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The effects which arise dueto the rotation of deformed nuclei are briefly summarized. Methods for theoretically de-
scribing these effects based on quantum many-body theory are outlined.

INTRODUCTION

Study of nuclear rotation was spurred by the discovery
of the anomalously intense E2 transitions in rare-earth
nuclei (150 = A = 190) and in transuranium nuclei (228 <A).
The intensity of these transitions was explained by Rain-
water! and later by Bohr and Mottelson,??® who hypothe-
sized a static quadrupole deformation of the self-consistent
field of the nucleons involved. The deformation of this
field (such that the nuclear matter fills a volume whose
surface is approximately an ellipsoid of revolution) ex-
plains the large static nuclear quadrupole moment. The
arbitrariness in the orientation of the symmetry axis of
the field leads to the existence of a series of states having
identical nucleon distributions with respect to field levels
but differing in the weight factors corresponding to differ—
ent orientations. These "rotational states™ predicted theo-
retically by Bohr and Mottelson have been identified ex—
perimentally in many cases. Several regularities have
led to the grouping of the states of deformed nuclei into
states of various "rotational bands." The interpretation
of the rotational states offered in refs. 1-3 has found much
support. On the other hand, it became clear that this in-
terpretation required refinement in connection with the
structure of the internal part of the deformed-state wave
function and in the description of the differences among
the wave functions of the states of a rotational band. &
was also necessary to develop a mathematical apparatus
for the theory of rotation in a quantum system of many nu-
cleons. Below we focus on this latter point.

1. PROPERTIES OF THE ROTATIONAL STATES

The states of deformed nuclei have been combined
into rotational bands on the basis of several considerations,
in particular, the dependence of the state energy on the
angular momentum quantum number L. Members of a
rotational band have the same spatial parity 7. A rota-
tional band can begin with any integral (in even nuclei) or
half-integral (in odd nuclei) value of I (Iiy is customarily
denoted by the index "K"). The angular-momentum com-
position of the bands implies nuclear symmetry with re-
spect to discrete rotations of the internal axes (as in a
symmetric diatomic molecule). In the even—even nuclei
the lowest-lying excited states belong to the K = 0 band
(r =+1) and have angular momenta I =0, 2, 4, ... . The
K = 0 bands contain states having angular momenta I =
K, K+ 1, K+ 2, ... and have been observed in both even
and odd nuclei. Among odd—odd nuclei there are states
which can be classified as rotational states having K = 0;
I=1, 3,.... This part of the K =0 band turns out to be
displaced toward higher energies! from the states having
I1=0,2i8: s

The excitation energy of a rotational level can be
written in the form
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Er—Eo=I_“——{2j_ 3, (1.1)

characteristic of a rotator having a moment of inertia J.
In contrast with a rigid rotator, the nuclear moment of
inertia changes smoothly along the band, increasing at the
beginning of the band nearly linearized with excitation en-
ergy:

J=b+c(Er— Eg)/2. (1.2)

Equations (1.1) and (1.2) lead to a simple expression for
the energy of a "nonrigid" rotator:?

E,—Ey=(ble) (VT+cI T F1)/52—1).

This expression gives the energies of the first sixor seven
levels of the ground rotational bands of even—even nuclei
within an error comparable to the experimental error,™6
The values of parameters b and ¢ for deformed nuclei
typically are such that we can speak of an adiabatically
slow rotation only for states having

(13)

1€ Iy=Vb"c~14—18.

There are other ways to parametrize Ej, e.g., by
using the Harris equation:?

E;—Ey=E (I)=[Js+ (3/4c) 0*] 0%/2;

T 1) = o+ (1/2) a* 2 a2, } (1.4)
Interest in these equations results from,first,the possible
use of these equations to find a systematic classification
of the experimental data over a very broad range of nu-
clei, extending to nuclei in the transition region and to
spherical nuclei.! Second, Eqs. (1.4) correspond to a sim-
ple physical picture showing how a state dependence arises
in the moment of inertia, drawn on the basis of the model
with a variable moment of inertia.?1® In this model the
energy of a state having a fixed value of I is set equal to
the minimum energy E(J, I). This energy depends onsome
collective variable whose value also determines J. In the
case

E(J, I)=c(J—J¥2-+1(f41)/2], (1.5)

the equations giving the equilibrium value of J and the
corresponding energy reduce to form (1.4).

Another regularity of rotational states is found in the
probabilities for transitions under the influence of an elec~
tromagnetic field!! (and for o and g transitions). Inthe
K = 0 bands of even—even nuclei, e.g., we find a ratio
B(E2.4 —2) /B(E2.2 —0) ~ 10/7, and the static quadrupole
moment is proportional to I/(2I + 8). These and other
regularities can be explained by describing the reduced
matrix element for the electric A -pole moment of the
nucleus with an equation!? based on the familiar "adiabatic
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wave function" (see, e.g., the reviews in ref, 13):

(21 1) (2I;4-1) 172 I,-K
(K,1f||ﬂ¢z(x)g|m(i)=[m;f_ﬁﬁm —)'r

I & I‘)K o' (A, K;—Kp) | K
X{(—-K; K;,—K: K; ( fl 4 ( y LA f— i)l i)
14K, Iy A fi)
‘}-(_1) (—Kj Kf+Ki —K;

X (Kol (A, Kf-i-Ki)lf_(:)}- (1.6)

The consequences of Eq. (1.6) have been tested thoroughly
in the first few rotational excitations for the operators
corresponding to the electric dipole, quadrupole, and oc-
tupole moments. The analogous expression available for
the magnetic dipole moment describes the magnetic mo-
ments and M(1) transitions of deformed nuclei.

The quantities (K; | «#' | K;) in Eq. (1.6) represent
the matrix elements of operator o#, referred to the inter-
nal axes. The wave functions |K) are approximated by
relatively simple combinations of the wave functions of
independent fermions in a field of axial symmetry (see,
e.g., ref. 14, which describes in detail the structure of
nonrotational states of deformed nuclei).

We might expect that Eq. (1.6) would reproduce the
experimental situation for transitions in roughly the same
manner that rigid-rotator equation (1.1), with a constant
moment of inertia, reproduces the energies of the rota-
tional states. However, measurements of the lifetimes
of high-I rotational levels!%1 ghow that important correc-
tions must be made to (1.6) even for the ground band of
even—even nuclei.

The importance of the terms neglected in (1.6) in-
creases, becoming appreciable even at small I, for tran-
sitions forbidden on the basis of approximate quantum num-
bers associated with the structure of the deformed | K)
states. The necessary corrections can be made by taking
into account phenomenologically the mixing of various | K)
in the stationary-state wave function which is caused by
Coriolis forces.!’® These forces arise because of the
coupling of the collective angular momentum R and the in-
ternal angular momentum j; they are described by the
rotary-model Hamiltonian

H=Huput 3 2 (1.7

h=x, y

The matrix elements of I =R + j in the internal coordinate
system arel®

(K AT I | IKy=V I =K I FK+1) (1.8)

(T2 =1I.+il).

The matrix elements of j can be either treated as adjust-
able parameters or approximated by the matrix elements
of the total angular momentum between various deformed
wave functions, where the latter are assumed internal
wave functions.

In some cases the mixing effects can be analyzed on
the basis of perturbation theory. Perturbation-theory
equations giving the corrections to (1.6) on the basis of
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movre general assumptions regarding the Hamiltonian than
those reflected in (1.7) are given in ref. 20.

Coriolis mixing also affects the energies of rotational
states and turns out to be extremely important in the K =
1/2 bands.B

For certain nuclei single-particle levels having a
large j > 1 admixture turn out to lie close to the Fermi
surface (e.g., the L4379 level in Yb, Er, Dy, etc., isotopes;
or the jy5, , level inthe actinide region). The matrix ele-
ments for the Coriolis interaction in suchnuclei may reach
values comparable to the excitation energy of nonrotational
states. In these cases coupling of states differing in K be-
comes of decisive importance for the structure of the
lowest-lying states.?!

In summary, nuclear rotation has the following fea-
tures:

1) There is usually no serious difficulty in experi-
mentally distinguishing rotational states against the back-
ground of other states because the rotational states have
characteristic energy andtransition-probability properties,

2) Rotation in nuclei is greatly distorted by the cou-
pling with internal motion. Only a few levels can be said
to be in adiabatically slow rotation. This distortion is re-
sponsible for the ambiguity involved in a theoretical dis-
crimination between rotation and other modes, i.e., in an
optimal determination of the collective angles®® of the
unified model.

3) The rotation cannot be treated as a process in
which the nuclear shape undergoes slight changes, i.e.,
it cannot be treated by analogy with vibrations. The wave
packets describing the nuclear rotation around some axis
(e.g., the Oy axis),

[t, ©) == exp (—ielt)| o), (1.9)

must include many components of the rotational band, so
the information obtained from these packets must reflect
a certain averaging over a large part of the band.

The last two circumstances are responsible for the
limited accuracy of the properties predicted for rotational
states on the basis of semiclassical arguments.

2. MICROSCOPIC MODELS FOR NUCLEAR
ROTATIONAL BANDS

This term covers a rather large number of nuclear
models developed to describe the basic properties of ro-
tational states, primarily the energies, on the basis of
data onthe internal structure of deformed nuclei. These
models have yielded important relations among the char-
acteristics of the simplest (quasiparticle) excitations of
deformed nuclei and the structure of the rotational bands.

Cranking model. The first category of methods
for describing rotational bands consists of refinements of
the cranking model.?? This category includes a variational
method®»? for states whose time dependence is governed
by Eq. (1.9). There is an equivalent formulation based on
the equation for the single-particle Green's function of a
sysu:;n of fermions, written in a rotating coordinate sys-
tem.
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The form of the multifermion wave functions used in
the variational approach is chosen to best approximate
the internal nuclear state. Good results can be found by
taking into account only extremely specific correlations
between nucleons — correlations of the superconducting
type — and using mathematical methods developed for the
theory of superconductivity,14:23:26=28

In the Hartree —Fock—Bogolyubov theory with a time
dependence, we seek states |t, w) in which the expec-
tation value of H' — ihd / ot is stationary with respect to
small variations | t, w) = |t, w) + | 6). Here H' = H—
AN is the Hamiltonian minus the part showing the contribu-
tion to the energy which is proportional to the number of
nucleons. The stationarity condition consists of the equa-
tions

(o, t |[Q, (H' — ird/ot)] | ¢, o) =0.

(2.1)

Here [A, B] = AB — BA and Q is an operator of the type

Q == 2 (Puvﬁf-n’d;‘- + FuyCpey + suva—lra‘vi-) . (2 .2)
wy
Without any loss of generality we can assume that the

quasiparticle operators «,, , a'ﬂ are such that for any w
{1l
we have

e, o, t)=0 (2.3)

(i.e., the state |w, t) is the vacuum state with respect
to oz'u).

