus, the desired contribution has the form

(3189 10, o0
(1) = u2HXX) 2/ 2 2,
jnoneiftt) b {aik (11-1 /m)/m (196)
If the particle masses satisfy the condition
pEmE L 1, tim &1, (197)

the contribution of the noneikonal t-paths is small com-
pared with the contribution of the eikonal paths.

It remains to consider only the contributions of the
pairs of t-paths (1'2'3 '4") and (12'3'4) to the asymptotic
behavior of the XX diagram. The second pair (1234) and
(1'234") [see (192)], as yet uninvestigated, obviously makes
the same contribution. If we collapse the E—paths (1'213'4 ")
and (12'3'4) into a point, we obtain a reduced graph of the
form shown in Fig. 4.

It follows from this that the contribution of these
E—paths to the asymptotic behavior of XX does not depend
on the momentum transfer, i.e., it can be represented in
the form

Ins 1 12
T mo(L)- (198)

Let us find the form of the function ¢ (%/m? when
the condition (197) is satisfied., To do this, we arrange
the momenta of integratior_l in XX in such a way that the
p-paths coincide with the t~paths (1'2'3'4")and (12'3'4),
Then, using Assertion 2, we find that the desired contribu-
tion is equal to the asymptotic behavior of the reduced
graph (Fig. 5) multiplied by 1/s.

As s — =, the asymptotic behavior of F' is, with
allowance for (181),
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. Ins
F' = —— const 5 doy ... dog (1 —oy—oip)

¢ U — g — 1) 8 (1 — g — ctg— g — g — ) ——2—— , (199)
Bhg—a i~ ST g
where

go== 05 hg= — 12 [m? (0t - g +- Cir) /14 -+ (g 4 %9)] Cor (200)

From (199) and (200) we obtain an expression for thefunc-
tion ¢ defined by (198):

‘P( ::l;).—.—cnnstj{do&}nﬁ(i—zai)

6§ (1 — oty — oty — oty — g — Otg)

7 i (201)
73 Ime? (o +as+ an)ip2 4 (g -+ ag)]

X

For large m?*/p? the main contribution comes from the
region a% + ag + aqg = 0, and we can again apply Tiktopoulos'
method,’! making the substitution a5 g7 — Adj g q. Then
we obtain
dog dotg do; — A6 (1 oty — Ot — Olq) dot dotg daig dA;
8 (1 — oty — Ctg— 04y — Oig—Cla) —> 8 (1 —ag—o); } (202)

fo — Mo,
and hence
2 b dA
L
f[‘( m2 ) =const 5 am2n241 '
0
i.e.s

¢ (n&/m?) = const x (n¥m?) ln. (u¥m?) (203)
if the condition (197) is satisfied. Note that the constant
in (203) now includes all integrals with respect to ay.

Remembering that feik(t = 0) = const/p? and taking
into account the expressions (193), (196), (198), and (203),
we obtain the asymptotic expression for the XX diagram:

9 () 2 (Insfs”) (R )+ oman O i
where
1 2 ¥ . &
Py Gt
>0 & 4 v
Fig. 6
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05 4 () = (30m?) f5i (tw*fm)

J-const (SR (¢ =0) (n¥m®) In (n2/m?)

in the limit s — e with fixed t and pi/mi<<1,

Asymptotic Behavior of the
Nucleon — Nucleon Scattering
Amplitude. Eighth Order.

We have above considered one of the diagrams of
eighth order. We now consider the remaining diagrams,
excluding the graphs corresponding in (189) to the term
(¢, — Gy). These include three types of noneikonal t-paths
that contribute to the principal asymptotic behavior.

The first type consists of the noneikonal t-paths that
do not have common lines. Besides the XX diagram,
there is only one other diagram with such t-paths (Fig.6),
and the two diagrams that are cross symmetric with re-

spect to it.

The contribution to the asymptotic behavior of the
diagram (see Fig. 6) can be written in a form analogous
to (196):

Ins i

n 2
el (B = 7‘:—2 cross i, (tn*/m?). (205)

If we add the eikonal contributions of the diagrams
XX and the one shown in Fig. 6 to the cross symmetric
diagrams, In s cancels, and we obtain the contribution
(1/5%) fgiict)- Then, in accordance with (197) and (205),
the contribution of the noneikonal t-paths to the same sum
is

Fnoneik(t) = (W*/m?) fetk (tn?/m?). (206)

In the eighth order there are no other noneikonal contribu-
tions that depend on the momentum transfer.

