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A covariant derivation is offered for the equivalent-photon method, and the accuracy of this method is esti-
mated. Differential distributions are calculated for two-photon production with inclusion of the polarization
of the virtual photons. A method is described for estimating lower limits on the cross sections, There is a
discussion of two-photon production of e* e~ pairs, the energy loss of nuons in matter, the contribution to the
measured ct?\t values,Fy, Fg, the possible calibration of cross sections in colliding pp beams, measurement

of the polarization of high-energy photons, production of massive muon pairs in hadron collisions, and some
processes of high order in . There is a detailed discussion of what information about the yy — h transition
can be extracted from experiment and how this information can be extracted,

INTRODUCTION

In a discussion of particle production in electromagnetic
interactions, attention is usually focused on processes
which are of low order in the electromagnetic coupling
constant @ = 1/137, e.g., particle production during one-
photon annihilation. Until recently two-photon production
of particles had not received much attention, since the
corresponding cross sections are smaller by four orders
of magnitude (a?).

There are a number of cases, however, when this
rule does not hold and two-photon production (Figs. 1 and
2) becomes predominant over one-photon production, As
accelerator energies (E) increase, these situations be-
come more frequent, since the cross sections for one-
photon (annihilation) production fall off no more slowly
than E2, while the cross sections for two-photon pro-
duction increase logarithmically with the energy. Fur-
thermore, two-photon events frequently make possible
objective studies not possible in the one-photon channel,
e.g., yy — hadrons transitions. In colliding ete™ beams,
two -photon production of hadrons should become predom-
inant at an energy as low as Vs >4 GeV. Two-photon
production of e*e” pairs was recently observed in mp scat-
tering! and in accelerators with colliding e*e~ beams at
Novosibirsk? and Frascati,

Interest in two-photon reactions began with Ander-
son's discovery of the positron (1932) and his experi-
mental studies of the interaction of fast particles with
matter.! Among the simplest electromagnetic processes
in which positrons are produced (Figs. 1 and 3a), the two-
photon mechanism in Fig, 1, AB — ABe'te™, predominates
at high energies. Anderson's studies! were soon followed
by studies® ? of the processes in Figs. 1 and 2, At pres-
ent the two-photon production of lepton pairs is primari-
ly of interest as a research tool rather than of intrinsic
interest. These production processes are discussed from
this point of view in Sec. III.
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Two-photon processes have again attracted consider-
able interest,'%~® because they open up a fundamentally
new research field in high-energy physics: study of the
reaction yy — hadrons as a function of the photon "mass"
and energy. These topics are discussed in See. IV.

Exact calculations of the cross sections for two-
photon production are either very laborious or altogether
impossible, because some of the quantities are simply not
known (e.g., the cross section for yy — hadrons). For this
reason frequent use has been made of the approximate
equivalent-photon method, which has frequently been called
the "Weizsicker— Williams" method.®»!" The preliminary
estimates of total cross sections and the information on
the nature of the differential distributions which are neces-
sary in certain cases can also be found conveniently by
this method. On the other hand, the literature reveals no
estimates of the accuracy of the equivalent-photon meth-
od, nor is there a complete understanding of the nature of
the method or its applicability in the case of two-photon
production.!® Equations related to the method have fre-
quently contained explicit errors (see, e.g., ref. 15). We
will therefore begin this review with an exposition of the
method.

I. THE EQUIVALENT-PHOTON METHOD

The idea behind the method was that of Fermi, who
pointed out that the field of a fast charged particle is very
similar to radiation, which can be thought of as a flux
of photons distributed with a certain density n(w) over
the frequency spectrum. The electromagnetic interaction
of this particle with, e.g., a nucleus, can thus be reduced
to the interaction of these photons with the nucleus. This
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fact was used and developed by Williams and Weizs#icker®
in analyzing the interaction of a relativistic charged par-
ticle with matter. Initially, a semiclassical approach was
used to find the equivalent-photon spectrum n(w)dw; when
this approach is used, it is difficult to estimate the ac-
curacy of the approximation. The development of Feyn-
man-diagram techniques opened up the possibility of a
simple and rigorous justification of the method. This
problem was in fact solved by Pomeranchuk and Shmush-
kevich.?! Gribov et al,?® offered a covariant form of
this derivation,

The essence of the equivalent-photon method can be
described in the following manner. The cross section for
the electromagnetic interaction of charged particles 1 and
2 (Fig. 5) is expressed in terms of the known cross sec-
tion 0y for the absorption of a photon by particle 2 (Fig.
4):

doys = ny (0) dwoy, (w). (1)

An important simplification results from the fact
that it is sufficient to use in the calculations sim-
ply the amplitudes for photoproduction on the mass
shell. (2)

Furthermore, in the extension of (1) to the differen—
tial distributions, another postulate is frequently incor-
porated in the formulation of the method:

The photon polarization is unimportant, so the re-
sult incorporates a photoproduction cross section
which is averaged over the photon polarizations., (3)

However, the virtual photons are polarized (as in the
case of bremsstrahlung), so this postulate is wrong.!4:1#
Accordingly, instead of (1) and the similar expression for
the two-photon case within the framework of the equiva-
lent-photon method, (2), we find slightly more complicated
expressions, some of which are given in subsections 3, 5,
and 6, However, for a broad class ofdistributions of prac-
tical interest, postulate (3) turns out to be justified (see
subsections 3, 5, and 6).