We consider two states satisfying the stationarity con-
ditions and corresponding to two infinitesimally close
values of w; we write

| o4 8a) = (1 4+ i6wJB) | o), (2.4)
where § is a Hermitian operator of the type
b= § (elwo‘-lraj + Bfivoeney), (2.5)

and the numerical factor J in (2.4) is introduced to nor-
malize @ according to the condition

(0 | L 0] | 0)= 1/i. (2.6)

Replacing Q in Eq. (2.1) by i8&J0, we can relate the va-
riation in the expectation value of Hamiltonian H' (E =
(o | H' | ©)) to that of the projection of the angular mo-
mentum (M = (o | I, | ):

8E = wbM, 2.7)

where

M = Jo. (2.8)

In classical mechanics Eqs. (2.7) and (2.8) give the energy
and moment of inertia of a rotating body as functions of
the angular rotation frequency. To use these equations to
analyze the energies of nuclear rotational bands, we in-
troduce a seemingly natural relation between the expec=-
tation value of the projection of the angular momentum in
the rotating state, M, and quantum number I of the state:

M? =T (I+1). (2.9)

The information contained in Egs. (2.7) and (2.8) allows us
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to expand the energy E = Ej in powers of I(I + 1) and to ob-
tain the phenomenological equations discussed in the pre-
ceding section. Finding the coefficient in the power-law
expansion

M= 2h-H1
ﬁ=§:, BT, (2.10)
we can thus integrate Eq. (2.7):
E—E~ 3 S pow, (2.11)

h=0,1, ...

The correspondence between Eqgs. (1.4) and Egs. (2.10)
and (2.11) is obvious.?

Description of the rotational bands in the variational
approach thus requires solution of the equations for | w )
which arise from conditions (2.1). This very complicated
problem can be avoided by introducing approximations for
the function |w) (and, correspondingly, for the nuclear
Hamiltonian H'). Information can be obtained about mo-
ment of inertia J by solving the system of linear algebraic
equations for the coefficients 6,;, of operator 3 in Egs.
(2.4) and (2.5). We can write the equations for 4 in a
compact form:

(0 |[Q, (H' — Iy/2]), 81l | 0) = 0. (2.12)

This equation follows from Eqs. (2.1) and (2.4) under a
condition which is a strengthening of condition (2.6). Ac-
cording to (2.6), [%, 6] is equal to 2Iy/i when an aver-
aging is carried out over state | w). To find the correct
result we must assume (o |[Q, [I%/2],60]]l | ©) = (o | [Q,
2I,/i] | ). Evaluation of the expression in (2.12) can be
simplified by writing Hamiltonian H' in second-quantiza-
tion forms:

1
H = Hy+ 2' S"C(.;CEM +I 2' Vijonet ﬂ:ﬂ-;ﬂgﬁ};:

mn ikl

(2.18)

In (2.18) the gJ(a;) are the creation (absorption) operators
for the nucleons in arbitrary single-particle states i (j);
04?". oy are quasiparticle operators!® with respect towhich
| @ =0) is the vacuum state; and ":...:" denotes conver-
sion to normal form,™ achieved by writing all operators in
terms of oF, o, and then permuting with ot the opera-
tors on the left of the operators @ and multiplying by (-1) P
(where P is the parity of the permutation).

The form of the equations for 6, in lowest order in
w and the equation for the moment of inertia J (w = 0) are
given in refs. 23-25 taking account of the residual inter-
action (see the text below and Appendix 2). If the operator
[ corresponding to the "collective angular variable" com-
mutes with the interaction operator, we find simple equa-

tions for ) and J:
i wlfylw
9“‘,:.?1_..-5%-%.%_( WPy —Uny)s (2.14)
[{nld, I")l2
J= 2 Euia (tpty — uyvy)® (2.15)

Inglis's equation (2.15), corrected for pairing, has been
used to calculate the moments of inertia of deformed nu-
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clei®! and allows us to find a quite good agreement be-
tween the experimental and theoretical moments of in-
ertia with a pairing corresponding to an even—odd mass
difference and a good description of the gap in even nuclei.

The residual interactions are taken into account in
an analysis of the nonadiabatic corrections to the energies
of the rotational states. These corrections were calcu-
lated in refs. 32 and 35 using the theory of Green's func-
tions and using a semiclassical approximation to calculate
the matrix elements (p | [, | v) . It was shown that the
coupling between rotation and pairing predominates in
band formation at large I. Estimates were found for the
critical moments at which pairing correlation vanishes.
This effect — the vanishing of pairing correlations in rapid
nuclear rotation — has an analog in the physics of extended
superconductors and was predicted for nuclear physics
by Mottelson and Velatin,3*

At present several models related to the variational
approach are available which allow a simpler extraction
of information about the coupling of various types of ex-
citations of the internal state and rotation.3® These mod-
els use the Inglis equation with pairing, (2.15), which gives
the moment of inertia as a function of characteristics of
the internal state, and they use ideas from the rotary
model with a variable moment of inertia, discussed above
[before Eq. (1.5)].

The projection method. The possibilities of
the Hartree—Fock—Bogolyubov and equivalent methods
have scarcely been exhausted, but they do suffer from
several serious shortcomings. The use of semiclassical
ideas to analyze the spectra of nuclei in which the mo-
ments of inertia may differ appreciably in neighboring
quantum states renders theoretical predictions unreliable.
This theory is inadequate for calculating the non-energy-
dependent characteristics of the rotational states, and
unresolved problems remain in this area.

One of the earliest methods for describing rotation
which is not based on the semiclassical approximation is
the method® of projecting the deformed wave functions
onto states with fixed quantum numbers IM. The wave
functions are written as

|IM)=§P;JK§K | K, (2.16)

where

Plix= 3 vy (KIy| =252 | doDlfxc @) R @) 2.17)
b4

In Egs. (2,16) and (2.17) Pl is the projection operator,
| K )is a state whose angular-momentum projection on
the 0z axis of the laboratory coordinate system is equal
to K, the {g are numerical coefficients, Dirx (@) =
(MIy | R (o) | yIK ) is a generalized spherical harmonic,
R is the rotation operator, and y denotes states of the
complete set for the given nucleus. Projection allows us
to determine moments of inertia and matrix elements
which are physically observable on the basis of informa-
tion about the nuclear Hamiltonian H when these approxi-
mations regarding |K) and £ K are used. The states

| K) (€ g) are usually treated as unknown. A variational
procedure is used to find them; it is better to carry out
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the variation after the projection to take info account cou-
pling with internal modes. This method has been applied
to heavy nuclei in, e.g., ref, 37. In an interesting ap-
proach,™® the projection method was combined with the
Green's function method to obtain, in the lowest approxi-
mations, the results of the cranking modelfor the moments
of inertia.

The projection method (involving projection onto states
with fixed angular momenta) turns out to be unsuitable for
solving a simple problem — that of determining the nuclear
mass — if the projected function is not separated into two
cofactors. In this problem a model analogous to the crank-
ing model gives the correct result for any approximations
of the internal state.!) Because of this circumstance and
the technical difficulties involved in projection, there is
interest in seeking a formulation of the quantum theory of
rotational bands which is less sensitive to the model of
the many-fermion wave function describing the internal
structure.

3. EFFECT OF THE SPIN OF THE
NUCLEAR STATE ON THE MOTION
OF THE INDIVIDUAL NUCLEONS

In the preceding section we mentioned that it is pos-
sible to study the spin dependence of collective parameters
(the gap and deformation parameters) within the frame-
work of the cranking model. Several nuclear properties
can be naturally explained if we assume that the nuclear
rotation severely distorts the motion of one or several of
the least bound nucleons. The model of a quasiparticle
coupled with a rotator by Coriolis forces,!® e.g., allows
us to describe the effects of the mixing of quasiparticle
states having different K of an odd nucleus. The analytic
formulation of the model incorporates the assumption that
the internal part of the wave function of the deformed nu-
cleus can be approximated by a relatively simple multi-
nucleon wave function constructed on the basis of config-
urations of the deformed potential.l* We will show in this
section that this assumption can lead to serious errors
under certain conditions, and we will give more accurate
equations describing the effect of spin on the distribution
of quasiparticles with respect to levels of the average
field.

In Appendix 1 we derive, in a method free of these
errors, a model taking into account excitation of deformed-
field configurations coupled by conservation of nuclear
spin.®® We write the wave function of the nucleus as

| vIM) = 3 ey (vI) | pIM ); (3.1)
P
| pIM ) = Phrgp©p | —). (3.2)
where
I—):EI]H;II,M:O) 3.3)

is a superposition of states of the ground band of the near-
est even—even nucleus. Projection operator P%\‘IK is given
by Eq.(2.17).

Here Q denotes the creation (absorption) operator
for the quasiparticle or a combination of such operators,
which may include phonons of collective nonrotational
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states.!* We assume state Q| —) to be an eigenstate
of operator I (in the laboratory system), and we denote
the corresponding eigenvalue Kp,

We assume the nuclear Hamiltonian H and the state
| =) in (3.2) to be unknown, and we assume the function
h [I(I + 1})] =Ej to be unknown; this function gives the spin
dependence of the energy of states in| —). The elements
determining H, h, and | — ) can either be treated as phe-
nomenological parameters which can be adjusted inde-
pendently or sought by the methods discussed above. Ex-
amples of empirical equations with two parameters ap-
proximating h[I(I + 1)] can be found in Sec. 1, In the sim-
ple case of a rigid rotator we have h = I{I + 1) /2J;, where
Jy is the moment of inertia.

The equations for the column vector e(vI), whose co-
efficients are the amplitudes Cp(vD) in Eq. (3.1), can be
written as

pl (! — E ) C (v]) = 0;} (3.4)
(H#T — E) pIC (vI) = 0.
Here we are using matrix notation and we have used
HT = SO 4 X1 (3.5)

The diagonal matrix elements of &#'® represent the adia-
batic limit of the excitation energies of states Qp | — );
the residual interactions also contribute to this matrix
[see Eq. (A.2)]. Matrix X! is defined by

F XN =XT/200; f(Ba)=I(I +1)/2, (3.6)
‘}D[;IJ' =7 (I+ 1) == 2K125'] spp’ + (jg)pp’
—VI+E) T —Kp +1) ()ppr
—VEI—KANTFEr D) (o (3.7

Appendix 1 gives equations for matrices 5.(1, x%; the quan-
tities j.., j appearing in them, and the overlap-integral
matrix pI.

