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A method of generalized hyperspherical functions is presented which makes possible the study of structure in
nuclear bound states, A basis of generalized hyperspherical functions in an (A — 1)-dimensional space isused to
isolate collective motions in a system of A nucleons and to construct the wave functions for the collective mo-

tions.
INTRODUCTION

Among the nuclear models currently most widely used
are the shell model and the Bohr— Mottelson collective
model.!”* Even a cursory comparison of these twomodels
reveals that they are founded on very different concepts.
Whereas the shell model begins with the premise that

the nucleons move independently in a self-consistent field,
the collective model asserts that, because of a strong
correlation of nucleon motion within the nucleus, well-
defined collective degrees of freedom are present. In
order to reconcile these conflicting assumptions, one
usually resorts to the notion ofindependent nucleon motion
in a nonspherical self-consistent field® which then enables
one to relate the collective degrees of freedom to the pa-
rameters which characterize the deformed field, Unfor-
tunately, while this approach is both simple and physically
very graphic, it leads to the appearance of extraneous
variables.

The extraneous variables can, in principle, be elim-
inated either by introducing some coupling between the
nucleon coordinates or by projecting the wave function
onto a state with a definite value of angular momentum,
However, in actual practice this approach forces one to
deal with unjustifiably complicated calculations so that
nothing remains of the initial simplicity of the method.
What does remain is the current search for a way to com-
bine the shell model and the collective model in a manner
which permits practical calculations to be performed.

In addition to the need for some rational approximation

which harmoniously combines the collective and single-
particle aspects of nucleon motion, the problem also de-
mands a means for the gradual transition from this ap-

proximation to an exact description,

In discussing this problem we shall first try to de-
termine which results from the shell model and the col-
lective model must be included in the combined model.

The collective model's primary success has been in
the interpretation of phenomena which are due to the non-
spherical shape of nuclei.'»® This interpretation is pos-
sible on the basis of the dynamical equations for small
fluctuations in the shape of the nuclear surface, as dis-
cussed by Bohr.! These equations themselves were taken
from hydrodynamics and applied to the atomic nucleus
because of the analogy (noticed somewhat earlier by Bohr
and Wheeler) between the motion of nucleons in a nucleus
and the motion of molecules in a drop of an incompres-
sible fluid, At first the kinematic parameters in the
equations were selected as required by the hydrodynamic
results, and the force constants were deduced in accord
with the surface energies in the Weizsicker equation,
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However, it quickly became clear that this method of se-
lecting the parameters did not produce agreement with
experiment, and phenomenological model parameters
were chosen on the basis of experiments with the lowest
collective excitations.” However, this method (like the
first) of selecting the parameters in the model was not
totally unambiguous, What is required is a more careful
derivation of the collective model's dynamical equation
based on a many-particle Schrodinger equation, especially
since the dynamical equation is valid only for small de-
formations, and the experimental deformations are not
always small, Finally, a microscopic interpretation is
needed for the dynamical variables; their relationship to
the individual nucleon coordinates must be established.

Turning to the shell model, we find that the assump-
tion of independent nucleon motion allows one to formulate
a simple and effective method of constructing antisymmetric
fermion wave functions, within the confines of this model.
This is the most constructive factor in the shell model,
and it would be difficult to overestimate its value for
solving practical problems in nuclear physics, We now
ask if it is possible to retain this constructive feature of
the method while relaxing the assumption concerning the
independence of the nucleon motions, The answer appears
to be positive,

The shell-model wave functions are appropriate to
the limiting system of independent particles and take into
account only those correlations in the nucleons' motion
which are derived from the Pauli principle and the re-
quirement that the system wave function correspond to a
state with definite angular momentum and definite parity.
If we use single-particle wave functions for nucleons in a
oscillator field, the shell model then also includes the
correlations which result from extracting the center of
mass motion for the system of nucleons. All these cor-
relations are kinematic in nature and, unlike the dynam-
ical correlations, are not directly related to the forces
acting between the nucleons. The dynamical correlations
have been partially taken into account with the help of K
harmonics.

If the shell-model wave functions are constructed on
an oscillator basis, then each of them can be written as
the product of a hyperspherical function and a function of
a "global radius"; any single hyperspherical function will
correspond to an infinite number of shell-model functions
which differ only in their dependence on the global radius
factor.

The main thrust of the K-harmonic method is to
provide a more precise determination of this global radius
factor, and to exchange the functional dependence on the
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global radius which is suggested by the shell model for a
dependence which is better fitted to the internucleon forces.

Whereas, in systematic application of the shell model
the nuclear wave function is written in the form of an ex-
pansion in terms of a complete set of antisymmetrized
single-particle functions and the expansion coefficients are
found by diagonalizing the Hamiltonian for the nucleon
system, in the K-harmonic method the expansion is in
terms of hyperspherical functions and the problem reduces
to finding the solutions to an infinite system of ordinary
differential equations for functions of the global radius,

A better description of the functional dependence on
the global radius will enable us to detect and describe the
dynamiecal correlations connected with the volume oscil-
lations of the nucleus. As for the dynamical correlations
which cause vibrations in the nuclear surface shape, one
finds that when they are taken into account using K har-
monies a very large number of basis functions is required,
just as when a spherically symmetric oscillator basis is
used in the shell model,

An effective description of the surface collective
motions in a systen. of A nucleons can be obtained by
using a basis of generalized hyperspherical functions in
an n-dimensional space wheren =A— 1,

Recall that the hyperspherical functions for a sys-
tem of A nucleons are generated by the rotation operator
in a 3n-dimensional space and are classified in terms of
the system's total orbital angular momentum L, the rep-
resentations of the permutation group (the Young tableaux),
and the momentum in the 3n-dimensional space (the num-
ber K). In a rotation in the 3n-dimensional space the
motion takes place on the surface of a 3n-dimensional
sphere whose radius is p (the global radius). One can,
however, consider a more restricted class of motions
which take place on the surface of a 3n-dimensional in-
ertia ellipsoid whose principal axes «, b, and ¢ retain
their orientations and magnitudes. These motions can be
represented by the rotations of three mutually perpen-
dicular vectors in an n-dimensional space:

=
AEZ{ﬂlg, (125, “hag ang};

> >
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The components of the first vector are the ¢£-e projec=
tions of the Jacobi vectors in a coordinate system whose
axes ¢, n, and ¢ coincide with the principal axes of the
inertia ellipsoid; the components of the second vectorare
the n-e projections of the Jacobi vectors in this same
system, and so on. The n-dimensional vectors are or-
thogonal because of the definition of the coordinate sys-
tem which is related to the principal axes of the inertia

ellipsoid:

Tl_ n n
kl::[ Apelpy = 0; ’2;1 Apgpy — 0; h,;\-;l ApyAhy = 0.
It is useful to note that when particles are permuted the
triplet of n-dimensional vectors undergoes a rotation in
the n-dimensional space without any change in their lengths.
For certain permutations the rotation is accompanied by
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a reflection. The orientation of this triplet of vectors in
the n-dimensional space is given by 3(n— 2) angles which
can be used as the dynamical variables in the A-body
problem, together with the three principal semiaxes of
the inertia ellipsoid and the three Euler angles (o, 0, )
which define the orientation of the inertia ellipsoid's prin-
cipal axes in the usual three-dimensional space.