1, One-Photon Exchange. Relation
to Photoabsorption Cross Sections

For definiteness, we consider the inelastic scattering
of an electron by a proton resulting in the production of
some system of hadrons f: ep —e + f. The diagram in
Fig. 5, where the momentum of the virtual photon is q =
pi— pl (@? < 0), represents this process in the lowest or-
der in terms of the electromagnetic interaction. The
cross section is expressed interms of the amplitude M
of the process of Fig, 4 — the absorption of a virtual pho-
ton by a proton involving the production of a final hadron
system f. Averaging over the initial spin states and sum-
ming over the final spin states, we find
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d3p;
s
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Here T is the phase volume of the product particles f,
which have a total momentum pj, and the tensor p#¥ comes
from the electron:

Y = Sp [(py -+ m) Y (p; -+ m) ¥¥1/2¢% = g™ — gig¥/g?
+[(2pi—)* (2P — @)V g". (5)

(The factor g~* is introduced for convenience, since as

qz — 0 we have, by virtue of current conservation,
pipY MPM* ~ g?,) The quantity p#” represents the den-
sity matrix of the virtual photon produced by the electron.
For a virtual photon produced by other particles, this ma-
trix is written below [Eq. (24)]. Density matrix (5) is not
diagonal, i.e., the virtual photons are polarized.

Equation (4) is written in a form for which it is natu-
ral to introduce the terminology adopted in the equivalent-
photon method: Instead of speaking of an ep collision, we
can speak of a collison of virtual photons with a proton;
the number of these photons having a given polarization
, ¥ in a given phase-space element d°p] = daq is propor-
tional to the quantity pt¥d’q/q?.

The helicity of the virtual photon (with g® < 0) can
take on the values +1,0, The photons having a helicity
+1 are "transverse" (T), and those having a helicity 0 are
"sealar" or time-like (S) [real photons (g = 0) can be only
transverse]. We denote by o the cross section for the
absorption of a photon, and we denote by ¢'g that for the
absorption of a scalar photon. Near the mass shell (as
g* — 0) the scattering amplitudes for transverse photons
convert into the corresponding amplitudes for the real
photoprocess, while the amplitudes for reactions involv-
ing scalar photons vanish by virtue of gradient invariance.
In particular, we have

0z (0, ¢°) >0y (©); Os (0, ¢*)cog* as ¢*—0. (6)

Here 0 is the cross section for the absorption of unpo-
larized real photons. After integrating over the phase
space I' of the particles produced, we can write cross
section (4) in terms of o and og in the standard manner?
(Appendix 2):

do = (a/4n’?) [(@° — ¢) (B2 — mg)]i,f!
% 20 (1, 1) oz +p (0, 0) 05] (&P} £7), (M
p (Ov 0) =1—4 (E»—Uj/2)ﬂ (0)2__ q2)—1;

} (8)
0 =qpy/ M = (p;— p}) po/ M;  E = pip,/M;
&PpE' =d (—g¢%) dode/(2V EE—m?). (9)

where

E2.4(E—w)2—q2/2

2m? |
gar e

The coefficients p(a , b) are the elements of density ma-
trix (5) in the helicity basis. In the laboratory system

(py = 0) the invariant E is the electron energy, w is the
photon energy, and ¢ is the azimuthal position of the secat-
tered electron; in this case the integration over ¢ is triv-
ial.
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The coefficients of oy and g in Eq. (7) can be in-
terpreted as the number of transverse and secalar pho-
tons, respectively.

2. One-Photon Exchange. The
Equivalent-Photon Method.

Accuracy of the Approximation

In the transition to approximate equations in the equi-
valent -photon method, the scalar -photon contribution & s
is discarded, and op(w, ¢°) is evaluated on the mass shell,
so we have

do = o, () dn; 8
dn = {eo/[2x (E*—m?)1} o (1, 1) [d (— ¢*) dw/g?]. } el
For fixed w, the integration over —q* is carried out
from a qinin value which is determined purely kinemati-
cally,?

Copir=M20? (140 (m*/(E— )] [E(E—o)], (11)

up to some q%‘na}r This upper limit is governed either by
the characteristic cutoff parameter of the integral over
o or by the experimental conditions (e.g., only those
events in which the electron is scattered through a small
angle might be considered). The validity of the conver-
sion from (7) to (10) requires a special analysis in each
particular case.

For photoabsorption by a proton the cross section or
is known to fall off with increasing —q?, while the cross
section 0g in (6) initially increases, but never exceeds o .
We denote the characteristic scale of the o increase by
Ay; in this particular case we have A, ~ m,. If we as-
sume that the characteristic scale for the change in oggis
no smaller than A%/, we find

Os (0, @) < (| 1/A}) 03 (©)  for |P|< AL,

oz (0, ¢%) =y (0) [1 4 0 (¢/A2)], (42)

and for |¢?| > A%, cross sections o and og fall off ac-
cording to a power law.

In our example the quantities p(1,1) and p(0,0) are on
the same order of magnitude, and over a broad range | ¢?| <w?
they are essentially independent of ¢, Accordingly, for | g%|<
A%w? the dependence of do in (7) on ¢? is basically loga-
rithmic (dg®/q®. At larger |¢?| values the cross section
do/dq? falls off much rapidly. The integral contribution
of the terms taken into account in the equivalent-photon

method is on the order of | de?/q® ~ In(q%, a5/ @ in)s While
the terms discarded in the transition from (7) to (10) give a

contribution ~ S dqz/Ai, ~ qhnax/Ny. . Accordingly, the er-
ror of the approximation can be described by

N (q:nax"'A?r’) [In gina)[ql?hin e
~ (Fpax/A3) [In Qa2 /mia®] L, (13)

In an evaluation of the total cross section or of do/dw,
we have gl y ~ 1%, and the error of the equivalent-pho-
ton method is logarithmie, If, on the other hand, (ﬁnax is
lizmited by the experimental conditions, so that we have

2 : o 2
dmax < A% the error is a power-law error: 7 qmax/A'y'
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Accordingly, such partial cross sections can be used to
obtain reliable lower estimates (Subsection 8).