Equation (3.4) converts into the equation for the mod-
el of the quasiparticle coupled with a rotator!® under the
following conditions:

1) The state | —) is assumed to be a solution of the
Hartree —Fock—Bogolyubov problem for the nucleus.

2) Expansion (3.1) for | »IM ) is limited to the series
of single-quasiparticle states, i.e., Qp are the Bogolyu-
bov quasiparticle operators ot[",' (apl — ) =0), and in the
matrix Hp+ we take into account only that part which
does not change the number of quasiparticles (3 =
epdpp’) »

3) A simple expression is used for h({I%:
(B (1) =127y XL=XIu2Jl .

4) Overlap matrix pIis assumed to have the form
p;{p‘ = const Gppt.
The derivation in Appendix 2 allows us to refine each
of thege approximations, This derivation also shows that
all effects associated withthe presence of a spin in state

| vIM ), including coupling of excitations Qp by Coriolis
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forces, arise from the last term in Hamiltonian h(I?) in
Egs. (A.1). This term contains powers of the two-par-
ticle operator I? and canbe thought of as the quasiparticle
interaction operator. Writing PI £p, h({I?) as in Eq.
szKpi Py
(A.8), with matrix Iipz given hy Egs. (A.7), (3.6), and
(3.7), we single out from operator h(I2) the rotational en-
ergy of the core, represented by state | — ) , and the term
showing the coupling of the core with the excitation, de-

scribed hy operator Qp. As a result in matrices )"(Ip,,

X;I)p' those matrix elements which couple states having a

number of quasiparticles n, > ny vanish. The projections
of angular momentum I, are single-particle operators,
and their commutators with Qp in Egs. (A.3) and (A.4)
contain the same number of quasiparticle operators o', «
as do the operators Q2p themselves. Nevertheless, there is
a mixing of wave-function components having a large num-
ber of quasiparticles with the single-quasiparticle com-~
ponent in state (3.1), (3.2). This mixing results from the
residual-interaction operator in the Hamiltonian [the last
term of the Hamiltonian in Eq. (2.13)].

In the caleulations the number of basis functions in
(3.1) is always limited by the small number of terms, and
Eqgs. (3.4), which follow from (A.1), may not be satisfied.
We find a better approximation to the solution by using a
variational principle; for this purpose we turn to the con-
dition for stationarity of the energy with respect to small
variations CH(vI) and C(vI). We write the expectation
value of the Hamiltonian in state (3.1) as

1 CrovD) ol o 4 seloly ¢ (vi) (3.8)
2c+ (vI) p'C (vI)

(of the several possible forms in which we could write
HYIwe have chosen that corresponding to the situation
in which the matrix contracted with C*+ and C is Hermi-
tian)., The stationarity condition leads to

YC (vI) = E i C (vI); }

S =5 (610" + K00 + (1~ ) Eur. i
The matrix elements of matrix pI are obtained in Ap-
pendix 1, where the role of overlap matrix pIin Egs. (3.4)
and (3.9) is also demonstrated. The difference between
# and S can be interpreted as a renormalization of
the inertial parameters of the core. The renormalized
moments of inertia turn out to differ in different matrix
elements of &#7. The moments of inertia J in the diag-
onal matrix elements of &’ [Eqs. (A.17) and (A.18) slight-
ly modify the moments of inertia of the even core. The
matrix elements of &#}]. with Kp =Kyt + 1 (the Coriolis~
interaction terms) also differ from the corresponding
elements J#}... A reflection of the fact that the condition
for orthogonality of states is more complicated than in the
formulation of ref. 18 is the dependence of the matrix ele-
ments on energy Ey 1 [see Eqs. (A.19) and (A.20)]. Re-
normalization has no effect in the calculation of the de-
coupling parameters in states with K = +1/2 in the lowest
order in the interaction, since the difference between the
encrgies in the numerator of (A.20) vanishes in this case.
Large changes occur in the values of matrix elements of
this type when the single-quasiparticle energies = p+
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Fig. 1. Dependence of the gap parameter A on the spin I of the ground
rotational band of***Yg for- various attenuation factors g = 1,},?. of the
Coriolis forces for an accurate reproduction of energies.

[KI + 1) — 2K} /27 of the coupled states are greatly dif-
ferent. The eigenenergies E, | are approximately equal
to the energies of the quasiparticle states, so the factor
1 governing the renormalization is given approximately by

JAE AE
T o= =) prpAE

Here AE is the energy spacing between bands coupled by
Coriolis forces, and the combination having the dimen-
sionality of energy is AE = (— | I* | —)2J. The sign of
the correction is negative for the lower of the two coupled
levels and positive for the upper. Finally, Eq. (A.21)
shows that in this approximation we also find # terms
coupling states with Kpr =Kp + 2.

The need to introduce a renormalization in the Ham-
iltonian for the model of a deformed nucleus with Coriolis
mixing of nonrotational states has been mentioned fre-
quently in the literature. I was shown in ref. 40, e.g.,
that the energies of states of the ground rotational band
of 1%9Yb can be reproduced most accurately within the
framework of the rotary model by reducing the Coriolis
force to 0.8 of the renormalized value. Figure 1 shows
the gap parameter A whose substitution into the rotary-
model equations for this nugleus leads to an accurate re-
production of the energies of the KT = (7/2)* ground band
and of the position of the first levels of the KT = (5/2)%,
(3/2)* bands for various values of the normalization pa-
rameters for the Coriolis forces.® This figure shows that
the even—even core of the nucleus 1%9Yb can be thought of
as constant for all states of the rotational band (A ~const)
if we simply introduce an attenuation factor n ~ 0.75 for
matrix elements &%, k.- The analysis in ref. 21 gives
us basis to assume that taking into account the residual
interactions which mix known collective internal excita-
tions with the single-quasiparticle phonon states does not
significantly change these matrix elements.? On the other
hand, inclusion of the overlap matrix plon the basis of
approximate equations (A.18) and (A.20) gives the correct
order of magnitude for the Coriolis-force attenuation co-
efficients (Table 1).

M 1

(3.10)
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4. MICROSCOPIC QUANTUM THEORY
OF NUCLEAR ROTATIONAL BANDS

There are several versions of the theory based on the
equations of motion for operators acting in the space of
states of the rotational bands. Equations were written in
ref. 41 for the fractional parentage coefficients relating
states of nueclei having approximately the same A. This
theory is based on the assumption that only those coeffi-
cients coupling states of rotational bands based on single-
quasiparticle (phononless) states are significantly differ-
ent from zero. A similar approach was used in refs. 42
and 43, where the matrices of simple operators (in par-
ticular, the quadrupole moment), written in the eigenbasis
of the nucleus, were limited to the space of states of a
single rotational band.

This procedure unambiguously fixes the matrix struc-
ture of all the electromagnetic multipoles m(A) in the
space of rotational-band states. The dependences of the
reduced matrix elements (I; | m (A) || I;) on Ij and Iy turn
out to be precisely the same as those in Eq. (1.6) with Kj =
Kf =0or 2Kj > A. Accordingly, the formalism of ref. 43
seems inadequate for describing deviations from the adia-
batic limit of the unified model.

The rotational band (I =K, K + 4, ;=1 =M = I) was
described in refs. 44 and 45 by introducing roton opera-
tors, whose matrices in the eigenbasis | IM ) coincide
with the matrices of spherical harmonics in the basis of
normalized generalized spherical harmonics:

Rin= Y [(21,-+1) 21+ 1))

TiMy
IsMy

% (o & i) (u bty ) (-0

Equation (4.1) yields relations for Hermitian conjuga-
tion, commutation with the angular-momentum operator I,
and muitlphcatmn of operators R"im. It also shows that
the RY 7m commute with each other. These properties are
identical to the corresponding properties of matrices of
spherical harmonics (Appendix 2). These relations can
be used to construct all possible operators R"l'm ifa smgle
operator RYm, (with odd Z,) is known. If operator R} (my
is known, but ! is even, these rules allow us to determme
all the other RYy, with even . The transformation of RY Im
with spatial (P) and time (7) inversions is governed by
properties of the states in (4.1) discussed in the preceding

LMy (M0, 4.d)

TABLE 1. Renormalization of the Parameter Corresponding to the Moment
of Inertia, J4/J, and the Parameter Corresponding to the Cariolis Forces,
% ., for the Ground States of the Rotational Bands of ¥vb According to
Eqs. (A.18) and (A.20)

1K Jo/T K, Kpr (D -
7/2, 7/2 0.895 7/2, 5/2 (1/2) 0.556
5/2, 5/2 0.995 5/2, 3/2 (5/2) 0.840
32, 3/2 1.000 32, 172 (3/2) 0.895
1/2, 1/2 1.000 1/2, 1/2 (1/2) 1.000 o
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section:

PR{wP Y =Ry tRfat'=(—1) Rim. (4.2)
The effect of Hamiltonian H on the states of one rota-
tional band (| — ) ) is equivalent to the effect of some oper-
tor h(I?) which depends on only the operator representing
the square of the angular momentum, such that we have
h[I(I + 1)] = Ey, where Ej are the energies of the band
states:4%

[H—h(I®] [—) =0. 4.3)

The rotons of Eq. (4.1) transform the states | IM ), leaving
them in the space of band states, and they contain the pro-
jection operator onto this space, We can therefore write

[H —k (%), Ri] =0. (4.4)

We treat both R"im and the "model Hamiltonian™ h(I% in
(4.4) as unknowns. Taking the matrix elements of (4.4)
between eigenstates of the nucleus, we find a system of
linear homogeneous equations for (M.I, | R, | I,M,) .,
which has a nontrivial solution under the condition

B(Ia(Iz+ 1) —h (I, (I, + 1) = E;, — E, (4.5)

(E1is the eigenenergy on one of the nuclear states with
angular momentum I). The same system of equations,
written in the basis of an arbitrarily chosen "simple"
operator Hy = H —V leads to

T RDkp

(R =g 2

(T2 RE)ep = [ (13), Rilsp
— 2 Vi (Er— Ep)? o RDap — (T2 Ra (Bx— Ea) 1 Vi) (4.6)

Here R"i denotes the column with components Ry, Ex
are the eigenenergies of Hy, the prime on the summation
symbol shows that terms with A =p(A =k) are neglected
in the first (or second) term inbraces, and Vi, is the ma-
trix element of the "interaction™ V = H — Hj,.

An iterative solution of system (4.6) for the commut—
ing tensor operators R"im and the parameters of the func-
tion h(I?) can be found if among the states | k) there is a
state such that

0(r2, %) m>1

—%Vm(r,ﬁpiry) m=1
Rfn|0)=114-0(r2, 12) [0y m=0 (4.7)

Z VIAFD) (re—ir,) m=—1

O (rk, r3) m<—1

where kzlrxltzm‘g 1‘0 %‘:“ymo« 1.