Of special importance for the work to follow will be
the reference frame in the n-dimensional space (which we
shall call the privileged frame) which has one unit vector

directed along the vector Ag, its second unit vector along

the vector A,q and its third along the vector Ag The ad-
vantage of this system of unit vectors is due to the pos-
sibility of very simple expressions for the rate of change

of any of the vectors Ag A A;— in terms of the angular
rates (g7 at which they rotate in the planes of the refer-
ence system:

={aQa_3,1 A4 3,0y -+, B4 3. 41

@, a4 3, Az, 0Qa_g, a1}

IR T O « P« T

bQss. 43, i?, bl s, A-);

>
A= {eQa. 1, 15 e Ml O Ty

¢Q4 4y, a-30 ¢4y, 42, €}y

> >
Where a, b, and c are the lengths of the vectors Ag, A
and Aé’ Qg7 =—Qjg is the angular rate of rotation in the
plane (sl).

In addition to the angular rotation rates in the A—1
dimensional space it is useful to introduce the angular
momentum J in this space, together with its projections
Jg7 on the planes (sl). By definition the projection Jg; of
the angular momentum is the quantity which is canonically
conjugate to the rotation angle in the plane (sl). Like the
Qgj, the components of Jg; can be expressed in terms of
the angles which give the orientation of the privileged ref-
erence frame in the A — 1 dimensional space, along with
the time derivatives of these angles,

Even in three-dimensional space there is some dif-
ference between the angular momentum of a point (a one-
dimensional system) and the angular momentum of a gy-
roscope. The rotation of a point is completely specified
by two angles, and the projection of the angular momentum
on the axis passing through the point and the originis zero,
However, the rotation of a gyro is characterized by three
angles and all three projections of the angular momentum
on the intrinsic gyro axes are nonzero, We can then an-
alogously speak of the angular momentum of a point (a
one-dimensional system), of a two-dimensional gyro, a
three-dimensional gyro, and so on in an n-dimensional
space. Thus the angular momentum of a three-dimen-
sional system (the three orthogonal n-dimensional vec-
tors) has 3n nonzero projections on the planes of the pri-
vileged reference system, and in this respect it differs
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from the angular momentum of an n-dimensional gyro,

The components Jg; of the angular momentum can
be put into correspondence with the operators gfs; which
coincide with the generators of the rotation group for the
n-dimensional space, We shall use these operators to
write the kinetic energy operator for a system of A iden-
tical particles™?

S h2 (92  A—4 @ 1 1 a
b+t (oot o
92  A—4 @ 1
i hie r e
pslatig i 1
A-4
L 52 1 4
— 2 {F et md
8=1
b2l an 2
= (B2 —c2)2 ({ g In--l r.-)— )
S L )
—eer (P02 0 )

4ab % =

The variables a, b, and ¢ vary over the regions
defined by these inequalities: 0<a<w,0<b< =, 0 <¢ < =,
In this region the volume element takes the form |4 —
b?| 0% = | | ¢ — a?| (abc)™* dadbde. The quantities a,
b, and ¢, which define the instantaneous values of the in-
ertia ellipsoid's principal semiaxes, characterize the
mass distribution of the nucleons in space. These vari-
ables are suitable for describing the volume and surface
oscillations of the inertia ellipsoid. The surface vibra-
tions of the inertia ellipsoid can be associated with the
quadrupole vibrations of the surface of the nucleus in the
Bohr— Mottelson collective model. This association al-
lows one to relate many of the collective-model concepts
to the surface of the inertia ellipsoid rather than to the
nuclear surface itself; we can therefore extend the col-
lective model to the light nuclei, which, unlike the heavier
nuclei, do not have well-defined surfaces, but which do
have an inertia ellipsoid (like the heavier nuclei), Later
we shall present equations which formally relate the
variables a, b, and ¢ to the variables g, v of the collective
model.

In analogy with the generalized spherical functions
of Wigner, the eigenfnctions of the angular-momentum

operator J¢= > J%;, 1 =<s, /=n,in n-dimensional space
= sl s 3

will be aptly named generalized hyperspherical functions,
Of these eigenfunctions we shall be interestedonly inthose
which correspond to zero eigenvalues for all the operators
Jgls 1 =8, I =A— 4,which do not appear explicitly in the
expression for the kinetic energy operator, because it is
these generalized hyperspherical functions which are, like
the wave functions of an A-particle system, invariant
under rotations in the planes (sl), where 1 <s, 1 =A— 4.

The wave function for an A-particle system can be
written as a series in terms of the generalized hyper-
spherical functions. In particular, turning to the wave func-
tions for the shell model constructed with an oscillator
basis, it is not difficult to see that each of them is alinear
combinatipn of a certain number of eigenfunctions for the
operator J°, with the coefficients of this linear combina-
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tion being dependent on the variables a, b, and ¢ and on
the Euler angles o, 4, ¢, The improvement in the func-
tional dependence of these coefficients on @, b, and c, when
compared with the dependence given by the shell model,
allows one to approximately transfer both the volume and
the surface dynamical correlations in the motion of the
nucleons. The problem of describing the volume and sur-
face correlations then reduces to finding functions de-
pendent on a, b, and ¢, and this is achieved by solving
equations of the Bohr— Mottelson type,

1. THE GENERALIZED EULER ANGLES
AND THE CARTESIAN COMPONENTS
OF THE JACOBI VECTORS IN THE
INERTIA ELLIPSOID SYSTEM

The components of the three mutually perpendicular

> > > > > >( ) " = e
vectors Ay = AW, A,= Ae), A; = A% in the n-dimensional
space can be expressed in terms of the generalized Euler
angles. Following Vilenkin,! we introduce these angles as
parameters of rotation in the n-dimensional Euclidean
space.