Within the framework of this accuracy, expressions
(10) for the equivalent-photon spectrum simplify; the cor-
responding equations are collected in Subsection 4.

For many cases of practical interest the dependences
of op and 0gon ¢ are of the same nature as in this ex-
ample, and the equivalent-photon approximation is valid.
For a photon produced, not by an electron, but by, e.g., a
pion, the quantities p(a, b) are cut off because of the de-
crease in the form factors at some |¢?| = A%, If we have
A < A, and the form factors are well known up to |q?| ~
A% or up to those values |¢?| < A%, at which they become
negligibly small, the error of the equivalent-photon meth-
od is a power-law error, n ~ (A/A%,).

If the increase in—q? is accompanied by a slower de-
crease in o, e.g., a logarithmic decrease, the equivalent-
photon approximation cannot be used. A corresponding
example is discussed in Subsection 7.

In the conversion to differential distributions it is
customary to use a natural generalization of (2) which is
based on the adoption statement (3):

d("{g = dou,s dn.

(14)

This condition does not always hold, however, since the
virtual photon is polarized, The photon polarization is
inconsequential if its target is unpolarized and if an in-
tegration is carried out over the momenta of the product
particles (so no direction is singled out). It is precisely
for this reason that (7) contains only the diagonal ele-
ments of the density matrix p(1,1) and p(0,0) and thus (10)
contains only the cross section Oy for the absorption of
unpolarized light,

If one particle is singled out in the final state, how-
ever, a direction is singled out also. Then (7) and (14)
are replaced by a more complicated expression which
contains, even on the mass shell, and additional term pro-
portional to Rep (1, —1), the off-diagonal element of the
density matrix. Here we haveRep(l, —1) ~ cos 2¢, where
¢ is the azimuthal position of this particle with respect to
the electron-scattering direction (see, e.g., ref, 24).

Precisely this situation arises in two-photon produc-
tion if two scattered particles are singled out in the final
state (see, e.g., ref. 23a).

3. Two-Photon Production of Particles

In the case of two-photon production of particles (Fig.
1) the colliding particles emit "bremsstrahlung" photons
having momenta and q; = pi — pi (i =1, 2). During the col-
lision these photons convert into a particle system f hav-
f/rgg_a total momentum k = g, + q, and a total mass W* =
k?, The cross section for this reaction can be expressed
in terms of the MM amplitudes for the yy — f transition:
do=C2EF ooy a
(2m)* 8 (g1 +gz—k) al
4V (PP —mim}
Here I' is the phase space of the product system f, and
pj is the density matrix of the i-th virtual photon, given
by (5) and (24).

Bpiddp:
SERE; G (a)
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After integration over the phase space of the product
particles, the cross section is expressed in terms of six
invariant functions, instead of the two invariant functions
o and cgas in (7). Four of these functions are the cross
sections for the yy — f transition away from the mass
shell for the corresponding photons: oo, 0TS, OST,
ogg. For example, oTs is the cross section for the yy —
J transition in the collision of the transverse photon with
momentum q; and a scalar photon with momentum g,, In

contrast to the one-photon case, off-diagonal T pp and
T g terms arise which correspond to scattering of pho-

tons involving a change in the individual helicities of the
two photons, but not in their total helicity. For example,
we have

Trr= 5 MyM*, | (2r)4 6 (g, +qs— k) dT/4 (9:92)* — q343, (16)

where M} are the helicity amplitudes for the yy — f
transition. The quantities ogzp and 74}, depend only on
W? = (q; + qy)°, and the photon mass is ¢} < 0.

The two-photon analog of Eq. (7) is (Appendix 2)'4:25

do = pr. [ Al —atd 1% 145, (4, 1) p, (4, 1) 0rr

9= T67'iqt L{pwpo)?—mim}

+2]p (1, —1) pa(ty —1)|Trr cos 29+ 2p; (1, 1) 5 (0, 0) o7s

+2F’1 (Ul 0) P2 (1| 1) cST"i' Py (O! 0) P2 {0, 0) Oss

—8]py(1, 0)pa(1, 0) | Trscos ) TETE - (17)
1~2

The coefficients pi(a, b) are the elements of the density
matrix p; in the helicity basis in the center-of-mass sys-
tem of the photons, while ¥ is the azimuthal angle be-
tween the vectors pj and p; in the same system, Exact
expressions for these two quantities are derived in Ap-
pendix 2, A significant point for our purposes is that with
|a?| < W? all the |py(a, b)| [as well as the |p,(a, b)|] are on
the same order of magnitude and are essentially constant
over a broad range.

Near the mass shell (as qg — 0) the cross sections
for processes involving scalar photons vanish, like (6),
and o and 7pp convert into the corresponding quantl-
ties for the real photoprocess; in particular o7 (q1 =0)
is equal to the cross section o for the yy — f transi-
tion for real unpolarized light (Appendix 2):

orr (W2, @) — oy (W?);t0r (W2, @) > top (W?)i01s ~ g3 Osr ~ g
Oss ~ @3q% rs ~ V @g3 for ¢t — 0. (18)

In certain cases of physical interest the dependences
of ogp and T4 on q% are similar to the ¢* dependences of
the photoabsorption cross sections, i.e., there is a charac-
teristic scale A%, such that we have

Ors, Ost, Oss, Trs < | 43| O/ AGs

017 = 0y, (140 (¢/AY)] for |g}| < A, (19a)

while for |q"i| > A?Y the cross sections ogzp and the 14p fall
off according to a power law.