There exist states |6=0) and |6§=n) such that
Rim|8=0)=8m|0=0) and Rim|8=um)=(—1)"8po|b=m) ;
they are

[0=0)= 3 (214" |1, M =K);
I=K, K+1, ...
[b=m= 3 @I+0)(—1)"*E |1, M= —K).
I=K, K41
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The coefficients of the expansion of the many-fermion
configurations in the deformed potential in terms of states
with a fixed angular momentum are proportional to
(2I+ 1)¥2for I+ 1) < {| |). E is therefore reasonable
to begin under the assumption that relation (4.7) holds
when applied to states | 0) including a small number of
configurations of the deformed potential.,

To describe the ideal rotational band h = aI? we use
in (4.6) an approximate expression which follows from
(4.7):

(B, Rl messlio = F a V2ATFT) (Izino, (4.8)

where I.,=7F (1/V2)I.=F1/V2)(I.+il,). We find mo-

ment of inertia J = (2a)~! from one- of the commutation re-
lations for Iy — 4 and R"i m =1 for the operators used to

derive Eq. (4.8) [see Eq. (A.25)]:

Uis RE m=-tlo= —VI{IF 2. (4.9)

These expressions are reminiscent of the equations
used in the cranking method and will lead to similar ar-
guments about the Hamiltonian for Eq. (2.15) for the mo-
ment of inertia. There are differences: 1)inthe improved
definition of state |0); and 2) in the absence of restric-
tions on the matrix elements of operators R"im in contrast
with the cranking model, in which we are restricted to ro-
tations in a fixed plane. Use of roton operators allows us
to take into account the kinematics of three-dimensional
rotations. That refinement of the cranking model taking
account of the residual interactions®~2 whichis associated
with the first of these differences was pursued in ref. 46
(see also Appendix 2), where it was shown that choosing
state | 0) and the quasiparticle-state energies according
to Eq. (3) can significantly increase the predicted moments
of inertia, bringing them closer to the experimental val-
ues. Inclusion of the more complicated dependence of h(I%)
on I? has the opposite effect, slightly reducing the value
of the first term in the expansion of h(I? in powers of I2
(see the second paper cited in ref. 5).

The operators Rjy, = rm and I can be thought of as
generators of a transformation group in the space of states
of one rotational band [group IO (3); ref. 47]. One of the
two normalized states in the space of band states can be
found from the other by combining spatial rotations and
transformations:

|2) =exp (ia-r) [1). (4.10)

It is easy to find a relation between the expectation values
of the angular momentum (M = (|I |)) and the energy (E =
(| H|) in states | 1) and |2):

My =M, + (1|r[1)xa; (4.11)
Ey=Eitia(l| [k r[1)
+ X AL b [ D+0(@). (4.12)

i, j=x,v, 2

Operator r thus serves as a "rotation generator," govern-
ing the change in the angular momentum in wave-packet
transformations (4.10), Ifh =1I2/2J, terms O(a%) vanish
identically, and we find the energy to be

Ey=FEyt+ra(|(Ixr—rx1)|1)+

Mikhailov et al, 135



o (| (22— (a, 1) 1), (4.13)
These arguments can be used to evaluate the impor-
tance of the second difference mentioned above between the
roton formulation and cranking model. We assume state
| 1) is such that we have I; | 1) =K | 1); substituting into
(4,11) and (4.13) the vector a = (a, 0, 0), we find the energy
of a nucleus rotating around the Oy axis with 2 moment of
M=0 M,=a{l]|r.|1) K):

My A0y

27 T (I (1

E,=E+ (4.14)
(Alrz| 12
Al +raln
determined from the recipe of the cranking model. E is

Til‘égi%<i Gf (1]12[1) < oo) i.e0,
the cranking model leads to some decrease in the moment
of inertia because of kinematic features of three-dimen-
sional rotation. Calculations neglecting the role of the
residual interactions show that this decrease is only a
few percent.

The quantity J=J'is the moment of inertia

easy to see that

The description of the nonenergetic characteristics
of rotational states was also studied in refs. 44 and 45.
For an arbitrary tensor operator Fp,y we can define a
function f 1M of Ry, and I such that we have

(B | (Frar — foam (Bimy D) |A)y =0, (4.15)

if | A) and | B) are superpositions of states of one band
[i.e., F,M is equivalent to (==) fzx)]. If there are only a
few nonvanishing commutators of F1p and Rf'm, we can
write fLM in the compact form

X f (@ ny, ng) (B Ry, Tear ()™, (4.16)

1, ny, ng

Frar==1fry =

where f(, ny, ny) are_constants; tensor operator Typ, is
defined by its component, Ty = (I 1)1('1‘1 =1I); and
{ Ri_z , T } 1M denotes vector coupling of the operators
+ 3
RL—I ,my and Tlmz‘
T{REs Tidear= 3 (L—1, & mymy| LM) R} -1, miTim
mimg
= 2 (L—1, I; mymy| LM) TtmeRE_1, m,-

mymg

4.17)

In (4.16) we can now restrict the treatment tony; =0, 1 or
n, =0, 1. This procedure corresponds to an alternative
asymmetric form of Eq. (4.16) in which, e.g., all the I are
the components on the right of Rt i.e., ngy =0, but in addi-
tion to

{RLtza T!}LM = {Bx.fn Tz}

we have the term R'f‘_lHTl, where Aj denotes the coup-
LM

ling of the two tensor operators A and B up to an angular

momentum L. This quantity is determined from an equa-

tion corresponding tothefirst equation in (4.17). Finally,

we are using {A, B} = AB + BA.

The matrix elements of Fy,) between rotational-band
states can be evaluated from the known coefficients
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f (Injny) in (4.16) by the Racah-coefficient technique:1®

(Mly| Frac| LMy = ) f(Inana) U5 (T + 01" s (T + 1)1
1, ny, mg

X (=0 (k) N RE YT 4.18)

(M'I" | Tym | IM)
- =M ~ye [ @IFIEDI 2y 1 1 Iy,
=8 (=) 12 [(2:)1 (21_£)1] (—M' i M)’ (4.19)

(I IRE_ T} ([ Loy = (— )% 20+ 1) 2L+ 1)1* 0

—U2 g NIt L T D—1 I\ [ @RLE ) @1 12
LT (—K 0 K[ @nTEnL—1)!

I, L I
X{z I sz}'

The first term in Eq. (4.18) (I =ny =ny = 0) is the unified-
model expression for the matrix element of an electric-
multipole operator®® (for K = 0 or L < 2K), renormalized
because of the value of the coefficient f (000) (see the dis-
cussion helow).

(4.20)

These equations are of practical interest when there
are no more than two commutators of Fy, and Ri"m which
are significantly different from zero. The Hermitianoper-
ators of this type are equivalent (<=) to one of the following
expressions:

Flr==coRim+ f; {Rim, 1%}

+ 2 (Riza, Tadewr +5 (RiZ1, Tidoas (4.21)

Filr==5- (Rl ). (4.22)
Here F® and F® behave differently with respect to time
inversion.

Equation (4.21) (L = 1) can be used to analyze the ma-
trix elements of the magnetic dipole moment:
3
In

p=) o o @I+ ger), (rm=Rin).  (4.23)
The coefficients f(Inyn,) in the general equation (4.19)

and the parameters gy and g¢y in our example, (4.23), can
be evaluated by exploiting the commutation and normaliza-
tion properties of the roton operators and exploiting the
explicit form of their matrix elements in an arbitrary
basis. From (4.23) we easily find the relations

3

(=l rl|=) =1 g g gt el
3 e 4.24)
A=V g orts) [ ) ===

The simplest approximations for the matrix elements of
the roton operators, discussed above and used in (4.24),
lead to the familiar equations of the unified model for g,
and gtr [see Eq. (6.7) in ref. 13].

Let us consider in slightly more detail the structure
of the matrix elements of an operator having transforma-
tion properties like those of the electric multipole moment
in the space of states of the K=0 band (I=0,2, 4, ...). In
this case we use Eq. (4.21) (L =2, 4, ...), assuming ¢, =0,
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since the operator for ¢, couples states of quantum num-
ber 1 differing in parity. We can determine c, and ¢y from

(—|11Fy, 0, Biy, 1], Riy, 11| =) 2 [La(la+1) 1 (4 1)1'*
x ferea(— 0 [ 0}

(—|[[Fy-a, Rigal, Ri)| =)= [a(la+1) Iy (I +1)1"*

A TG (g 42) sz
X e (—1)"5 ,(2:,—1)(‘271-3;J '

(4.25)

which hold for Rj,|—)= 6m9]—) and which permit a nu-
merical analysis based on very simple approximations
regarding the structure of the roton operators. Knowing
¢y and cg, we can determine ¢; from, e.g.,

c0:%<—[§ (=)™ {Fem, BL, -m}|— ) —cat—| B|-)

+a )/ EEL (T 5 0) el

Equation (4.26) replaces, in the roton scheme, the
unified-model expression for the matrix element of an
operator in the internal coordinate system:

(4.26)

co (unif, model) = (K =0 | Fp, | K =0). 4.27)
From (4.7) we see that the discrepancy between (4.26) and
(4.27) must increase with increasing multipole order of the
operator L.

The occurrence of coefficients ¢, and c¢; in the ex-
pansion of the operator corresponding to a physical ob-
servable in series (4.16) can be interpreted in the unified
model as a result of the mixing of states differing in K
(refs. 13, 14). The differences between these values of ¢,
¢y, and c3, on the one hand, and those for the unified model
in the microscopic approach, on the other, are due to the
refinement of the internal state.

For large angular-momentum quantum numbers of
the states between which the transition occurs, the cor-
rections to the rules of the adiabatic theory can be found
in a model combining ideas of the projection method and
the cranking method.” Coefficients c,, cs, etc., in Egs.
(4.21) and (4.22) can be interpreted as derivatives of the
matrix elements of the operators, referred to the inter-
nal axes, with respect to the collective angular momen-
tum M. We find a correspondence between this formalism
and the results of ref, 38 by using definition (4.10) for the
state in which an average over the angular momentum
can take on arbitrary values, in correspondence with Eq.
(4.11). For an operator with quadrupole symmetry we
find

ey = (1/VB) X (6%0M3 (M | Fazl M,_,
+ (1/2) Y (8%/0M% (My| Fao| M)y,
¢y = — Z (*/OME(M | Fan| M))y,,_,
+ W (&MY (M | Fag|MMar,_y,

(4.28)

where | M,) = exp [— M, (r./{0| ro| 0))], and the coefficients
X, Y, Z, W, which have the same structure for all opera=
tors Fyy,, are
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—_OImloR@E—1) . oy Ofre| 02 .
B2 —1)e2VE ' E+(2r—1)e2VE '

_ ©]ro] 02 ) _ 1. 0|r|02e .
B+ —1e2VE ' 2 gte@—12VE ]

g~ (0| Ry 1372

Retaining only the large components of the roton oper-
ators in these equations, we find ¢£{ ~ ¢ ~1, & ~ 0 and
X~Y = Z=1,W =0, respectively. Equation (4.28) con-
verts into expressions describing effects of second order
in M (ref. 38).