2 & >
Assume that the set of vectors {&, &, ..., &}
forms an orthonormal basis. Then the vector A" can be
expanded in the form
S n >
A9 = 3 ap, 0 (1)

When the coordinate system isrotated, we go from the
: > 3
basis vectors &, to the new vectors &jy:

- >

5 -
em = 8€m = ; Bhm€m. (2)
L

Let us assume that the coordinate system is rotated by
an angle ¢ in the (Z,k) plane in a direction going from the
vector él to the vector ék. The unit vectors 5,{ and é’[{
then transform into new vectors:

==, . > >
ey -sin Oe -+ cos Oey,

= S =g
g (0) cos Oe; —sinfey; gt (0) ey -

while the remaining unit vectors are unchanged:

=
g (0) e —=em, m=l, k.

An arbitrary rotation of the coordinate system in
an n-dimensional Euclidian space can be represented by

g=GrgnD g, (3)

where

S AT s TR o e PR

and the generalized Euler angles GJ!{ vary between the
limits

65, (5)
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In the general case the transformation of Eq. (3)
contains n(n— 1)/2 generalized Euler angles. However,
let us assume that in this n-dimensional Euclidean space
we have three mutually orthogonal vectors which are
oriented in an arbitrary fashion in some original coor-
dinate system, Then the rotation of the coordinate sys-
tem which brings the axes n, n— 1, and n— 2 of the new
coordinate system (which was earlier termed the privi-
leged system) into coincidence with the aforementioned
vectors can be written in the form of a transformation:

G =B B B G O LB
s 2 L0 yrsni Oty (6)

which contains 3n— 6 parameters, the Euler angles. The
rotations G(l), where i< n—3, do not affect the unit vectors
8, 8n_1s 8py; therefore we shall not concern ourselves
with them.

We now put

AN aGe, 4, i:=1, 2,3, aD=a, a®=b, a®=c. (T)

It follows from Eq. (1) that the ak i of the three mutually
perpendicular n-dimensional vectors can be expressed
in terms of the elements of the G matrix:

ap, i- =ﬂmGh. N=3+i (Ol« ey Br?—h 0;3 ey 07'1-- 2y 9:1 ey 9;’;#3}, (8)

that is, in terms of the 3A — 9 generalized Euler angles;
this then solves the problem posed at the outset,

We note further that

1 - ) -3
(IR 3T i o gl ¢ g (9)

im

But the following expressions are valid for all the matrix
elements G'l’:

G By .-y B)=bhmy U m>IHE
Gl(:t,)!+1 (057t DTN
D e 1 (0, 00y =l R
a0 ) m=Il41,k>11+1;
By (B, <4, 61)
:{ {—i)m+17h£h-m+i (917 Sl Gm-l! Bm#fﬂl,"z), m-.él, k*{nl‘i'l;
0, m<l, k>m--1,

where the function (94, - - «» m-1) coincides with the
k-th Cartesian component of the unit vector in an m-di-
mensional space (m > 1), expressed in terms of hyper-
spherical coordinates:

sin 0, sin Oy;

er.m (01, <oy Opey) =8I0 Oppy SiNOppgy ...

er.m (0, « vy Oeg)=8iNOpy SN By . ..

X sin 0y cosBp_y, m—1=k>2;

Sm.m(e“ “aay ﬂm_,) = CO0S Gmgl.
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2, WAVE FUNCTIONS FOR COLLECTIVE
EXCITATIONS OF MAGIC NUCLEI IN
THE OSCILLATOR SHELL-MODEL
APPROXIMATION

Let a, b, and c be the semiaxes of the inertia el-
lipsoid for a system of A nucleons, @, 9, § be the Euler
angles defining the orientation of the inertia ellipsoid's
principal axes, and ¢ be the generalized Euler angles in
a space of A — 1 dimensions which define in this space the
directions of the three mutually perpendicular unit vectors,
Then, in the oscillator approximation for the shell model
the ground-state wave function for a magic nucleus can
be written as!!

‘PQK (a9 b} C; Gy Oy Ti)f:CK (ﬂ'rbc}K

2
X exp (— ﬁ—bz%—c) A (@1, O, Ti), (10)

where Cyg is the normalization constant

cE— 64V (11)
K="TAT2R—1) T (AT 2K—2)2) I (A+2K—3)2) '

K is a quantum number which is related to the number A
of nucleons in the nucleus and the number of the last
filled oscillator shell m:

K =mA/=[m(m-+1)(m--2) (m+3)1/6, (12)

xic(@, o, 1j) is a function of the spin—isospin variables
(ojs 1) and the generalized Euler angles (oj) inan A—1
dimensional space; this function is antisymmetric relative
to interchanges of the coordinates of any pair of nucleons
and is normalized to unity.

Among the excited states of the magic nucleus one
can isolate those whose wave functions, like Eq. (10), can
be written as products:

Warak (@, b, ¢, @, 0, ;
= Muryk(a, b, ¢, @, 0, ) %k (o, 01, Ti)-

ai, Uiy Ti)

(13)

These functions differ from the ground-state wave func-
tion only in the factor containing the collective coordinates
a,b,c, @ 0, %, The quantum numbers L and M define the
value of the total system angular momentum and its pro-
jection onto some specified axis, while the quantum num-
ber A characterizes the excitations connected with the
variables «, b, c.