The quantities of ozh and T4ph are given in Appendix 3
for the production of a lepton pair (I = e, p). We see from
these expressions that for small W ~ m; we have A, ~W.
(For W > my, the quantity oTT falls off only logarithmi-
cally at first; this situation is discussed in Subsection 7.)
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As yet we have no experimental information for vy —
h (hadrons) transitions. It has been established in studies
of the proton and neutron form factors and of the cross
sections for y scattering that the characteristic scale for
changes in these quantities as functions of g? is on the or-
der of m?. It is natural to expect that for yy — h transi-
tions also we would have Ay ~ my (at least for W > mp).
As a result we find

Ay~ Wy = Uy W~my); Ay ~my(yy— b, W =m,). (19b)
For the transition to the equivalent-photon method in

the two-photon case it is convenient to use the invariants

wj and E and to expand the vectors g in terms of the vec-

tors p;, py and in the plane orthogonal to py, p;:

O =q; (py+ pa)/2E; s=(py+ p.)? = 4E?;
qi=a;Pa+bipy+qi 15 g1 pro=0;
Epd*pyEE, =
= {(78/2) [(Pypa)? — mimi) "
X d(—q}) d (—g3) doy do, dy;
cos@=—(q119:1)/ V al1 815 (g1 <O).

(20)

In the c.m,. system of the colliding particles (in the case
of colliding beams), E is the beam energy, w; is the en-
ergy of the i-th photon, and ¢ is the angle between g, and
Q51 » i.e., between the scattering planes for particles 1 and
2, If we direct the z axis of the system along p; =—py, we
have qi1 = (0, qjx» Qjys 0). In the important region

mi/(E—w)?, |t |/W?, | gt |/:E, |qi|m}/ (wE)? <1, (21)
we can use the approximations
€05 ( = COS (F; G=¢ (1—0i/E)'—¢ nin
@ pin= MOV E (E—oy); (22)
= 4oy0g; (@192)* — q1g5 = (2040,)°.

From the nature of these dependences of oy}, and pi(a,
b) on q1 we can conclude that the basic contribution to the
cross section comes from the region !qll <A, W, For
q1 values we can discard the contributions of scalar pho-
tons in (17), retaining only the terms containing o and
7T on the mass surface. As a result, the equivalent-
photon approximation two-photon production becomes

do =[Gy dny dny + o (cos 2¢) dnt dnZ/2] deg/2m;
dni= (/7) V512 (pipa)* i (1, 1) d (— @) 0; doy/g?;
dni= (a/n) V572 (pepal | pi (1, — 1)/} x
X d(— gf) @; doy.

(23a)

The accuracy of approximation (23) can be evaluated inthe
same manner as for the one-photon case, (13), from which
this approximation differs in that it contains, in addition
to the cross sections o.,, for the scattering of unpolar-
ized photons, an interference term 7pp. This term re-
sults from the polarization of the virtual photons and van-
ishes in an azimuthal averaging, which gives, in agree-
ment with (3),

do = Ty dn1 dng. (23b)
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TABLE 1

Particle | c | D

Point spinless 0 l 1

I=e, p 1 ‘ 1

e I 0 Fa(q?)

P i Gir | [4mp6T; — g°G3,)(4m — g2) !

4, Equivalent- Photon Spectra

For processes in which photons can be produced by
various particles, we generalize density matrix (5) for
the virtual photon, determining its structure on the basis
of the gradient-invariance condition:

pwv = (ghv— qigv/q?) C (¢*) + (2P — )" (2P —q)¥/¢*1 D (4%)- (24)

The values of C and D for various particles are shown
in Table 1. Here Gg, GM,and Fr are the form factors for
the proton and pion, For a nucleus having a charge Ze we
have D(0) = Z®. We can now construct the equivalent-pho-
ton spectra for approximation (21)., Using Eqgs. (A.9) and
(A.4) from Appendices 1 and 2, we find the following for
(23):

dn;=i(1_£)£.ﬂ:ﬁ[(1_

¢l
min
; IPH H

)

Bmin -7« do; d(—qd) )@ % i
. Zimin .Ju%._r. ¢ [l_l . Timin ]
T 2me € n o e Z D; + 2m? Ci|. (25)

The quantity dn] is found from dn; at C; = 0.

Lt a(l-w/E) 1
j| W 4?::1in
s i
S8 |
i |
3 I
|
Sl e
= |
|
|
Fi 2 Y 4
g qminzqmin a ¥
i ot (1-w/E)E®
—~
o~ -
o~
Sbl,
i~}
S
o
3
: 2
0 (mw/Ey) K —gf
Fig. 6
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The coefficient (w}/2E)(E = wj) of C; in Eq. (25) fre-
quently allows us to discard this term in dnj and thus ne-
glect the magnetic moment (the spin), The we have
dn] = dnj. Fig. 6 shows dn as a function of ¢’ and ¢ (for
the case C = 0).

In certain cases the integral over —q® can be evalu-
ated easily;?) e.g., for point spinless particles we have C =
0,D=1, and

dny=n (0;) do; = (a/n) (do;/o;) (1 — o,/ E)

X 0 ¢ oy /98 min— 1+ Pnin/ 9 maxd- (26a)

For leptons we have C =D =1 and

ny (0;) do; = (e/m) (do;fwy) [(1 — o /E + 0}/2E2)
xIngt o /gdin— (1 —0/E) (1 — ¢imin/gimax)].  (26b)

If we can neglect the ¢* dependence of the form factors, we
conclude that Eq. (26a) holds for pions and kaons while for
proton [D(0) =1; C(0) = Gi,I(O) = upl, we have

1y (@) dwg = (au/mt) (des/ay) [(1 — 04/ E 4 piol/2E%)

X In @ max /9% min— (1 — 0/ E) (1 — @min/Pmax)l.  (26¢)

Finally, we write the spectrum of equivalent photons
produced by a proton, taking account of the ¢® dependence
of C and D. In the usual dipole approximation, with Gg =
GM/Hp = (1= q/q}) " and o} ~ 0.71 GeV?, we have

dog g
np (1) dooy = 2L [1— 5

E |
Lo () o ()

w1 (B e2)]

3 a:
x[—1n (”%Héim.i

m2y; 2 vi r (26d)
+miaas =1 (1+4)
% |'(1 e 4:;3)—41113%*_

3
gt
ét kar (1—

1

4m? ) ’rh] i

a3
2 2
_Yimin_

V="m ~E@E—op

The accuracy of the description given by the spectra
(26) depends on the formulation of the experiment; we con-
sider two possible cases.