0>; £=(0]|r2|0); e=(0|R:72]0).

For small angular-momentum quantum numbers of
the states between which the transition occurs I, y) the
dependence of the transition matrix elements on L; and I
found in ref. 38 differs significantly from the predictions
of the adiabatic theory. The rotary formalism allows us
to find both the results of the adiabatic theory for small I
and the results of ref. 38, which hold for I>> 1. The high
coefficients (X, Y, Z, W) in Eqgs. (4.28) show the limited
accuracy of the cranking model results, even at large I.

5. MICROSCOPIC THEORY OF THE
COUPLING OF NUCLEAR ROTATIONAL
BANDS

Such a theory can serve as an alternative method for
describing the coupling of rotational motion with single-
particle motion (see, e.g., Sec. 3) or the coupling of vi-
brational motion with rotational motion (see, e.g., ref. 19).
On the other hand, this theory is required for deriving a
microscopic theory of transition nuclei, for which coupling
effects are particularly important.

In the last year or two, efforts to construct micro-
scopic models for the transition range have been reported.
Marshalek and Weneser™® used a combination of the crank-
ing model with boson expansions to describe quasirota-
tional bands of nearly spherical nuclei. They tested this
method for the case of a simple model describing the tran-
sition from a spherical nucleus to a deformed one. Holz-
warth%! combined the projection method with a boson ex-
pansion, obtaining a model for collective statesinthe tran-
sition range, also working from the spherical limit.

The theory of Sec. 4 has been generalized®® especially
to describe the coupling of rotational bands with respect
to effects related to the transition probabilities between
rotational bands, as well as with respect to energetic ef-
fects. The operators used here are more complicated:

I I, I,
Bi}M::% [(na+1) (21;-+1) @1,+1)1"* (K K, ﬁKz)
1My

IoM,
n iﬂu

I I, I, Ma~Ks
X (M M, —Mz) (=1

% | i, na+1, T,Ma) (M, na, R (5.1)
These operators couple states of two neighboring nuclei
(AA =1, where Iis a half-integer; or AA = 2, where Iis
an integer) or of any single nucleus (AA =0, where I is

an integer). They may be called "quasiparticle —roton"
or "phonon~roton®" operators. Here nj (n,) denotes the
number of phonons®) of type i (@); and K, K, are the mini-
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mum values of I, I (the K's are numbers) of the rota-
tional bands having nj, ny and nj, n, + 1 phonons, respec-
tively.

The most interesting property of operators (5.1) is
that they are not independent for a given @, so that their
commutator is

[Bath

Bl = 3 (2L+1)
L

[ I I, L

(1{; —3:' g) ~ (Mi, MM, —Mi) (=R s (5:2)
Here definition (4.1) of rotons RL -M is supplemented
by a summation over the various rotational bands on the
right side. The quantities R*, B},, B, (for different o)
commute. The commutators with I are the same as for
any tensor operator (see Appendix 2).

Operators (5.1) can be expressed in terms of simpler
operators, e.g., by using

L I\
BocliMiRLzMz 2(21 +1) {K 02 K}

I, La I

(5.3
X\M, My —M )

) (— 1) %Bd,

which, along with Eq. (A.23), allows us to reduce these
operators to polynomials B} 1| k|, M and Ripy (or Ripp.
We could also use factorization:

B {biRr x| Ko > Kyl o
alM = N
(A BBy, i, (KK, O
where
:I% (na+1)"*[ne, o+ 1, I'M'Y(M'I’, na, m|  (5.5)

™

are operators invariant with respect to rotations of the
laboratory system and which represent phonon operators
of the internal excitations; the "generalized-roton" ma-
trices

I, I I
BI KM= Z [(2fi+1)(212+1)]uz (K K: "“KZ)

My
IaMy
v
Ir I I, — (5.6)
A (M M, “Mz) (=1 [vIoMo) (M Iy |

represent tensor operators having the same structure as
the matrices D%{M of the generahzed spherical harmonics.

Accordingly, the operators ? (Rt ko m + (—1)M-ER}. o _ 1),
which have suitable Hermitian-conjugation properties, may

be thought of as the D functions of collective angles, giving
a microscopic definition of these angles.

Any physical observable can be expressed in terms of
tensor operators Fr . For a.uy opera,tor F1,Mm there is a
series expansion in powers of Boz’ By, R I. K we re-
strict the discussion to, e.g., spatial states of a single-
phonon excitation, the operator F1M is equivalent to
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the following expression (see ref. 45 for the more general
case):

Fry= S‘ flow', Ldan) B i aeBar a0 R L (TP

Iﬂzﬂ

(6.7)

= K—I|

n-Hly

LM

The summation over 14, Iy, and L is such that with 7; =0
the coupling is with any angular momentum L, while with
11 # 0 the coupling is with the maximum (for the given

I1 and 1) angular momentum Ly, = w+1; + I, and with
the angular momentum L = Ly =1 = u+1;+5 — 1.

A different basis of operators may be more con-
venient for describing the transition to a spherical nu-
cleus.!) I we group the single-phonon states of o LM with
different K, e.g., by requring that all convert into states
of a given vibrational band of a spherical nucleus, and if
we set @ =AK (where A are the quantum numbers other
than KIM), we can determine the operators

I
Bilia = xz'-r Bi_sx, e, (5.8)

for which we can easily check the usual boson commuta-
tion relations, using (5.2). The new basis of operators is
thus constructed from B}, By, R*, I, in terms of which we
can expand any tensor operator FLM as in (5 7). We see
that we can also express the old operators B, @IM in terms
of the new operators BA M 2nd in terms of m and I,
arranging coupling up to various angular momenta and
using (5.3).

Since the actual Hamiltonian H given in (2.13) for the
system is a zeroth-rank tensor operator, we can use for
it an expansion in terms of B, By, R*, I, as for Fy. In
the particular case of a space of single-boson excitations
we can use Eq. (5.7) with L = 0:

(5.9)

aa’'n

H=h= 2 h(aa', n) BfixuBa x50l (1",
|

r=|K-K’|

00

where h can be thought of as the "model Hamiltonian" in
this space of states with undetermined coefficients h(xa',n).
Considering the one rotational band @ = &', n =0, we find
h = h(I%; we used this relation in Sec. 4. In the case of

a spherical nucleus we have another particular case of
(5.9):

h= 3 oyBiliuBury , (5.10)
AT

the harmonic-oscillator Hamiltonian. The Hamiltonian
corresponding to harmonic oscillations of a spherical nu-
cleus can be found from the general expression®s for H =
Fyp in the space of multiphonon excitations.

The m1croscoplc determination of any operator O
(BgIM O RLM) involves solving the generalized equatmns
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TABLE 2. Deviations from the Branching Rules of the Unified Model in the Matrix Element of Operator Fap between
Rotational-Band States K, Ij, and K feKIs=1

] Ki=K
12 —nv-u+3> Fh U+ T43) - _ _
I
e B —nv_(r+4) +hI+1) I+2) —fsﬁ- O8], Neoftn O] _
+fs—=
3 4T (IT4+1)—3 K 4 (I+1)—3 ']/6
I |f —h-= il (1) |+ P, e i (IS i s i ! ol
0 1% 2 Hv— 3K —-T(I+1) AR T (I 1) (4f(f+1)—3)I(I+1)
3KE—T (I +1)
n—1 T2 1) (20—
I-1| 1, +nv_(f 9| +hI—11 +fa-vL€-T Tt 00 _
I-2|f +f1_V_(I-2) +5I=2)(T=1) — — =
Fopy= fobuuREM*f‘fibooRﬂ-l fzbooREMIE-i‘fabooRTI‘f'fsbouR+lz+fsbunTzM
ZM 2M ZM
1=tfo— VB 14 6fa &= ;g fimfs @=fo a5= 1}6 for O=fa=1s
I Ki=K+1
I+2 fo|—flv-(f+3) +fa (I+2)(I+3) - _
I(I42 1 IT{I+2)@I+5
I+1|fo —nV(fH) +hU+DHT+2) . if‘,ﬁ._(%
3 4T (I4+1)—3 1 4r(41)—3
I\n| —fhez | +RIA+Y +h SR —hys TR T
Iy 1 —1) (2 —3
I—1{fo +f1.vﬁ(f 3) +h(I-N0)TI _fam j:fd“']/_ﬁ.—sz)z.g(—vl—i)-
I—2|fo "Hlv-(f Q| +HUI-2yI—1) — —
Fasr=fobiRi+ ibiRIT+ fobyRyI2 + febyl + fibyl,
2M 2 2M 2M 2M
||
2M
1
1=fo+ .V— (FE-3)HF(FE+)fs ayy=——n zvg f1F— 2 far az= Z'VE fl:t fa O0=fa=14
! Ki=K+2
I+2|f —hV-(I F3) [+ (T2 +3) +)‘szv_{413+261+42)
1Y 58 -0
T+1] 1, e (T48) U+ I+ +fs L (—2raar420) re
0 Vé 2 21/2—[ i i 1 ) _5_
X (H+T)+J‘ ]/'14‘5::,., ';.‘
It (o 4
x (=) (1)
3 1 .
I | fh% 4+ fol (I4+1) +fszvﬂ(74137414,-15)

Sov. J. Particles Nucl., Vol. 4, No, 2, Oct.-Dec, 1973

Mikhailov et al.