The functions &(a, b, ¢, o, 8, ¥) satisfy the equation

K2 [  A—4 @ , ¢ 1
2m da® a .W_"(a2_b2

1 [ K (A4 K—5)
sl oy O S ALECY

c2—a? da
0 A—4 @ 1 1 i SRR
e e e [ e
+£’i_g‘_*"*._5_--(__i oo )ZC__O__ﬁK{A-}K—E»)_
L7 ¢ de c2—a2 b2 — g2 He -~———c.‘,_
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b2-L 2 2} a2 a2 - b2
I (b2—c2)2 Iﬁzf (cB—a2)2 %ﬁ(az_bZ)z IE} @

- ma? (a2 b+ ¢*) D = ED,

where w® =1*/m?, which is a result of our choice of units
for measuring a, b, c. For the particular case in which

A =16 and K = 4, Zickendraht? has obtained Eq. (14) and
its eigenfunctions for the lowest states, After putting

D (a, b, c, g, 0,9)
=® (a, b, ¢, @, 0, ¥) (abe) exp [— (e +b24-¢2)2],  (15)

we obtain an equation for ?f:(a, b, ¢, @, 4, ) which is some-
what simpler than Eq. (14):

B L 1 1 ]
IdalJr a “oa (a-’-——b‘l Pree ] l) 2“‘0?
ot DG 2 $+A+2K' 4 0

(b2 —e2)2 75 1 b2 b ob

By 1 a

15 (bzfcz_a‘-"—bz_i) me
i S £+A+2K——4 a

(c2—q2yz "1 U ge2 ¢ )

i 1 1 d

et e )
a2} b2

Ig} D—[e—3(4+2K 1) D,

—

in which ¢ = 2mE/h%, The functions & take the form of
polynomials in a, b, ¢, and the degree of the polynomial
is higher, the higher the excitation,

If the number of particles is large (A > 1), Eq.(14)
can be rather simply transformed into an expansion in
terms of inverse powers of A/?; keeping just the main
terms we have

L B2 { 1 ey il

2m

5% Gp ap

P
6K 1 @ pyg @ 1 1 a . a
. F[F_uﬁﬂ B Ff'sirlliw"WSllli}Yd_v

a

I In
T Ap2sin® (y—2x/3)  4p2 sin2 (y1-2n/3)

- W . e 5
It _m_M_[ﬁ} ®=ED. (16)

e =

The variables p, 8, v are related to a, b, and ¢ as follows:

02/ V3(E--A=5)]Bsiny
(V'3/2) (e — %)
[02/V 3 (K - A—5)] B cosy =c*—(a* +b*)/2.

pz - az %_ bﬁ _:__ C.'J.;

The operator found in square brackets in Eq. (16) coincides
with the Bohr— Mottelson model Hamiltonian for small
surface oscillations relative to the spherically symmetric
equilibrium shape of the nucleus, Thus, if we identify

the shape of the nucleus with the shape of its inertia el-
lipsoid, then for collective excitations of magic nuclei
with a large number of particles, the oscillator shell
model leads to a wave function having the same depen-

409 Sov. ]. Particles Nucl., Vol. 4, No. 4, April-June 1974

dence on the paraméters B and v and the Euler angles
@, 6, ¥ as found with the collective model.

3. MATRIX ELEMENTS OF THE
POTENTIAL-ENERGY OPERATOR
IN TERMS OF THE FUNCTIONS xg(e;, 0, 73)

By using the generalized hyperspherical functions
and the spin—isospin functions for states with definite
values of total spin and isopin, one can construct a basis
of the functions yg(@j, oj, 7;) which is antisymmetric
with respect to particle interchange. This basis can then
be used to expand the wave function for a system of in-
teracting nucleons, The expansion coefficients will depend
on the collective coordinates a, b, ¢, ¢, 6, ¥ and must
satisfy an infinite set of linked equations which is equiv-
alent to the many-particle Schrédinger equation for the
original wave function. An approximate solution to the
problem, which satisfies the Ritz variational principle,
can be obtained by breakil._ off the expansion after some
number of terms. For magic nuclei the very simplest
approximation is the one in which, of all the functions,
only the function yg(oj, oj, i) discussed abovel!) is re-
tained. Then the equation for the single collective-co-
ordinate-dependent coefficient is that given by Eq. (14)
if the oscillator potential m w?(a®+b® +¢%)/2 is replaced
by U(a, b, ¢), which is the average value of the system's
potential-energy operator in the state with the wave func-
tion xg( @j, oj, 7i). The algorithm for averaging the po-
tential-energy operator of a system of nucleons over a
state with the wave function yi has already been estab-
lished.!!

TFirst we recall that in the oscillator shell model
the matrix elements of the potential-energy operator for
the two-particle interaction

0= 3 V(lrn—rxl) (17)
I>K

take the following simple form for wave functions of the
ground state of magic nuclei:

oo

For | 0| Wor) = [ exp(—a®) Prc (@) V(V 2rog) *dg; (18)

0

ry is the oscillator radius; the Pg(q?) are well-known
polynomials in q2, the degree and polynomial coefficients
of which depend on the magic nuclei to which they cor-
respond. These polynomials are given in ref. 12 for a
number of magic nuclei.

The matrix elements of the operator Uin the func-
tions yg(@i, oi, i),

Ula, b, ¢)= S K (2, Oiy T4)

st >
X 2 V(lre—ri])ux (o, 04, t)dayy, (19)
>k

can be represented by threefold integrals over the two-
particle potential

:
Ula, b, ¢)==Pg ( ”‘T"‘df) I(%; a, b, ) =12, (20)
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where

¥ I\ a, b, c)= Va

T (ALK T o (o
5 doty § doty g dotg

4 (2:1.1)‘”2 T ((A+2K—4)/2)

X (sin ocl)“'H"ZK'3 (sin o )"’+2K o (sin e )’H' R0 (l/ a®/K)sin? o sin® oy cos® oty +(0*/A) sin®o, cos® oy - (c?/h) cos* o ); (21)

the Px(x) are the polynomials defined above.

In deriving Eqs. (20) and (21) we shall follow the
method suggested by Surkov!? for calculating matrix el-
ements of the potential-energy operator with hyperspherical
functions. First consider the integral

>
;Scmnwwﬂ (22)

>

in which ap _; indicates a set of generalized Euler angles
in an A — 1 dimensional space, and G(c;) is some function
which depends on them,

Let qgx, dky, and qgg, be the Cartesian components
of the Jacobi vectors in an arbitrary coordinate system;
aKE aK?T’ ag ¢ are the Cartesian components of the same
vectors in a coordinate system whose axes are directed
along the principal axes of the inertia ellipsoid, and ¢, 9
¢ are the Euler angles which specify the orientation of
the inertia ellipsoid's axes in space, We further assume
that

3

A=1,
> 2 2
21 Qpg = Qy;
h=1

A—1 o it

N 2 2, ul .