The second type consists of noneikonal t-paths that
have one common nucleon line. The contribution of such
t-paths does not depend on the momentum transfer and
was considered in the foregoing section for the diagram
XX [see (198)-(204)]. However, such contributions cancel
in the sum of all diagrams containing such t-paths.

Let us consider, for example, the diagram shown in
Fig. 7, in which the paths (1'2'3'4") and (13'4'4) are of the
second type. Their contribution can be calculated using
Assertion 2; for the asymptotic behavior of this diagram
can be represented graphically in the form

1 (207)
S
1 2 3 4
i Rt } g
Py q:
: 1 2! 34
Fig. 7
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The asymptotic behavior of the diagram obtained by
mirror reflection of the vertices 1 and 2 with respect to
4 can be represented as follows:

B

We now consider the cross symmetric graphs. By
Assertion 2, the common lines musthe replaced by the
factor—1/s. We then obtain

The first term in (209) corresponds to the noneikonal con-
tribution to the diagram that is cross symmetric with
respect to the one shown in Fig. 7. Adding (207)-(209),
we see that the contribution of the noneikonal f—paths of
the second type cancel in their sum. It is obvious that
these arguments hold for the other diagrams of this type.

(1N

(208)

1N

The third type consists of noneikonal t-paths that
have a common meson line. The contribution of such f-paths
is also independent of the momentum transfer. In the
eighth order there are several diagrams that have t-paths
of the third type. Let us consider, for example, only one
of them (Fig. 8), remembering that all the results apply
equally to all such diagrams.

In this diagram the paths (1'4'34") and (12'1'4) are
noneikonal t-paths of the third type. Their contribution
can be written in a form analogous to (198):

(210)

Ins 1 (D(Lz)

I me
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As above, we shall seek the form of the function &
when the condition (197) holds. We arrange the momenta
of integration in such a way that the p-paths coincide with
the t-paths (1'434') and (12'1'4) (see Fig. 8). By Assertion
2, the desired contribution is equal to the asymptotic be-
havior of the reduced graph (Fig. 9) multiplied by 1/s.

Using (181), we obtain in the limit s — o the asymp-
totic behavior

Ins
rs3

F' =~

const 5 doyy ... dogd (1—oy—ay) (1 —Og—0Ly)

xé(i—aﬁ;aﬁ—a-,ﬁas—ag) , (211)

0
(8ot +ho) 13

where

go=0; hy= —u*C, [m® (o5 - ctg - cty -+ ag)/p® ol (212)

From (211) and (212) we obtain an expression for the
function € (u*/m?) defined by (210):

@(ﬁ;) = const S {da} 118 (1.~-?J°°i )

8 (1l —ot5—ctg—ay— g —arg)
75 [m? (5 + o+ oy o) (B f-crg]

(213)

At large m%*u® a contribution is given by the region
@ *+ &g + &g + oy = 0. Making the substitution oy i
7\.0’.’5,6’7’8, we obtain J

dog ... dag — 036 (1 —os—og—a;—ag)dag . . . dog dh;
6(1—a5—a6—a7—a3~a9) — 8 (1—ay); } (214)

ﬁ) - ;"}?0;
from which we obtain

1

@ (u*/m? = const 5 -
o

hm2/p2+1?

[

€.y

O (u?/m?) = const x (n¥/m?), (215)

if the condition (214) is satisfied.

The results of the first and the second section can be
reduced to a single equation, which allows for the cancelling
of In s when one adds the diagrams to the cross symmetric
diagrams. Namely, for large s, the asymptotic expression
for the nucleon—nucleon scattering amplitude in the eighth
order in g is

8 1 g
& ~ 5;—3 {W 5 d’x; exp (—ix A))
XKy xs )18 o o),

noneik ¢ (216)

where

Tronetic (8) = (H2/m2) fogyc (tw?/m?) - (const/u?) @ (u/m?2).

In the last expression, fg;, (t) is the coefficient of the
principal asymptotie behavior of the sum of diagrams
shown in Figs. 2 and 6 and the cross_symmetric diagrams,
only the contributions of the eikonal t-paths being allowed
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for. The function @ (u*/m?) for p?/m? « 1 behaves as
4%/m?, The first term in the braces is the sum of the
eikonal contributions of all eighth-order graphs [cf. (191)].

If the ratio of the meson and nucleon masses is small,
one can ignore the dependence on the momentum transfer
t in the correction terms to the eikonal expression ift/m?
«1:

faik (f1¥/m?) = feik (0) = const/p?, (217)
and (216) takes the form
il 1 .
f(S] :;;j + ~ ;3—‘ {W 5 dgxi exp(—leAi)
n2/m2
X Ky (n|x) |)+cnnst,fm3} ‘ (218)

To conclude this subsection, we emphasize that our
entire exposition has been based on an investigation of the
contributions from the different t-paths associated with
the zeros of the function f() [see (178)-(181)].