139



TABLE 2 (conﬁnued)r

1

1
Feit T=U=3 | I— tfame (—202—TI 415 5
fo +fl.V6( ) +faI ( 1) .fﬂzVZi( +19) +f"/~1—54—ﬁx ) (_1)rf+lf2
P
1 5
By P 5
, . x(+5)+1V = Ot

2

I—2{1f, +f176(1—2) + i I —2) (I —1) +fazvﬁ(4rz—1sr+zo)

X~ (1,4 1)

-
Faar = fobaag -+ fibol -+ f2ba o 12-1 foboIo - 17651
e ed —

oM M M
1 3 1 3 3
1=fp— + 2K +5 5 (K2 10K +11) fo; ay=—+f1——5- (£ 2K +-3) f2; ap=3fs=—= f3;
[} VE( +5) fit5-« ) fai ay Wf: 5 ( +3) fa; ap=3f V21fs
i
5
ap=an=J/" 51

Note: Operator Fap is shown by the parts of series (5.7) indicated beneath the corresponding parts of the table. Terms
having powers of I no higher than the second and not containing®) bz, as well as the first term with Elm = Em, with
K; =K # 2 are retained in (5.7). Each part of the table also shows the method for converting from our coefficients f;
in (5.7) to the parameters a; of ref, 20. This conversion allows us to convert the equations of this table to the comrec~
tions in ref. 20 for the matrix elements of Fy)\ in the unified model.”) The expressions in this table differ from the
reduced martrix elements KA N Fpll Ky (L=2) [found from unified-model equation (1.6)] by a factor proportional

I
to paarg+ 0 @rg+ 01 ol T K (f

L I
K; Ky - K; xi) :

of motion,45

[H —h, 0} =0, (5.11)

which generalize the equations of the random-phase meth-
0d® for oscillations [with h from (5.10) and O}, = B rml
or (4.3) for rotations. The parameters h are determined
from (5.11) or from auxiliary conditions giving the com-
mutation relations, ete., for the operators 0'; . Equation
(5.11) has been used to determine the phonon-excitation
energy w by the random-phase method for oscillations,?
while auxiliary condition (4.9) has been used in the roton
theory for rotations (Sec. 5 and Appendix 2).

The methods of this section can be used to construct
branching rules for the probabilities for transitions due to
multipole operator Fy . The phenomenology of the rules,
i.e., the procedure for evaluating matrix elements of Fy
between states of the rotational bands in terms of the
known coefficients f(aa', 14,n) in (5.7), can be found by
again using algebraic methods 4% Accordingly, the equa-
tions for the corrections?® to the transition probabilities
of the unified model are reproduced, and some new equa-
tions are found. We have considered the cases L =1;
AK=0,1,2,3,4and L=2; AK=0, 1, 2, 3 (AK is the dif-
ference between the K values of the two bands between
which the transition occurs). As an example, we show in
Table 2 equations® for L =2, AK =0, 1, 2 and compare
them with the analogous expressions from ref. 20, Ac-
cordingly, expansion of operator Fyyrin (5.7) corresponds
phenomenologically to taking account of the mixing of
bands of different K which occurs in the rotary model.?
However, Table 2 shows that the same result can be found
on the basis of the same general symmetry considerations
(without the use of a model) used to find expansion (5.7).

In the microscopic approach, the stage energies can
be found by diagonalizing expansion (5.9) by algebraic
methods after the parameters h are determined micro-
scopically, as mentioned above. The transition probabil-
ities can be calculated by first finding the coefficients f
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in expansion (5.7) by methods analogous to those used at
the end of Sec. 4, expressing these coefficients in terms
of the operators O}, [by analogy with (4.25) and (4.26)];
then we use the microscopic structure found for these co-
efficients from (5.11). This calculation incorporates few-
er assumptions than the rotary model and leads to correc-
tions to the unified-model probahbilities; these corrections
are illustrated in the particular case of a rotational band
in Sec. 4. The calculation is easily carried out if the co-
efficients f fall off rapidly with {, and n. In the simplest
case in which we can obtain only the termiI, =n=0 in
(5.7, we find

UNFLlld =11+ LA+ 3

.fM‘ui

I_f—h!!

(—1)

I IfLIi

2 l—ﬁff M Mi) (|[Bagpry [Frar, Bagpll]),  (5.12)

where the state | ) may include an arbitrary superposition
of rotational-band states coupled by operators Pjrl'and Bt.

The effect of operator B; IM on a state containing no
phonon-excitation components (by|') = 0), and for which
the direction of the internal axis is fixed in a small re-
gion near 6 =0 (in the laboratory coordinate system), can
be found by factorization of this operator in Eq. (5.4) and
by exploiting the analogy between roton operators RT,KM
and the generalized spherical harmonics, Assuming that
to each type of excitation (o, K # 0) there correspond two
different operators B'E_. IM, which we distinguish by the
sign of K, we write

Bine|y =~ Bux | K+ (— 1) 58y, _x| K), (5.13)

1
V248,

where

2

-1/ __2  p+ Vi T2
1= Bl B1= 15— Baw o 618
(here @ denotes the substitution K — K= —K).
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Combining (5.12) and (5.13), we find the unified-mod-
el equation derived in Sec. 1 [Eq. (1.6)]. This equation
can thus be found under the approximations stated above
in the strong-deformation limit (8 ~ 0).

Appendix 3 illustrates the derivation of the micro-
scopic equations for the parameters h and the operators
O, in the case of quasirotational bands in the transition
region.

APPENDIX 1

DERIVATION OF THE ROTARY MODEL AND
RENORMALIZATION OF THE INITIAL
PARAMETERS OF THE CORE

We begin from the Schrédinger equation for the state
| vIM):

H|VIM)= 3] cp (V) Plygey {LH, Qpl-+Qph (1)} | —)=Eyr | VIM) (A1)
P
[here we have used Eq. (4.3), according to which H and
h(P) act identically within a rotational band]. We intro-
duce the following notation: a) for the commutators,

(H, Q1= Qi (A.2)
&
Uis Qpl= Us)pp @ U2y Qpl=Kp2p) (A.3)
<
Y U e Qpll=2 (%525 (A.4)
H=X, ¥, 2 »

b) for the overlap integrals of the projected many-
nucleon wave functions,

— + I —_
( |QF=PKp2Kp19p1| )

el

ki3
_ 2541 . I*
=Php,=Phn, =g | SnBADE s, 0, 5,0

0
L —ipr
(—19b," " My 1—

X Texp (=1, [ (A.5)

(—lexp (—iBly) |—>.

We note the following properties of the projection opera-
tors Pll:v,lK:

Pl I,=KPL .
. = ER—— } (A.6)
Plgls=VIT£E) T+ E11) Pligzy.
Using (A.6) and notation (A.3), (A.4), we find
pipzx,,igplp =,,Z x;.&p;cpz,{p,gp,; (A.7)
PKP Ky Bo ) ( 12)—2‘,2(”1 Ty K, 2 (A.8)

where X! is given by (3.7), and X! satisfies matrix equa-
tion (3.6) and can be determined from it by numerical
methods if the energies Eydiffer appreciably from the
energies of the rigid rotor,® or by approximate analytic
methods otherwise.

Using the equations given above, we can derive Egs.
(3.4) of the main text for C(v]). A variational principle
is used in the text to obtain Egs. (3.9).
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Orthogonality of the various states in (3.1) and (A.1)
corresponding to different I and M 1s ensured by the prop-
erties of the projection operators PM:K The orthogonality
of states having identical I and M follows from (3.4) and
leads to conditions on C(v]):

(Eyyp—Eqgp) €' (911) p7C (v,1) =0. (A.9)

We also note the condition under which both equations in
(3.4) have the same solution:

vil

o', :?'ti'l] =L (A.IO)

The commutativity of p Tand o' follows from the rota-
tional symmetry of the Hamiltonian H.

The appearance of the overlap matrix of deformed
configurations pl in Eqs. (3.4) and (3.9) distinguishes this
model from the model having a similar physical content
but based on the approximation by deformed states of in-
ternal nuclear states. The role of matrix pI in Eqs. (3.4)
for the vector C(vI) with an infinite number of components
reduces primarily to one of taking into account a possible
linear relation among states P, K@= When the num-

ber of | vIM| components is bounded (equal to, say, N),
N
i.e., when we have 3\ (b, »pp —Fp Py ) #0 and when
p'=1

the two terms on the left side of Eq. (3.9) differ, the solu~
tion of (3.9) is affected by pI. The presence of matrix pl
guarantees the orthogonality of different solutions of (3.9)
in the sense of (A.9).

We can evaluate the matrix elements of pl by approxi-
mating the integrand in (A.5) in the following manner:

(—lexp (—ifly)|—) = exp[—1/4(—|I2|—)B; (A.11)
=l g;z sxp{—iply) Qpl =) i + f2
lexp (B Onp I 198008y, | )45
X A8y p (= Tyl =) —(—| Q5,130 | )% (A.12)
Dl (0, By 0) s [1—P2 (T (T +1)/4— M2)| 8,
+% > ol +oM) (I——UM‘+1)]U26M. romy (A.13)

o=xi1

[E is assumed in Eq. (A.12) that the opera.tors ©p are nor-
malized according to the condition ¢—|ej.0 p, | == F,2,,1)]

The leading terms of the matrix p I with these ap-
proximations turn out to differ by a general factor

I (I41)—2Kp, +(®)p,p, .
(—1E—) Hp,

V(I—Kpi) U+E, +1)
(—|13]—)
J/ U+E,)I—K, +1)

Po,p = O, Kp,

P & 6
U+lpymy Kp,, Kp +1

g (— | |—) (f‘);’zl’léh'pz. Kp -1° (A.14)

Here we have used
(i £)p,m, = (—| Qp,T £Qp, [—); (A.15)
(ja}p2p1=(g| sz;;angpl I_’_épzm (=112 |—,. (A.16)

The expressions in Egs. (A.15) and (A.16) can be related
in a simple manner with the corresponding quantities in
(A.3) and (A.4); the two sets of quantities are equal if
szpl — ) is a single-quasiparticle state.
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We can see the role of the overlap matrix in Eq. (3.9)
in the case in which &%p=¢p8,, and XI,.—XI 12J, [see
Eq. (3.7)]. (In this approximation, neither the terms of the
residual interaction in the Hamiltonian nor the nonadiabat-
ic corrections to the energies of the core rotational states
are taken info account.) The matrix elements of the ma-
trix #" under these assumptions are: a) for p =p',

T, = ept- I (TH1)—2K3+()pp)/27,

(A.17)
where

1 1 (+) (i+)p.p-i (I-}p-l.p
=14 1—fix e
7o P o= |—)
(i-—)p;p+l‘j+}p+i|p (=)
——pRrm b g 1
L (—IB|—)

+ Kp+Kp—(Ppp

(A.18)
I (I +1)—2Kp+ () pp

(£) ¢
f”{p +

b)foer=Kpli 1

(A.19)

o 1 -
= —a5; VIF K T Ky 1) (2)pp e

where

Jop+8p—2Ey) T 1) —Kp— Kb -+ [0 -+ (1]

I —1— H
e Php(—ITE[—)
(A.20)
c) for Kp= Kpr = 2
S —ﬁ (I F Epe +1) (I F Kp) (1 = Ko 4+-1) (T = K 4-2))12
U)p, prat Ttdprss, p (A.21)

ppp(—112|—)

APPENDIX 2

EXPRESSION FOR THE MOMENT OF
INERTIA OF A DEFORMED NUCLEUS IN
ROTON THEORY®)

A theory of nuclear rotation was formulated in ref. 44
in terms of roton operators. An expression was derived
for the roton operators and for the moment of inertia of
deformed nuclei, taking pairing into account.