1, Particles scattered through small angles 0; =
Omax <1 and having momenta p}, p} are detected (these
particles can be extracted from the beam by means of a
magnetic field because their momenta are reduced!%%),
Here, for o} o = E(E— w0 o + aixi< Azy, the accu-
racy of approximation (13) is a power-law accuracy, in-
creasing with decreasing 0p,5x-

2, Only particles formed in yy collisions (e.g., the
production of /*7~ pairs in pp collisions) are detected;
here we have ‘ﬁnax ~ A%,, and the error is logarithmiec.
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Using the crude replacement of ¢ ; by m*W%/s, we find
from (13) that the error of the approximation is 7 ~ [In
(A% s/m? W)]-!, Accordingly, for the production of ha-
drons in colliding ee beams we have n-! ~ In (m}s/maW?),
In evaluating the asymptotic form (E — ») we can signi-
ficantly simplify Eqs. (26), finding the basic logarithmic
approximation:

n (@) dog =(c/n)(do;/0:) In (Fmax/@imin)s ¢ min= (mei/E)* (27)

Equations (25)-(27), in which the index i should be
assigned a specific value, hold for the problem of one-
photon exchange,

II. USE OF THE EQUIVALENT-PHOTON
METHOD FOR TWO-PHOTON
PRODUCTION OF PARTICLES

We have seen under which conditions the equivalent-
photon method can be used and how accurate it is. We
will now use these results to write convenient approxima-
tions for cases of practical interest.

5, Distribution of the Total
Momentum k = q4 + g5 of the
Product System Distribution
with Respect to W? = k?

Since we have W2 = 4ww, (for |gf| « W?), we find from
Eqgs. (23)-(27)

“max

do|dW? = 6y, (W?) 5 7 (@) n (0 = W2/ho,) doy/bo,.  (28)

“®min

The region of the integration over w is governed by
the conditions wj < E or ¢ ;. < @44y, i.e., we have

Of oy =min {E, E V@ max/Mi}; ©1min= W?/40; max- (29)
For electron beams, for which generally ¢, > m%, we
find @§ s = E.

For the integration over this region we have, in the
first logarithmic approximation,2®:27

do/dW? = (2/3) (a/m0)? (0yy/W?)
L L2+ 3L (Iy+ L) + 6Ll for 1> 0;
X { (L4 1g)® (L -1y 4-31y) for 1, >0, lg<0;} (30)
(L+U+1L)P for Li<<0;
L=1n s/W?; 2l;-==1n (¢} max/m}).

An unusual situation arises in the production of had-
rons in colliding electron beams. Over a large energy
range in this case I, = I, = Inmp/mg > L/2 = (Ins/W/2,
so we can improve the accuracy of the result by accurate-
ly c;xlculating the coefficient of 7 "; in (30); we find [ref.
253

do/dW? = (20./m)? (/W) {12 [(1 + W?/28)2 L
— (3 W2/s) (1 — W*/s)/2] + 1, L2 + L?/6} (31)
[we recall that here the accuracy of n is ~ (27 + L)'I].
To illustrate the importance of this refinement, we note
that, even for s/W? ~ 30, Eq. (30) gives a value which is
too large, roughly twice that given by (31). Attheenergies
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available today, Z; > L/2, and it is a good approximation
to retain in (31) only the term proportional to 1§,

Distribution with respect to e=w,; + w,
and kgz. Inthe c.m. system of p; and p,, the quantity ¢

is the total energy of the product particles. For [k |«

Wz, the longitudinal momentum of the system of product
particles is k, = v&* ~ W* ® w;— w,, Taking this cir-
cumstance into account, we find from (28)

} (32)

2.2
/minf]

do = (de dW2/4 V& —W?) n (0,) n () 0yy (W?2)
= (dk AW AV EETWE) n () n (@) 0y (W?);
ke =0y — 0y =y — W?/4oy; 0, 3= (e &= k;)/2.

In the first logarithmic approximation, we have

do = (a/n)? (dk, AW W2 ) T2 - W? ) 0yy In [E2}

max

X In [B2g3 0 p/mio?]. (33)

Distribution with respect to k; = qq1 +
Qg1 » Wi, Wy. This distribribution is an important par-

ticular case of distributions for which account must be

taken of the polarization of the virtual photons, i.e., of the
contribution of the term T in (23).2":?® We can rewrite
original equation (23) as follows (for simplicity, we as-
sume C =0, D, D =1):

wy \ d0y doy d‘lkl_

ST G [oN)
do=(5%) (1—7) (1-F
S qf | (k—q)3 [Opy-+Trr cos 2g/2]
(4t | —mioYE)? [(k—q1)} —m3o}/E2R

Wy

(34)

q115

COSQ= —{q1| (k_'h)_f_/Vq%J_(k_‘Qi)i .