D iy =bo; hln‘ Qg = Cy. (23
"=l =

By using the two identities
8 3 S (a® —a?) § (b* —b2) & (¢ — c2) apbyco daag dby deg == 1; (24)

|ag—0by| | b5 —cp| |8 —aj|

A—j A—1 A—1
b 56 ( 2 thQ’:y) & ( 3 Q’uﬂzz) § ( Z q;;qm) dpsin0ddyg =1,
=1 =1 i=1
(25)

we can transform j into the following form:

f== ﬁl—:? g 6 (z q;xq;y) 6 ( 12 91_;,?1:) § (Z‘Ql:q!x)

1

A—-1 A-1
- X ah) 8 (e — 3 gk)6 (o) draas,

1=1 =1 =1 (26)

> =
dtss3 =dqdgy ... dgay

— (aobg)* | @ — B3| | B2 —c| |3 — a3
=
% dag dby dey dow dip sin 0 dO dip.

Let us now introduce the integral representation for the

0 function
8(a®—a}) 8 (5> —b3) (e —cf)

1 7 < 2
S 5 5 S dly dky dksexp [ik, (a® —ab)
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+- iy (b* — bF) - ks (e* —€p)l; 27)
A—1 A-1 A-1
& ( 2 qr.\‘lu) ( 21 qiy'?l:) ( E q::‘h.\-)
i=1 1=1 I={
(2,[)3 S S 5 dp; dpadp,
A-1
X exp [_i S (Psyez + Podraee + paqu:y)] . (28)

I=1

The next step is to reduce to diagonal form the expressions
in the exponent of the product of the integral representa-
tion of the 6 functions; these expressions are forms which
are quadratic in the Cartesian components of the Jacobi
vectors. This is accomplished by rotating the coordinate
axes of the three-dimensional space in which the Jacobi
vectors are given, and the angles of rotation are deter-
mined from the values of the parameters,

Thus, we reduce the quadratic form L(x, y, z) =
kx? +kpy? +ky22 + pyyZ +DyzX +psXy to diagonal form, This is
easily accomplished if we temporarily introduce spherical
coordinates in place of the Cartesian coordinates: x =
rsing; cos; y = rsin 6 sin ¢;; z = r cos §y, for then

2

% -
L@J:Fﬂ—4”'V‘%ﬁ N @ Yu (0, ¢1);
HU=—2
P kyt+ky+ky |
YT
w  k—kFim, - PAFin, oz 2 Ky
aﬂ“———l/i ; a’ﬂ:l——‘-"_ri 3 %‘—-'—vg (k,, g )
(29)

The following transformation of the sum on the right side
of Eq. (29) is well known:!

N @Yo (05, @) = Ecos 8Y s (0, 1)
13 o
- Rsin 8 [Yag (0, 97+ Va2 (0], @DI/V 2. (30)
This transformation, a rotation of the coordinate system
in three-dimensional space, solves our problem, for after
reintroducing the Cartesian components the quadratic
form is found to be diagonalized:

Lzt 3l V5 [t g cos (8—2%)].5’2

4 ‘%-cos (6—)—%”—” vs[t-i— 5 coséJ (31)

9

+7 |t
Of course both the quantities SC, 6, and @, 7, z:[f, the Euler
angles of the rotation in three-dimensional space, are
functions of the variables &y or, equivalently, k; and pj.
We note further that the volume elements in the space of
the variables t, 3(,6, g'E, g, 3 1 and the space of the variables
ki, pj are related as follows:

dley dley dles dp; dpy dps —(1/2) did* d1 | sin 38 | 46 dg sin § db dp. (32)
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The result just obtained enables us to establish the
following equality which will be required in subsequent
transformations:

o A=1

§ o | didrydiesdpydpadpyexp 31 {— kgl o,

—o0 =1

— ksgl: — P1@1yQ1: — Do — Pai=qry)

1 oo ) m/3 21 ] 2m

e e qn : P inddb i
= { dt X x dhj sin 38 46 j dp jsmede { %

—o0 0 0 0 0 0

A—1
xexp D) i{—sgle —sugly —saghe}, (33)

=1
where

s1=(2/V/3) [t+(1/2) % cos (6 —2m/3);
5= (2/V 3) [+ (1/2) X cos (6 4 2m/3)];
s3=(2/V 3) [t + (1/2) K cos 8].

We now put G(ej) = UX (@, 0y, 7)) and understand
that the integral for j requires both an integration over
«j and a summation over the spin—isospin variables Oi»
Tie

Ifwe now insert inthe integral overdryp—5in Eq, (26)
the factor C ahc)ZK whlch ensures the transformation
of the expressmn CK(abc) XK aj) into the preexponential
part of the (normalized to unity) ground-state wave func-
tion of the appropriate magic nucleus in the oscillator
shell model (of course, the factor inserted must be com-
pensated for later), and also the factor!?

SI/A’A 45 oxp (—ARL — ARy — AgR2)dRw dRy ARy =1,

Ay=A(etis)), Ap=A(etis), Ay=A(e+is),
expressed in terms of the Cartesian components of the
center of inertia (Ryr, R. ' Ry1), we finally arrive at the

following expression for the integral in Eq. (26):

0 /3 2m

2n
sin 36 dbS 5 sin 0d0 i d
[

.
|
[h|.a-
j—8
&
ey,
'“'S
5::;.—-,

xD(t, A 'Scp,() 'lp,abc)

XSdfuff‘l’éo(rwl/e—rlsh g Veris, roVeris). (34)

Here ¥, is the ground-state wave function of the magic
nucleus as constructed from single-particle nucleon func-
tions for an anisotropic oscillator field with three dif-
ferent frequencies:

Wy == (A/m) (& --is8y); @y = (fi/m) (& +i85); @ == (fi/m) (-} is3);
exp (ikja® 4 ikqb? 4-ikye?)
D, % 6, @, 8, 9; a, b, ¢)— s J:z e =
P((A+2K— D) P (A+2K -2 T (A L2K-3)2) (35
[(e+isy) (e~ isa) (e isg)] AT/

X

By generalizing Eq. (18) to the case of an anisotropic os-
cillator, we find the integral over dryp on the right side
of Eq. (34) to be
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S Aty U5 (rix- Ve +1is1, riy Vet isy, Tiz V& isy)

o0

=il exp{“%[(s-.Lisi)x‘z-r-(s%AiSz)y*HB*HSM}}

X Pa { - l(e-ris) 24 (o4 o)y 4 (e-r isy) 2]}
XV(V 2+

v 22 V{eTis) (e 1 is) (e + iss) da dy dz
=P () o ([ T A e iy a4 (e isn) 2

+(e+is) 2RV (V2 Fi2 1 2)
XV (e-+is1) (e - isg) (& - i8;) dix dy dz. (36)