1. Rotons and Moment of Inertia

a. Formulation of the roton theory.
Rotons Rjp, are defined in (4.1). They can be thought of
as spherical harmonics of certain collective angles (0, ¢).
The following basic properties of the rotons follow from
their definition:

Ri_m=(--1)m R}y; (A.22)

my my; m

L 1, 1 L 1, 1
Rﬂm,ﬂfzma: ;T‘_ (2‘ + 1) ( (; (? 0) ( ! y ) le; (A‘ZB)
m

D) RimBym =1, Rf=g, m=0==1; (A.24)
m

(L4 Rfm]=°"£n+13?m+[:

[0y Bifn1=mRm; (A.25)

[, Riml=}R -
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here aby = [(1+m)(I —m+ DI/ =T, and L = I, & i,
are the components of the operator corresponding to the
total nuclear angular momentum; and P = & + g+ 5.

All the Rf'm are combinations of powers of commuting
"hasis™ rotons Rfm (m =0, +1). To find their micro-
scopic structure, i.e., to find their expansions in terms of
creation and annihilation operators, we solve the system
of equations found from (4.4):

(=@ [Hy Rl |—)=(—|[Q, [k Riml]|—>
for h = Ei + 1/2J.

Transforming to the Cartesian components of the vec-
tor RY:

(A.26)

1

Rt=Ry= —W (R — Ry
Ri=Ry=—— (RY+RE); (A2
i Ve :
R§=R3=RY; (z, v, 9 = (1, 2. ),
we can replace (A.25) by
[£p. Blil=iepunRE, (A.28)
and thus find
= = ¢ —1 il —il,
112, Ril=2 (K-R}); Km(ﬁil‘-i —1 i ) (A29)
i, —ilj —1

(where k, p, u take on the values 1, 2, 3). The quantities
Ry, can be parametrized in the following manner:

Rji=8us 41y,

(A.30)

where the r, make a ﬁ_mall contribution (in comparison
with unity) when the R, act on the state |—) in which one
of the collective angles (f) is approximately zero (corre-
sponding to the Oz symmetry axis)?) (ref. 44).

b. Realization of roton operators in a
quasiparticle basis. TheHartree— Fock—Bogolyu-
bov method™ gives us a natural basis for taking into ac-
count pairing correlations in nuclei. In this scheme the
elementary (single-particle) excitations in nuclei are gen-
erated by quasiparticle operators specified by a canonical
Bogolyubov transformation:

G ~
Oy = U5 — Uyl T, tCa,

(A.31)

where a,’; (@ay) are the usual creation (annihilation) opera-
tors for the particles, u, and u, (u}, +v% =1) are the co-
efficients in transformation (A.31), and ¥ is the state
which is time-inverted with respect to v (uy =uy, vy==p,,

+
az‘:’: = —a})s

Vacuum operator o, is defined as @,,| ) = 0, and the
nuclear Hamiltonian in the Hartree — Fock—Bogolyubov
basis is given by expression (2.13) €p— Ey).

We now express all quantities in Eqs. (A.26) in terms
of the quasiparticle-creation and -annihilation operators.
We assume that: a) the expansion of the quantities Ty in-
cludes only terms which are bilinear in terms of the oper-
ators of the quasiparticles of the combination, and b) com-
binations of the type a*a can be nonvanishing, but they
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can be eliminated from Egs. (A.26) through a suitable
choice of Q [see (A.33)]. Since these combinations do not
appear in the expression for the moment of inertia, we
will not consider them here. We note that they may turn
out to be necessary for satisfying other conditions, e.g.,
conditions of the type) (4.24). For r, we thus find

ru= 2 [(rway edo + ek, etyaal;
oo (A.32)
(p,: 1 2‘ 3).

(rphav=—(rphya, (r3v = (ru)fys

where we have taken into account the Hermitian-conjuga-
tion properties and r parity of these operators (after
singling out the odd-parity operator  *). We find the co-
efficients (ry)py by solving Eq. (A.26). In these latter
equations the vacuum state | ) is used as an approxima-
tion for | — ) (here the vacuum state is found as one of the
solutions of the Hartree —Fock—Bogolyubov variational
problem corresponding to the given band, although this
state may not be the ground state of the nucleus). We
write the operator Q as

Q=a;aj.

(A.33)

System (A.26) now completely determines the R oper-
ators. Since this system is inhomogeneous and has solu-
tions for arbitrary values of the parameter J, we choose
that value of J for which Egs. (A.25), averaged over the
state| ), are satisfied.

c. Equations of the roton theory. Equa-
tions for the moment of inertia. Usingthe
assumptions stated in the preceding section, we write the
equations of system (A.26) in the following explicit form:

(Ei+Ep) (r)ji -%- 2 Vi, av'?lji?l;_v+27,';‘ BV 17 (rday
v
i 1
= {F 7= e0n+ (3 Fmm b €

m

+ 2 [(Ta)in % ja (ro)ni— (Fa)in % ia (radaj
A

— U+ Tt | - (A.34)

The analogous equations for the matrix elements of
ry and rg can be found by cyclically permuting (1 -2 — 3)
the indices of operators r and I; correspondingly, the first
terms on the right sides of the expressions will be

——7}— (I)7%si and 0. Here we use the designations

Waﬁ =UglUp + VgVg; }
PP ap= uqvg+ vglp.

(A..35)

As was mentioned above, the moment of Inertia J is
found from the requirement that Eqs. (A.25) hold on the
average over the state | ). Accordingly, by using, e.g.,
the commutator [I;, RF1, we find the following for the mo-
ment of inertia:

% v (ra) TPy =1/2. (A.36)

This equation takes into account pairing correlations,

polarization effects (the changes in the Hartree—Fock—
Bogolyubov field due to rotation or due to residual inter-
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actions), and effects of the three-dimensional nature of
the nuclear rotation. In the absence of pairing correla-
tions, this equation converts into an equation found pre-
viously,* which takes into account only the three-dimen-
sional effects and polarization effects. It will be shown in
the next section that Eq. (A.36) is a generalization of sev-
eral familiar equations, such as those found by Belyaev,23
Thouless,” and of course, Inglis.2?

2, Some Applications of the Theory

a. Moment of inertia neglecting the Ty
coupling but taking into account the re-
sidual interaction. System (A.18) is coupled by
ry, Ty, and rz. The constituent equations are independent
if we do not take into account all the terms other than the
first on the right sides of the equations. Using simple
transformations, we can convert these equations to the fol-
lowing form (e.g., for ry):

(Es+ED () ot D Ve Wi+ e 275 730] (o
Av

iT A
i
=57 )i P, (A.37).
where Vij,ld = Vij,kl _Vij,lk'
It is not difficult to see that the substitution
- 21—1 ("a)j';.'= fji0™1 (A.38)

converts Eq. (A.37) to one corresponding identically to
the equations found by Belyaev [see Eg. (17) in ref. 23].
In (A.38) the fjj are coefficients ofthe generalized canon~
ical transformation, and w is the angular velocity, all
introduced by Belyaev.

b. Moment of inertia in the free-quasi-
particle approximation. We can easily study the
case in which the roton operators commute with terms of
the residual interaction, because the terms containing
vij,kl do not play a role in Egs. (A.37). Here the solu-
tions for the r operators are found in analytic form:

i L7y
=gy R gL et (A.39)
Substituting them into (A.36), we find
LT,
J:Z E,+Ey P (A.40)
v

This equation® is the familiar Inglis equation for the mo-
ment of inertia of rotating deformed nuclei?? in which pair-
ing forces are explicitly taken into account.

The possible applications of Eq. (A.40) have been
studied in detail (see, e.g., ref. 31). Having at our dis-
posal the Woods —Saxon single-particle potential, an im-~
provement over the Nilsson potential used earlier, we can
carry out some illustrative calculations to find the effect
of a change in the single~particle scheme on the results
given by the Inglis equation. A more stringent criterion
is used for determining the pairing-interaction constants
(GN, Gg) than in ref, 31, namely, we seek the values of the
pairing parameters which lead to better results for the
pairing energy of the given nucleus. The calculations
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TABLE 3. Comparison of the Calculated Moments of Inertia with the Experi-
mental Moments and With the Data of Ref. 10 for Various Yb Isotopes

J, Mev-1
Isotope | without with .
cormrelation correlation | 42t2 of ref, 10 | experimental
168Yh 21.69 — 31.5 34.19
170Yh 24.46 27.7 30.0 35.60
12Yh 27.39 37.3 32.8 38.12

Note: The results found by Prior et al.™ are satisfactorily reproduced if their
procedure for choosing pairing parameters is used.

show that for nuclei far from the stability region the Inglis
equation predicts moments of inertia smaller than those
found by other, usually theoretical methods (see Table 3
for the nuclei 18yb, 1"yYb, and 1"2Yb and the results cal-
culated for deformation parameters 54 = 0,300 and 8 4 =0).

c. Inclusion of rotational energy in the
ground state. The results found above are based on
the assumption that the state over which the averaging is
carried out in (A.26) can be approximated by the quasi-
particle vacuum state | ), which minimizes the energy of
the system described by the Hamiltonian H. & follows
from the theory that we should have used the state corre-
sponding to the condition

(H—Ep—12/2J) | —)=0. (A.41)

It is natural to approach the problem by avariational meth-
od and find the state [0) which minimizes the value of & =
H— Ej —I?/2J, assuming | —) to be approximately iden-
tical to | 0).