In the region |k’ | € (mjw;/E)? either we have |of, | ~
(mi""’i/ E)? for both quantities or we have q;; =—qy; in
either case there is no averaging over ¢ which will cause
the TpT contribution to vanish. In particular, for k, = 0,
we have cos 2¢ = 1, and the cross section® is proportional
to (0y + TpT/2). Cheng and Wu'® pointed out that for
small k, , the answer cannot be expressed in terms of Ty
alone, We emphasize that this result by no means implies
that the equivalent-photon method of (2) is "inapplicable"
for two-photon production of particles; it simply corre-
sponds to a violation of additional assumption (3),

However, the basic contribution to the cross section
comes from large | k% | > (mjwi/E)*. In the integration
over qy, (for fixed k; ) the basic contribution comes from
two symmetric regions: (mw/E)? « | g}, |<« |k} | and
(mywy/E)? « | (k—q)’ | =}, |« K’ |. In the first of
these we have k, —qy; = k;, and the only part of the in-
tegrand in (34) which depends on ¢ is cos2¢. In this re-
gion integration over q;; in the first logarithmic approxi-
mation thus causes the T contribution to vanish, The
integration over qf , gives the large logarithm Iln|(E%}) -
(mfw?)~!|., Taking both regions into account, we find

do =2 (o/m)? [doy doy d (— K1)/ (@405 | kY |)] 0yy

X In [k (pupa)) (Wimyms)l; | KL | (maoi/E)E.  (35)
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6. Differential Distribution with
Respect to the Momenta of
the Product Particles

To construct the equivalent-photon method in this
case in accordance with (2), we discard the contribution
of scalar photons and evaluate the other amplitudes on
the mass shell, In this ease the differential eross section
(15) is expressed in terms of five helicity amplitudes Mgp
for the yy — f tranmsition (g, b = + 1 are the photon heli-
cities) (cf, ref, 29). To obtain a direction from which to
reckon the azimuthal angles, we select one of the product
particles, having a momentum k;, Then in approximation
(21) we have

do = (o*/qiq3) {2p1 (1, 1) pa (1, 1) [| My P+ | My 2]
+2|pa(1, —1)pa(1, —1)[[MM*y_y
X €08 2 (g — @) + My M* 1 cos 2 (p; + @,)]
+4py (1, 1)|pa (1, —1)|Re (MyMi_1) cos 2¢,
+4[pi (1, —1)|p:(1, 1) Re (M M* 44) cos 2q4}
X (8 (@1 + g2 — k) AT/4 V (p1pa)® — mim] (36)
X [d°pid® py EE];
—pi(1, 1) =C;+2D,E%q | jolgh;
[p: (1, —1)|=2D,E*q}) /wigh;
cos gy = —(gi ki1 )/ V @ Kl ;
®1,3=Gu.2 (D1 + P2)/2E = kpa,1/V 2ps D0,

where ¢ is the angle between vectors qj and k; ;. Am-
plitudes Mgy, depend only on invariants such as qikj, kikg,
W, andq?. On the mass shell we set o =0andg; "= 0in
these invariants,

The differential cross section with respect to the mo-
menta of the product particles is found through an inte-
gration over pi, which can be carried out conveniently
through the use of

8(01+9: — k) &p; &P/ E\E; = dq, [ [2(E — o) (E— ;)]
=dqy)/ [2E* (1 —e/E - W2*/4E?)]. (37)

The characteristic scale #z for the change in ampli-
tudes Mgy, as functions of g}, is at any rate no smaller
than the characteristic distance to the nearest singularity
in the plane of the variables [P kj}z, i.e., we have p ~
mg for lepton production and . S my for hadron produc-
tion. The integrals over qf  in (36), on the other hand,
are cut off at |}, | ~ [K% | > (mjuw/E)?, so for |k} |« u
we can also neglect the dependences of form factors C and
D on qz. Then the remaining integration over gy can be
carried out in terms of elementary functions.'®*° The re-
sult looks formidable, but it has a power-law error:

i |k_|_r/ﬂ-

We restrict the evaluation of the integral of (36) to
the first logarithmic region, (mjwj/E)? « | K’ | < p? 2728
In the integration over q,, the basic contribution comes,
as in the derivation of (35), from two symmetric regions:
(mywy/B)® <« |qf) | <« [I} | and (mywy/E) <« | (k = qp)3 | =
ladil< |k |. In the first of these regions the angle ¢,
is the same as the variable integration angle between diL
and k; | , while ¢, is the same as the fixed angle @, be-
tween k, and k, (cos ¢ = _(klkil)/(kik%L)i/g. Accord-
ingly, after integrating over q,;, taking both these regions
into account, we find
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do = [(8n)? a!/W*[ k% |1 {4142Ryy + B,B,Ry, cos20,} )
X In [E4 (pyps)/W2myms] dT;

Ai=1 —(Di/E-f-C,' (0) w%,’ZEE; B,‘ =1 —;/E;

(dmce)® Ry = (| My [+ | M1y [*)/2 (38)

= ghW gV’ W\ *ev 14

(4nc)* R, 005 29, = — - Re [M1y (M 4 M_y;] cos 29,

= g (2K kY kY — gvv') MY’ 4,

7

In particular, for the yy — [ 1]~ transition, we have

Ryy=2W2/(ml — k} ) — 4 (mb + &b, )/ (m} — K} )% 585
Ryy= —8m%3, / (mf — k7)),

In addition to the term Ryys which corresponds to the
scattering of unpolarized photons, the results contain the
term Rf;,y corresponding to the polarization of the virtual
photons. Accordingly, supplementary assumption (3) is
not valid here,?)