Asymptotic Behavior of the
Nucleon — Nucleon Scattering
Amplitude. Higher Orders.

Above, we have considered the high-energy behavior
of the scattering amplitude in the eighth order in the cou-
pling constantg. Inthis order we have seen that there are
diagrams that make noneikonal contributions to the as-
ymptotic behavior of the same order in s as the eikonal
contributions. However, it was pointed out in ref. 36that
in the higher orders there are diagrams whose noneikonal
contributions have a stronger asymptotic behavior than
the eikonal contributions. A characteristic example of
such diagrams with noneikonal paths of the first type is
the diagram shown in Fig. 10.

In this diagram, as in the diagram XX, there are two
t-paths of length three: (12'3'4) and (1'234"). To inves-
tigate its asymptotic behavior we use the same method
as in the first subsection, i.e., we direct the p-paths
along the f—pa.ths and make a change of the momenta. If
we are dealing with a diagram of order 2l + 2 in g (there
are [ + 1 meson lines), then the asymptotic behavior of
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the graph in Fig. 10 is the same as that of the graph in
Fig. 11 multiplied by the factor (ui/mz)r"'z.

In the diagram shown in Fig. 11 one must bear in
mind the substitution t — tu?/m® [cf. (195)]. The dashed
lines in this reduced graph denote virtual particles with
mass p¢/m. These lines arise because of meson lines
(see Fig. 10) that do not belong to t-paths:

Dy (k) — Dy (km/p)
1 — p3/m2Dyu*m (k)/m?.

P S [P Eu
Fem2/p2—p24-ie

(219)

If the condition (197) is satisfied, then to calculate
the asymptotic behavior of the diagram shown in Fig. 11
we can set t = 0.

Then, using (181), we obtain the following expression
for the principal asymptotic term of this diagram of order
21 + 2 in the coupling constant g:

Fusn 08 :;(’;f;) S (dac} {dB} {dv} IIS(i—ZW)
‘ (220)
Xﬁ(i—Za,——Zﬁg)_—z—q‘]——————,lk/&
P 9 RlE et )"

In this expression the parameters correspond to
the wavy meson lines, Bj to the dashed lines, and 7y tothe
nucleon lines. It can be shown thatthe singularity. > a;=0

1
does not make a significant contribution to the integrals)
(220) for m?/u? > 1.

But then

FU+ 2 Ins  comst
T (mEy-2

1>3. (221)

In the (21 + 2)-th order in g there are diagrams with
noneikonal t-paths of the third type (Fig. 12).

In the diagram shown in Fig. 12 there are two E—paths
of length three: (12'1'3) and (1'323"), and these lead to
the asymptotic behavior Ins/s’. The method used above
to investigate such a diagram in the eighth order leads
here to an equation similar to (221). The noneikonal t-paths
of the second type, whose contributions cancel when added
in the eighth order, lead in the higher orders to a weaker
asymptotic behavior.

All the diagrams of the given order 2l + 2 in g either
belong to the type described above, and then contribute to
the asymptotic behavior in accordance with (221), or have
f-paths of length greater thanthree, which leads to a weaker
asymptotic behavior as s — =. With allowance for the cancel~-
ling of In s when the graphs are added to the cross symme-
tric graphs, we obtain the following expression for the
asymptotic behavior of the scattering amplitude f @l +2) in
the order 21 + 2 in g:

const

(2042)
1 [ieves e

fixed t
nimegl

1
i 1>3.

(222)

Note that the eikonal equation (191) for t = 0 in the
same order in g leads to the expression
FET® (8 = 0) = const/ (s'n*). (223)
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Thus, the ratio of the noneikonal and eikonal ampli-
tudes in this order in the coupling constant ig

722
f?gt-fz) 72 const (U*/m?) (s/m2)i-3, [~ 3, (224)
el Wnedt
n2/megi
It can be seen from (224) that in the region
5> o0y WM 1y semd;  f=( (225)

the eikonal amplitude is much greater than the noneikonal
one, i.e., (191) correctly reproduces the principal asymp-
totic terms in each order in g’ But if we are in theregion
defined by the relations (225) but we assume s > m?, then,
as follows from (224), the contributions of the noneikonal
t-paths dominate over the eikonal contributions. Thus,
our study of the class of ladder diagrams in the scalar
model shows that the eikonal equation corresponds to al-
lowance in the asymptotic behavior for the ’E—paths that
coincide with nucleon lines. In this case the leading par-
ticle that carries the large momentum is a nucleon and