We assume that the |0) state is again the quasipar-
ticle vacuum state, and we write o as

T8 = T+ Y eictcti+Hres, (A.42)
i

where ... contains the normal product of four creation
and annihilation operators. Then in the roton equations
we have the Hamiltonian

H=&+Ep+132] =C+ Y ejofoy-
i

(L Dgteg s L N J(20 0 bt L
+Zhi3 o+ ¥ AE Oafai+ ...,
ij ij

(A.43)

where the terms hls D), h®:9) ete., have the structure

hile 1 — (0 | aghost [ 0)— (0 | 1 | 0)

o D {3 o s 2 vy o

1=1,2,8 n

=g i — vl +2 [ B v | s Ui } 5
[

h:?' 0 :% (0 l !1](1..'}1 | 0) (A.44)

7 D A O @0
1=1,2,3 7

+2 I_ 2 (Fdpp lﬁ.J U‘)i";"?ﬂij} .
n

In solving system (A.26) with the new Hamiltonian
(A.43) we must bear in mind that we cannot discard terms
like @*e in the roton operator because of the terms n0)
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in H, i.e., in this case

= ; [(ru)aw a{“;*{* (ru)yy vt - (ri,.)}.v aiav!;
v

} (A.45)

(r,")).v = [";‘)3;\.-
Accordingly, we replace Eqs. (A.34) with

(ej e (r)ji+ D) R P (ras— Ak 2 (ragl + ) [ © (D — R @ (rdan)
A )
1 Q.= s -
+5 D W aw¥nty+ W e o PP T00) (il
M
i

= {7 =T enn+ (3 domm oh) o

+ D) F9)in % o (radi— (Io)in % (radai
A

— Ui U rons+ U %o, (rs)m} ; (A.46)

where wij Jq are the matrix elements of the two-particle
interaction supplemented by the terms from h [see (A.43)].
The equations for r, (and rg) are found by the rules in Sec-
tion 2b.

Equations (A.46) were solved by assuming that all
terms except the first on the right sides could be dis-
carded, and only the contribution of the diagonal terms of
h{1+1) and h®0) was taken into account. Here again we as—
sumed [W, R;] =0, which eliminates the terms containing
Wij, kg on the left sides of the equations. Since n@9 nas
no diagonal part, some of the rotons (r')y, drop out of the
equations.

We can inferpret the energies € appearing in (A.42)
and (A.46) in the following sense. We assume that | 0)
is a good approximation of state | — ), which is a linear
combination of states belonging to the given band of the
given nucleus, and we assume that state a*i'! 0) is a good
approximation of | — )i» which is a combination of states
the rotational band constructed at single-quasiparticle
level i in the neighboring odd nucleus, for which the mo-
ment of inertia is J;. Then, using very simple assump-
tions regarding the nature of the rotational motion in the
neighboring odd nucleus, we find

&= By Ky (K1) + (57,27 ) @loatat 10, (AT

where Kj is the quantum number of angular-momentum
projection on the symmetry axis in state i. The energies
appearing in the roton equations and in the equation for
the moment of inertia are thus related to the single-quasi-
particle energies and rotational characteristics of the odd
neighbor.

The consequences of the contribution of the rotational
energy to the ground state have been evaluated for 1®vh
and %Yh, The moments of inertia found are shown in
Table 3 in the column headed "with correlation.”

APPENDIX 3

MICROSCOPIC MODEL FOR QUASIROTATIONAL
BANDS!)

To specify the model in which we will use the methods
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described in Sec. 5 we must choose a model Hamiltonian
h, i.e., cut off expansion (5.9). Here we should relax the
requirements on operators O'i'm (the requirements which
govern the algebraic properties of these operators, found
in Sec. 5), and simply assume that they are tensor opera-
tors and thus expressible in terms of B;, By, R%, I [see,
e.g., (5.7)]. We then choose the operator h to find the
phenomenological equation® for the energies Ef consisting
of terms linear and quadratic in I and which are appropri-
ate for the transition region. The corresponding operator
satisfies the equation :

[k Of;1=w0f, +a (12, Of,]. (A.48)
Equation (A.48) generalizes the random-phase equation
for vibrations (the first term on the right side) and the
equations of roton theory for ideal rotation, (A.26) and
(A.29) (the second term on the right).

The parameters of h which are to be determined are
wy and @ = 1/2J. For simplicity we describe the struc-
ture of O}fm in terms of particle and hole operators (pair-
ing can be introduced by converting to Bogolyubov quasi-
particles):

o im + im _+
Ol ="08mo+ % (Y;Tk azag —Z?Kaﬁa;).
3 T L

(A.49)

Here we are restricting the treatment to the same terms
used in the random-phase method,” and we choose the free
term on the basis of axial symmetry, as in (A.30). Nor-
malization is achieved by arbitrarily fixing the value of
this term for m = 0 at §; = 1. (Here a bar above a state
index indicates a particle state, while a bar below such an
index indicates a hole state.)

We substitute (A.49) into the equations of motion found
from (A.48) by replacing H by h. We assume that we have
chosen a Hartree—Fock basis, not for H, but for & = H—
a(I® —§). Then the energies in the single-particle term
of ¢ are not &, but £; —a 7, and the matrix elements
of the residual interaction are not Vij, k10 but Vij, k1 —
angj, K1 * where

— — - # Joe
ni= ; (28.Kf 1) (LKI,K‘i'IKJKx). (A_SO)
N, ki =2 il f5+ i)
1 .
I=I=— W (Ix+i1y); GE?‘:L BEE—U-
The equations for the coefficients Y and Z are
m im
[ta{_]r£ — arpi£ — ] Y!,K
\7a o im_ 7 - - "7_ im ;-0;
+§‘—;‘ V3, 5=, P Y5+ Va5, =255, ) 257
; K KL KL' il
) - (A.51)
[F'i"&' ﬁrznl_.r}f :-m;]Zi_E
N = ~im 7 e o Im] — ()
T AWy 15— Mgy 1 Vi P gn Mg 1) 47
2

Here we have ey =5 —e and ’7?%{ =ni—nNg*t m?, and
the bar in the expressions V and 7] denotes antisymmetrized
matrix elements.

To simplify the analysis of system (A.51) we adopt a
model interaction of the type described by Brown,™ and we
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make analogous simplifications in ﬁij, K] » heglecting ex-
change terms:

Vij, o~ — Y AmViVi™
_ i (A.52)
Nij, k1 = 2 (Ll + Dy L ).
We introduce the notation
THm_ —1/2 xlm  Fim__ —1/2 glm,
Y?'l =[t(+1)] Y;i' Z;£ =[I(I+1)] ZJ—'E'
(A.53)

m .\ (p—mylm —m Im
nim 5{, (V”‘. Y“ -Q-V“ z”).
31 = i

Substituting (A.52) into (A.51), we find explicit expressions
for the coefficients Y and Z:

i, e
= legg—nF, —ol

X (xmnlng(%— a (_Bml (I+];K+ 8m, -1 (I—);K));
= - - (A.54)

Flm _ m -1
Zi—__,f —[8;5— ﬂﬂgng ]

X [J(m" rmvz‘% +a (6m1 (I-(»)E; + am. -1 (I—)Elf}]»

where I, = Iy + ily and where we have used notation (A.53)
and the commutation relation between O'{m and I [as for
a tensor operator; see (A.25)].

To find and @ , we substitute Y and Z from (A.54)
into the expression in (A.53) for nlm,

V;(:_—n (xm”sz?E +adp, 1(I+).—£S+ abp, 4 (I—)i‘g)

=3} | 2 |
= e —anl —o;
iK iK

K

(A.55)

V,i:}—(m {xmntmlfg? +adm, 1 (I*)ET +adm, 4 (I_)E‘T) ]

m
Bi’g aﬂi__,_{ + ol

and into the commutation relation between I, and Of 1
[see (A.25)] (for m = £1):

o | g Gt e U
: Ei—E_un?;_( —w;

K

erx — My T O 50)

(I:t);‘[\- ('Xm"!m[’;;? +a (I-;)K?) ]
We see that neglecting ¢ in (A.55) converts this equa-
tion into the dispersion equation® for w; of the random-
phase method with the Brown interaction. When w 1 is
neglected in (A.56), roton-theory equation (A.46) also con-
verts into (A.36), but with a simplified Brown interac-
tion™ and without inclusion of pairing. System (A.55),
(A.56) thus contains both the deformed nucleus and the
spherical limit. There are three unknown parameters
in (A.54): wy, @, and n'™M, 5o this system can be written a
second time for oy, ,,—0;0;, ,for which we have wy =
2wy. We find four equations of the type (A.55), (A.56) for

lzzand 2] from which we can determine wy, @, 0°™, and
m
n«“*»,

In particular case of rotation (w; =0), Eq. (A.56) [with
n!M given in (A.56)] allows us to carry out a simple cal-
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culation of the effect of long-range interaction V on mo-
ment of inertia J = 1/2a ; this calculation has not been
carried out previously.

* Physics Institute, Academy of Sciences of the People's Republic of Bul-
garia, Sofia.

1)The equation for the mass of a system of A particles can be written by
analogy with Eq. (2.12); here it is necessary to find the operator R* and
the parameter M* (the mass) satisfying

(|1Q, [(H—P22M*), R*]]|)=0. (2.18)

If the system is closed, certain commutation relations hold for the center-

A A
of-mass vector R = m,r,[E m;: [H,R]=[P?3/2M, R]. The solution
i=1 1.-1
of Eq. (2.17) is thus p*= M = 2‘ m;, Tegardless of how state | > is
i=1

chosen,
2)In this paper we attenuate the Coriolis forces by including in matrix jEP'
in (3,7) terms mixing three-quasiparticle components with the single-quasi-
particle components. Inlight of the derivation of the model above we are
forced to weat this modification of the theory as simply a formal one, de-
void of a physical basis.
NWe are considering only the phonon case here; other cases require slight
modification.
A paper on this subject is being prepared for publication,
5)The results shown in Table 2 were calculated by M. Kirkhbakh.
S)Here we have used the notation s, — BBy (1= 0, 1, 2) and by, =
+p Tm

32“ ' denotes the replacement K*' =K' =—K" < 0), and the factor »
ensures that for by, the majrix elements are the same as for BY Ims 1., the
same as for the D functions.
T)This conversion®® is exact (within terms of the specified power of I) if
we add to the first and last rows of the table for K; = K(Ii = I & 2) in ref.
20 the quantity —2f, (and comect the obvious misprint; for Kj =K, I; =
I+ 1 the coefficient of aj should be P+21-2). In general, we have more
terms, so some of our terms (or some of their linear combinations) do not
have corresponding terms in ref. 20 (to put our results in a form corre-
sponding with that of ref. 20, we must set the auxiliary functions f; in our
equations equal to zero).
®)This is an abbreviated version of the discussion in ref. 46.
g)A(:'tually. to take into account the properties of Ri"m with respect to time
inversion (1), we need to introduce into Eqs. (A.30) yet another operator
1, which is odd with respect to this operation: [r, 71, = 0. We can choose
this operator such that r|—)-==|—) , so we can neglect it, except for its
property of changing the r parity of Ri"m. Complications arise in the case
of the K = 0 band; in this case we musteitherconvert to Ry, Totons or de-
velop the description of coupled (through the operator r) bands.
19)70 satisfy this condition it is sufficient to assume that rg is not an inde-
pendent variable governed by system (A +26) but is found from the known
values of r and rp, as 13 = (1— Iz)"' %
1), paper on this subject is bemg prepared for publication.
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