However, for many distributions of practical interest
which are found from (38) through a partial integration
over some parameters of the product particles, the quan-
tity R?,y drops out, In particular, it is clear that RZ_ van-
ishes in an integration over the angular coordinates of the
vector k, , since R%’,y and R, do not depend on k; on the
mass shell,

For the production of a pair of particles, assumption
(3) is valid for a broad class of distributions, Denoting
the momentum of the second particle by k, =k — k,, and
for the case of small angles ¥ showing the deviation from
a planar situation (the angles between k;, and —k,,), for
which we have |k, |> |k |, we find

€08 29 = (z® — 4 sin®y/2)/(z2 4 4 sin? P/2);
K1 =hiL (2*+4sin® p/2); (40)
T=(|k1y |—|key |)/|fory |-

If, in the c.m, of the initial particles, we fix |k, |, #, and
the particle-pair emission angles 64, 8,, the integration
over |k, | can be carried out simply by setting k; | =—ky
(or x = 0) everywhere except in the rapidly changing fac-
tors 1/k% and cos2¢,. Noting that |k, | =|k,| sin 0,, we
find®)

j d |l |/| KL | = /(2| Ky | sin 0y sin 0, | sinp/2]);
(41)
j (cos 2qy/k%) @] ky | =0.
Accordingly, the distribution with respect to |k, |, 64,
8y, ¥, or with respect to some of these parameters, is

given in the first approximation by simply the first term
in (38).28 Substituting (41) into (38), we find"

mima/Pips << P* <1 m | k2 | ~ W2 [31, 32]
do = (20 Ryy/nW*) (1 —e/E) (sin®0,/ee, sin0,)
X [k Pd |k | dB, dOyd/ | sin¢/2] In [(sin®(/2) pypa/myms]. (42)

To find the distribution with respect to |k, |, 6;, 6y, it
is sufficient to integrate (38) over k o
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(43)

2o Rw]k1|3d|k1]sinﬂﬂld81d92l PPz )2
i [1n ]

do=—. .
€485 5in2 0, myms

For the production of a lepton pair, this result was
reporteds) in ref. 5; the case in which an arbitrary pair
of relativistic (W* > k}) particles is produced was discus-
sed in ref, 33; and Eq. (43) was obtained in general form
in ref. 31. In the case of the production of a pair of rel-
ativistic particles (W > m?) at large angles (6; ~ 7/2 in
the c.m., system) and in the case of smooth dependence of
Ry, onkjy, we can simply set 6; = 7/2 or I, =—W"/4
Ryy:

Then it is easy to obtain a useful estimate for the cross
section in the region W > Wiin, ™= 040 > 05 > Omins
where we have 7/2 — 6., << 1, and with an angular dif-
ference |0y + 6, = 7| > Xpin®"*

o 5
¥min12 1, i max 7, *L2max .
2 emln 2 :I In miw2 Lu miwe !

(44)
|83+ 03— 7| =% min

In particular, for the production of a lepton pair we have,

from (39), R,y =~ 4 and R R.,, dWY/W! = 4W-2, . The
quantity Wmin/ 2 is approximately equal to the energy
threshold for the detection of the particles of the pair.

7. Calculation of the Production
of Massive Lepton Pairs.
Means of Inclusion Streams

In this case the equivalent-photon method is inap-
plicable,s) since the last relation in (12) is violated. With
W > m3, | ¢}| (Appendix 3), we find

Orr = Oy {1 — [In (1 4-a) + a (1 4 a)72}/[In (W?/m}) —1]
+ 0 (g/Wh);
a=(m}— q}) (mi—g2)/miW? Ops, Osr, Oss<<|qt|Ow/W?
Tpr <& mfo'w/Wz.

(45)

An important (power-law) decrease in o occurs at
| | ~ W*, If W* > mj, the dependence of o on g can
no longer be neglect over a large region (Wm;)® < gfgd <
wt (in this region the decrease is only logarithmic)., Ac-
cordingly, for In(W’/mj) 5 In(pyp,/mymy), we replace (23)
by the slightly more complicated equation for oy given
in (45):

do = (a/2n)? (040, do, duy/EY)

x [ (@atdadiaiad) o4, Dos (1, )orr (7, g3, g, (46)

The analogous situation for the case of bremsstrahlung
production was discussed in ref, 34.

The situation is simpler in the production of massive
lepton pairs in hadron collision for m; W > m?, In this
case the integrals are actually cut off at | o} | ~ mf)/ 4 be-
cause of the form factors, and we find opp (Wzl, 0, 0)—
opp (W2, f, gf) € m}0,,,/4Wm;. Again equivalent photon
approximation (23b) turns out to be valid. When expres-
sions (26d) are used for the spectra, a power-law depen-
dence is found: 7~ (mg/4Wml) (Ins/WH)-1,
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!._..._..q.e"

;

Fig. 7

In this latter case an important contribution is made
to the eross section by processes involving stream pro-
duction (Fig. 7), in which case the particle with p; trans-
forms into a stream with total momentum pi during the
emission of the photon, At high energies, the various
streams overlap slightly, so here again we can use the
model in which the stream is replaced by a massive par-
ticle, and we can neglect the interference between the final
states of particles 1 and 2, In this case the quantities C
and D in (24) are given in terms of the familiar structure
functions for deep inelastic ep scattering:

Ci=—(2milg)) | Wy (v, o) dpi’

Dy = (1/2m;) j Wy (pi*, ¢3) dpi®;
9% min= (pi* — mi) 0:/(E — ;) + mio/E (E — ;).