We still must evaluate the integral

o /3 2n V.n B '23 o
dta\ A.LIS sin 36 db édcpjsmﬁdﬁtsdw
x D(t, A, 8, cp, 9 1p, a,b, c)

X ﬁg” exp {— A [(& - isy) 22 - (£ - i8g) y? - (- isg) 22])

—o0

XV 22y +22) V(e 1-isy) (e + iss) (e +isy) dx dy daz. (37)

First we note that

(%)m 5?5 exp [ —A (e +-isy) 2% — A (e - iss) y* — M (8 - isg) 27

—oo

¥ V(e isy) (e -+ i8;) (e + isy) dx dy dz = 1. (38)
Therefore

84x?/2 (abe) A+2K -5
F(AF2K—1)/2) T (A+2K—2)/2) T ((A+2K—3)/2) =]

- 5 A 5 dtht dX sin 36 d8 A exp {i (kya? +- kegb® + kac?))
Va ( A )3(A+2K—2),f2

4@2mPE \w

s (i,

—o0 —o0

dxpsoi-1 Y as2r-1 DBas2i-1

d At2E—1
v/ EFE TR xep {2 F letis)a

=1

F(etise) yE -+ (e + isg) 21} (39)

Thus the integrand is simplified by a transformation
to the configuration space for A +2K— 1 "effective par-
ticles"., We must now transform from the variables t, AN,
8, 2, back to the variables ki and pj:

o0

e “;/jw (%)3(.&::{4)/2 S:D‘ A 3‘_15 dx,dy,dz; ...

- drgiog - Warag-1 dZasong XV (Vﬂ'? + itz

><5 Sdk dky dley dp, dps dpg exp [i (kea® - Tepb? + keac?)]

At2E—-1
% exp [ —iA Z (ot - Fesyi -+ 7»31-1-1-1)1.!%1 Pz -+ Paiyy)]

s (2:1)3"2

T

16 /% ( A ):; rss-ha
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[}
X ﬂ”S Sd-l'l v BasV (VT 0 +5)
AR —1 AF2K—1 ] A42K—1 2
x8[ar—n 3 at]8[t2—2 2 wle[e—r 3 )
=i s B | =1
At2K—1 AF2E—1 At2K—1

x8[ ) ZIL s |8 B wwn]-(a0)

In the configuration space of A +2K— 1 "single-
particle" vectors we introduce the inertia ellipsoid with
semiaxes a, by, 3,], and the single-particle variables xj,
y; and zj are now expressed in terms of a,, by, ¢y, the
Euler angles 6; which define the orientation of the inertia
ellipsoid's principal axes, and the generalized Euler
angles oj of the abstract A+2K— 1 dimensional space.
We then have

16 V= (}_) 3(Af2K—-4)/2

Jg ==t (2‘1)3!2 =
X ® S o ‘s (@gboco) ' H*4~* dag db de, da‘l-FaK-‘i
X 8 (a® —na2) & (b* — ABY) 6 (c* — Acd)

XV (V a? sin? o sin® oy c0s® oty - b} sin® oy cos® oy - ¢] cos® ay)

2V abe \ARZK-5 [ =
TREE ( PR ) AN
T 19
X \ (sin e M0 dayy g (sin ae) 754 dary g (sin ag) K73 dag
) )

o g e T S Dt i Y T
%V = SIN* oty 81N ¢y oS’ ot;,—,—T.«.m oy COS 012':—‘;—'(:03 cci).

(41)

Because

8 (ﬂ).'!(n ~1)/2
TR T (n—D2) T (n—2)72) '

j' i,

it is not difficult to find that j; = I(A; @, b, ¢) when Eq.
(40) is taken into account together with the connection
between j; and jy; this then demonstrates the point as-
serted in Eq. (20).

It is of interest to examine the limit of I(A; @, b, c)
when A +2K > 1. This is simply carried out if we first
make this change of variables under the triple integral:
cos @y = rcosf; sin ¢y cos @y = rsinfy sing,;sin oy sina,*
cos ag =rsin 6, cos ¢q; then

; S ) T ((A+2K—1)/2)
(ks @, b, ) =30 " T(@ =0
1 1 b1 2
X 5{1 — ) ATeEENE ey 5 sin 0, d0, S dp,

U 0 0

X V (V137 (@ sin® 0, cos® g - b* sin® 0, sin® g, ¢ cos? 0y)). (42)
Let us put r* = [2/(A +2K — b)]q?. After some uncompli-
cated transformations, limiting ourselves to the first
two terms in an expansion in terms of inverse powers

of A+2K— b, we find

I(h a, b )= —)l)if—a-jlﬂfgd;rdydzexp(—qu)

15/4 — A2qgd f‘,—.———
3 (1 + ) V (V @ B ), (43)
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where

o) = [2/(A+2K — )] a% by =[2/(A -+ 2K —0)1 b%;

¢ = [2/(A+2K —B)] ¢,

After substituting Eq. (43) into Eq. (20) the principal term
in the expansion gives a result which agrees with the re-
sult obtained by averaging the potential energy over a
magie-nucleus state whose wave function is constructed
from single-particle nucleon functions for the lowest pop-
ulation arrangement in an anisotropic oscillator field
with the frequencies wy =H/(mad), wy = i/(mbd), w, =
hi/(med).

4, ASYMPTOTIC SCHRODINGER EQUATION
FOR WAVE FUNCTIONS OF COLLECTIVE
EXCITATIONS IN MAGIC NUCLEI

The expressions obtained above enable us to con-
struct the very simplest approximation for our study of
the collective excitations in magic nuclei, This approx-
imation consists of writing the trial wave function for the
magic nucleus in the form

¥ (a, b, ¢, @, 0, P; &, iy Ti)
=ﬂ(abc)k(A‘n/2 u(a, b, e, 9,0, ll:‘) Y (¢iy O3y Ti)' (44}
The function xg(ej, oy, 73) for the ground state of the mag-

ic nucleus is defined above, and the function u(a, b, c, ¢,
8, ¢¥) must satisfy the equation

W eE 1 1 a4 A(ALD
_'Qﬁr;{da'l _""(— 2_p2 T 2 az)gaﬁ_ =

A(A+1)
o+ (wr _'Tﬁ) i
) 1 a9  A(A+1)  b2fcR
+ (—‘cz_aw o) 2 e A g
*(cc;j,f)z - (GZ'HJ It }u -Ula, b, c)u=FEu, (45)

which is obtained by averaging the Schrodinger equation of
the magic nucleus over the state yi(oj, oj, 7) where A =
(A +2K— 8)/2,

We will assume that the internucleon forces ensure
saturation and that the Coulomb interaction is absent,
Then for large A the limiting energy of the system in Eq.
(45) is given by the minimum of the equation

Eo(a, b, ¢)= (h2/2m) A (A+ 1) (1/a® +1/b*+1/e®) + U (a, b, c).