it does not change its nature in virtual processes. The
noneikonal contributions to the amplitude are due to pro-
cesses in which the nature of the leading particle changes,
i.e., to processes in which momentum is transferred from
the nucleons to the mesons and vice versa. There then
arises the important question of the role of "twisted"
graphs, corresponding to the original ladder graphs with
replacement of the final momenta (a; — q,) [see Fig. 1
and (189)]. The possibility that a large momentum can

be transferred by a meson means that the contribution to
the asymptotic behavior of the scattering amplitude may
dominate over the eikonal contribution in the same order
in the coupling constant. For example, in the fourthorder
the twisted graph (Fig. 13) has the asymptotic behavior
Ins/s.

Note that whereas the orthodox eikonal equation cor-
responds to scattering by a Yukawsa quasipotential due to
one-meson exchange, allowance for the graph in Fig, 13
leads to the appearance of a correction to the quasipoten-
tial of non-Yukawa type. This correction corresponds to
the exchange of nucleon—antinucleon pairs and has an ef-
fective range ~ fi /2m, and at short distances it behaves
as Inr/r,

=1

Rz
~
<

Fig. 13
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“The example considered here demonstrates that it
is important to study the successive corrections to the ef-
fective quasipotential at high energies and argues infavor
of the quasipotential interpretation of the eikonal repre-
sentation in quantum field theory.

CONCLUSIONS

The aim of this review was to acquaint the reader with
the basic ideas and elements of the mathematical apparatus
on which the straight-line path approximation in quantum
field theory is based. The individual results obtained by
this method have been published in various papers and
their exposition in a more complete form in one article
should give an overall picture of the basic concept of
straight-line paths.

This approximation has been developed as a result
of the working out of a system of approximationsin quan-
tum field theory that is not based on perturbation theory
and the associated assumption of a weak interaction and
at the same time encompasses the main features of par-
ticle interaction at high energies. One of the principal
features that characterizes collision of high-energy ha-
drons and is the basis of the concept of straight-line paths
is the dominance of large momentum transfer in individual
interaction events. In the framework of the quasipotential
approach this feature for the case of elastic interactions
has been reflected in the assumption of a smooth quasi-
potential. As we have pointed out above, smoothness of
the local quasipotential enables one to a give rigorous
justification of the eikonal expansion of the scattering am-
plitude. A consistent working out of the straight~line path
conception and the assumption of a smooth interaction
can be found in the operator method of solution of quasi-
potential equations.

For the case of purely field-theoretical problems the
method of funetional integration is evidently the most suit-
able language for expressing the straight-line path concep-
tion. The system of corrections of the straight-line path
approximation is associated with successive allowance
for the deviation of the particle paths from rectilinear
trajectories and is not hased on the diagram technique of
perturbation theory.

The most important problem is that of justifying the
straight-line path approximation in at least the framework
of definite field-theory models. The main hindrance pre-
venting the solution of this problem is the singular nature
of the original relativistic interactions corresponding to
the simplest field-theory models that have been studied.
Another important question is the field-theory interpreta~
tion of the smoothness property of the local quasipoten-
tial, which guarantees validityof the eikonal expansion of
the scattering amplitude of high-energy particles. We
note that a formal derivation of the eikonal representation
with phase shift corresponding to a singular effective in-
teraction does not solve the problem of justifying the
eikonal equation, and a painstaking analysis must be made
of the omitted terms.

Finally, an important problem in which methods of
functional integration are used is the need to allow for
complicated effects of vacuum polarization (closed nucleon
loops) and also the need to go beyond the simplest field-
theory models and attempt to derive general results that
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do not depend on the actual details of model interactions.
It is to be hoped that a further study of the straight-line
path approximation will extend the number of its applica=
tions and make it one of the effective methods of quantum
field theory.
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DNote that under the translations xj — i + h the functional variables of &,
that is, the currents jj, which on account of the change of variables (35)
have the form

T; " c
jim | aed [si—s4 200 @20 (—0+2 | wan ] @0
=t [)

must also be transformed.

2 pllowance forthe identicalnature of the nucleons leads after symmetriza-

tion of (87) to terms that vanish in the limit s - « with t fixed.

3)The integration in (109) is effectively bounded by the conditions [k | =
and |k, | =R,.

We recall that we are speaking of loops and lines defined by therules (116).

S)Results similar to those of ref. 37 were also obtained in refs. 12 and 13.
&)This can be readily seen by calculating the power of A that appears in
the numerator when the substitution o — Ao is made [cf, (214) and (215)).
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