(46)
If the minimum occurs at a = ay, b =by, ¢ = ¢y, and gy =
by = ¢y = po/ V3, it will be convenient to transform to the
variables p, j, v; then, after dropping terms of order
1/874, Eq, (45) can be written as

(IR e 3A (BA-+3)
pE R LT AT N T
. 6A
o (B, 00—} u UG, B, Du=Fu.  (47)

The normalization condition for the function u(p,s, v)
takes the form
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5 > in S u%p® dpp* dp sin 3y dy do sin 0 d0 dp — 1.

Equation (46) can also be simplified somewhat:

e
Ey(p)= 3P, AGED

2m p2 +U

- (48)

For forces which ensure saturation E;(p) hasits minimum
value at some value of p = p, which is proportional to A%/6,
with the minimum value of Ey(p) being proportional to A;
furthermore, the two terms on the right side of Eq. (48),
which are the system's kinetic energy (the first term)

and potential energy, are also proportional to each other,
We note here that for large A the dependence of A on A

is, by definition, A ~(1/4) (3/2)Y/3A%3,

In order to isolate the explicit dependence of p, on
A for large A, we introduce r; and put

P = (3/4) (3/2)"* A%/%2, (49)

Unlike py, 1, is independent of A when A is large. It is
also convenient to show the explicit A dependence in Eq.
(48):

Eq (po) = AF (ro) = A {(3/8) (3/2)"° m2(mr3) —V (ro)},  (50)

where

1
v (?‘o) BTG U ﬁ:ﬂp-=pn.

Equation (50) is a consequence of Eq. (47). It may
be derived by retaining only the principal terms in Eq,
(47) (i.e., those terms proportional to A). The terms of
order 1/Al7 give the wave function for small monopole
and quadrupole oscillations. For monopole oscillations
this equation takes the following form:

2

1 A2 GBS ABlas LB e Saanaine
T { ““:T(”‘:T) zE g E (ru)s‘} u(®) =Epzu(g), (51)

B=a"(r ),

for quadrupole oscillations we have

1 n2 ©oR2 8 2N
Al {4- mrg AB"" B‘.Jrl mr __TSN(T) Ty

XV () |8} u B v, 00~ Ewu (v, 0. (52)

If the effective potential energy U does not depend
on g, the rigidity of the g oscillations is completely de-
termined by kinematic effects. Its nature is determined
by the tendency of a system of independent particles
(fermions) moving in an oscillator field and having the
quantum numbers of the lowest population of oscillator
shells to maintain the spherical symmetry of its inertia
ellipsoid when the particle number is magic. The at-
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tractive forces between nucleons weaken this tendency,
because for a given value of the global radius p the at-
tractive potential energy is reduced as the nucleus be-
comes more deformed. As aresult, when the 3 depen-
dence of the potential energy is taken into account, the
rigidity of the g oscillations is decreased as compared
with the case where it is due solely to the kinematic ef-
fects,

By using Eqs. (51) and (52) it is not difficult to ob-
tain expressions for the frequencies of the monopole w £
oscillations and the quadrupole w B oscillations:

15 % 52 2 2\ 4/3 g2 -
24‘____ o o oo 2 &
Qi A28 IS m2r} m ( 3 ) drg V(rO)] 2 (53)
A 1 18 h2 41 S 2 4/3 d2 J
O e — T bl Y el (54)

(55)

This equation shows that the frequency of the 3 vibrations
remains finite when the frequency of the monopole os-
cillations goes to zero. For small values of w; the fre-
quency of the quadrupole oscillations ean be substantially
greater than the frequency of the monopole oscillations.

The kinematic and dynamic anharmonic effects can
be taken into account if Eq. (47) is augmented to include
terms of order 1/A* and 1/A%*, To find these terms it
is necessary to return to Eq, (45).

5, TRIAL WAVE FUNCTIONS FOR A
VARIATIONAL CALCULATION OF
THE GROUND-STATE PROPERTIES
OF NONMAGIC NUCLEI

By using single-particle wave functions for a cen-
trally symmetric field it is not difficult to construct the
shell-model wave function for states with a specified an-
gular momentum (see ref, 14, for example). However,
such a function cannot convey the deformation of a nucleus,
In order to describe deformed nuclei, one usually uses
the single-particle functions of a nonspherical self-con-
sistent field, but then the shell-model wave function is a
superposition of states with different values of angular
momentum,

Thus, the orthodox shell model forces us to choose
between functions having a definite value of angular mo-
mentum, but which are not suited to the description of
deformed states, and functions which are suitable for de—
scribing deformations,but which are not among the states
with definite angular momentum values., For deformed
nuclei the preference must be given to single-particle
functions in a nonspherical field.!*~17 Nevertheless, the
imprecision introduced into calculations of the energy,
dimensions, and shapes of the ground states for non-
spherical nucleidue to uncertainty in the angular momentum
requires special study,
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If the collective degrees of freedom are associated
with the semiaxes of the nucleus'inertia ellipsoid rather
than with the parameters of a nonspherical self-consistent
field, generalized hyperspherical functions become a
convenient vehicle for construction of a trial wave func-
tion for the state of definite angular momentum, and it
will be suitable for describing deformed nuclei,

We note that in the oscillator shell model the ground-
state wave function for an even—even nucleus with zero
angular momentum can be written as

Yo (a, b, ¢; @i,y 0;, ;)
= N Gt exy (—WZ—_‘_.‘T:‘_—E&—) Wity OF, 1)
k-l4bm=n

The number n, the coefficients Cyjy,, and the functions
Xkim are determined by the oscillator configuration of
the nucleus. The functions Xy, are antisymmetric rel-
ative to interchanges of the spatial and spin—isospin co-
ordinates of an arbitrary pair of nucleons., For example,
the lowest oscillator configuration of a system of four
neutrons (or protons) corresponds to the wave function

Wy == C [(c®— (a® -+ B2)/2) %o (%> Oiy i)
(V3/2) (@2 —Db) g2 (24, 04, T exp [—(a® b +-c?)/2], (56)

where C is the normalization constant. ¥ and y, are ex-
pressed in terms of the spin—isospin functions ¢'(oy, Ti),
£" (o4, 7i) and spatial functions Dj(e;), Df (¢;), Di(erj) Di(ei)
for the two-dimensional representation of the permutation
group for the coordinates of four particles:

% =DE—DE; %=DF—DEF,

in which
oy B e : , y
1) == & - {]/2 Sin oLy COS Olg SIN Gty -} SIN Gy COS 0ty COS Qlg);
el T ——
Bj=t { -~ sin? oy sin 20 + - sin® &3 €0s 203
undl .
f—ét—(lﬁ?:coszag)} :
¢ 1 i3 3 I g
Dy=—— —3—{—]/ cos 20ty 8in oty COS oy Sin oy

— V2 sin 20, sin o, cos oty — cos 20 sin o, COS g COS ety

- sin 2ay sin o sin ag);

i (Lt AT 1 : o .
D; E,/_B—{_ 5 cos 2ay (1 -+ cos® a,) sin 2a,

dady ; o
— g sin 90t €08 s 5in 203 — | 2 sin 204 608 oty cos 2aty

-+ :T cos 20 (1 - cos® &) cos 20(.3—% cos 2e, sin? az} .
The Euler angles oy, a,, @, are simply parametrized in
terms of the Cartesian components of the three Jacobi
vectors:

S = .> 2V§ >
q;"=r1—§(r2f*r3':‘r4); da ==

> rg > >
B=]/ SFr=r

in a system of coordinates ¢, 7, £ which is rigidly con-
nected to the principal axes of the inertia ellipsoid:
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g4z = (— cos oy coSs &y Sin oz — sin oy cos ;) a;

oz = (COS @y COS Op COS Ty — SN &y SIN Cy) @ Gy == €OS Oy SiN @t

in == (— sin o,y cog o, sin oy -1 cos oy Cos &) b;
Gan == (sin oy cos oy coS 0t~ cos oty sin og) by ggy = Sin oy sin oyb;

Gir=sin e,y sin oye; gy = — sin oy o8 QsC; sy == COS O

The transformation from Cartesian components for
the Jacobi vectors to the variables a, b, ¢, ¢, 0, ¢ and oj
is not unique. It depends on the choice of the axes £, 7,
¢ and the choice of reference direction along each of them.,
However, this ambiguity does not affect the functions e,
b, ¢; ¢, 0y, Tj) because they are not affected by the Car-
tesian components of the Jacobi vectors. Therefore the
wave function in Eq. (56) is invariant relative to inter-
changes of the principal axes of the nucleus' inertia el-
lipsoid, )

It should be mentioned that trial wave functions
constructed from single-particle functions for a nonspher-
ical field are not invariant under permutations of the
coordinate axes for the nonspherical field.

For a four-particle system the main features of
the variational calculation are not masked by the tech-
nical difficulties because all the calculations can be car-
ried to completion, Therefore we shall focus our atten-
tion on this simple example, which has only methodolo-
gical interest.

The wave function of Eq, (56) is constructed of sin-
gle-particle functions for a spherically symmetric os-
cillator field, It has just one degree of freedom, radial
oscillations, and this is clearly insufficient for a vari-
ational calculation of a nonspherical nucleus, However,
Eq. (56) does have a simple generalization with which we
can obtain a more flexible variational description of the
shape of a system of nucleons in which the angular mo-
mentum is zero:

‘P-=q')ﬂ (E, bv C) %o (0’.,’, O, ti) a3 CDz (&, b: C) Az (G’,;, Tiy Ti)! (57)

Here &) and &, are arbitrary functions of @, b, and e. The
only restriction placed on &, and &, bythe problem's
symmetry is that in the transformation to the variables

£, 1, ¢ they must transform like the functions ¢ — (g% +
b%)/2 and V3(a® = bA)/2.

The system of equations for &, and &, is easily found
from the requirement that the energy of the four nucleons,
as computed with Eq, (57), must be a minimum:

7 har ¥ . 3 N h2 b2 4-c2 2412
Fov.etVe—B) Ot {3 - [t + )
i) Ve b2 42
.Vof My - S 'Tn"[(b'ﬂ.-czp
2.1 g2
—ﬁﬂT] _‘Vz} M, = 0;
(nwm+mvmmﬁﬂl§h§_£§%r (58)
¢} a?
T (et —a?)2 ]*Vz} Py
_s‘.{i o - B B
T W LTer=a T (cZ—a2)2

a%4-b2

+h | =V} @ =0;
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where

5 nZ g2 1 1 g
e Wil i D
To.v.c 2m | da2 (a?‘—b2 ¢2—a? ) “0 e
2 3
,;L..a_(f_f_i__ op 9
iabe ! b2 —¢2 a2 —p2 b
PO S T T T
Uoet T\ c2—g2 b2 —¢2 }"’ ve |’

g %15" 5 k 1—1/% (a®2® + BhyR - 0232)1
-L ,;) ( 47 3

Vo= j QU | |/

5 13 . S T 4 2 -
X {%lw{.z:*--!— ‘Ella) (2®y* +y*2* + 2% )} ’

(@22? -- b*y? + ¢z ]

aigyt
i)
= ( —2hgs *Z— Ma) (;rgyz W ol ;- . )} ;

< ;—55 il [l/%(ﬂ‘lf by etzt) |

3 : . Bain o Ne W Bupinza 2
X {—1/17 Ay (2t — y*) -+ (*-)las.*%J\-m)*l‘/‘rr(-rzz“*‘yﬂz')} H

U(rij) is the two-particle potential for the interaction be-
tween nucleons i and j; A3 and A3 are coefficients which
characterize the strength of the potential in various spin—
isospin states, and x, y, and z are the Cartesian compo-
nents of the unit vector.

Thus the variational problem reduces to solving
the system of equations (58) for the best trial function
among those of the type in Eq. (57).
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DThis approximarion gives a more exact value for the ground-state energy

than does the direct application of the variational method to a trial func-
tion for the lowest configuration of the shell model, or than obtained from
the K-harmonic method® in the Kip @pproximation, Moreover, with this
approximation we can find both the frequency of the monopole vibrations
(as in the K-harmonic method) and the frequency of the fivefold degen-

erate quadrupole oscillations,
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