(47

Form factors C and D decrease with increasing —q¢?, and
the characteristic scale for this decrease is ~ m%. This
result allows us to use the equivalent-photon method for
Wiy > m?, as above,

8. Lower Estimates for the
Cross Sections

In certain cases (particularly for evaluating possible
new experiments) it is useful to have reliable lower esti-
mates for the cross sections. This information is espe-
cially important, since in all known cases of two-photon
production of particles the first corrections to the first
logarithmic approximation are negative and, at the ener-
gies presently attainable, are of the same order of mag-
nitude as the principal term.%%%3¢ On the other hand, ac-
cording to (13), a sufficiently accurate calculation of the
contribution of the region | ¢* | < glax = A% gives a reli-
able estimate of the cross section, This is a lower esti-
mate since the rest of the ¢® range makes a positive con-
tribution. As q},,x decreases, the reliability of the esti-
mate increases, but the magnitude of this estimate also
decreases, We will illustrate this situation with two ex-
amples,

The idea of obtaining a lower limit is demonstrated
most simply for the case of the reaction pp — ppe'ﬁe‘ 2B A
Although the result found by Racah® for this case, (54), is
quite accurate, this simple estimate will be useful be-
cause the region making the calculated contribution to the
cross section is clearly defined in this deviation.

For this reaction, for W/ml not too large, the charac-
teristic parameter of the q® cutoff is A2, ~ W2, Choosing
a lower number 7, we restrict the subsequent q?l range:
—q} = nW?. Since in this range we have W* = 4ww, and
& min = m%}wzi/E(E- wj), the condition g} ;. < W also
bounds the w; range: me/ 4EVN = wy = Ez}%/mp.

Using wj/E < W/mp « 1, we can write, with an error
on the order of 1,
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Integrating over this range and over W, for 2mg =
W= Wpax, we find (for W45 > 3mg)
} (48)

For Vs = 40 GeV, Rach's result (54) yields o = 0.2 mb,
while (48) for n = 0.1 and Wyax = 20m, yields ¢(0, 1) =
0.1 mb, i.e., half the total cross section [the error of the
(0, 1) calculation is on the order!® of 10%].

o (T') = (28{1"/271'[7&5) [L'l:'l + 3L"]/2 g -1/2]
X1 — (18m§1’7Wr;ax) In (Wmax/me)al;
Ly=1nns/mj—1.

As a second example we consider two-photon produc-
tion with hadrons in colliding ee beams, Here it is useful
to estimate the contribution to the cross section for the
production of a hadron system having an effective mass
W from the region of relatively low electron-scattering
angles 8; < Oy % (case 1 in Subsection 4),13,4,25 In the
important case 1 <« y = 2E sin (01a%/2)/me < mp/me we
find from Eqs. (26b) and (28) the following result, within
~ (yme/mp)* [In (sy2/ W]~

do = (2a/a)* (dwéfwg) Oy (W) T (s/W2, %)
R
J ey ) = (4/48%) | (@z12) 1 (2) 1 (]2)3
1

f(2)=(2a®—2z+ 1) In[y(z—1)] —z(z—1).

(49)

Substituting into (26b) the value ¢f = |d® [ (1 -
wi/E)~!, with fixed | ¢4 [max < A%, we canreplace (49) by
the estimate found in ref. 36 for the cross section for the pro-
cess ee — eeu’u” at not too high energies,

9. Photoproduction According to
the Primakoff Scheme (Fig. 2)

This process is a one-photon exchange process, but
the photoproduction cross section in the result is replaced
by the cross section for the transition yy — f. Accord-
ingly, we can conveniently find an answer from the equa-
tions for two-photon production, (17), if we choose factors
corresponding to the upper part of Fig. 1 and replace pélﬂ'
by the density matrix of the real incident photon, If the
photon is unpolarized, we have pi#' = gh#'/2; if the photon
is polarized we have pHH' = ete*L" (e is the polarization
vector). In this latter case we find

} (50)

The exact expressions for p,(a, b) and fj’z 1 are given in
Appendix 2, and the argument of oy, o1g, and 77 is
af = 0. For unpolarized light, the term containing 7T in
(50) drops out,

do = [0 (9192)/47°¢; (q1P2)] [2p5 (1, 1) 0pp +pa (9, 0) 0rs
—lpa(t, —1)|(1-+2|epay [*/p3)) tor] d°pi/Ey;
Doy ~(s—m3) g\ /W2,

The equivalent-photon approximation is found by ne-
glecting the opg contribution and evaluating opr and T
on the mass shell. For unpolarized light we have do =
0yydn, [cf. Eq. (10)], where dn, is found from (25) by re-
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placing w,/E by W?/(s — m}). For production in the case
of a nucleus having a charge Ze the only important term
is that proportional to D, = Z*F%(q}) (F is the nuclear form
factor):

2 2 2
do=ZE P @G Bl o, (1)
The principal contribution to the cross section comes from
the coherent region, for which the integral in (51) is cut
off by the form factor F(q}) at low values of |¢}|= A%, If
the nuclear form factor is known up to values considerably
above A}, we find, after integrating (51) over g for A, <

»apower-law error for the approximation: 1 ~ (A o/Ay)? -
[In (4w®A3)/W*™ . In the laboratory system, with p=0
(where w is the frequency of the incident photon), we have

‘2
' Pa]
pe

s—mi=20my; W?x 20ps,; —q’ s
(52)

=8in®0; g5 yin = (W2/20)%

In this case the total transverse momentum of the system
of product particles isk; =q,, =pj, , and the distribu-
tion with respect to k; is that shown in Fig. 6.

III. TWO-PHOTON PRODUCTION OF LEPTONS

Let us consider some of the physical effects asso-
ciated with two-photon production of lepton pairs and some
possible applications of this process, Here we are deal-
ing primarily with the production of ete~ pairs in colli-
sions of fast charged particles. Landau and Lifshits® cal-
culated the cross section for this process in the first log-
arithmic approximation:!!)

0 =28(Z,Zy)® at13/2Tum3 = 1.4-10%0 (Z,Z,)* PP cm?,

l=1n 2p,ps/mem,. (5a)

We can now see two characteristic features of this pro-
cess:

1) Its cross section is slightly smaller than the ha-
dron cross section: a/mg =~ 2/mgp and, even at moder-
ately high energies, we have al® s 1, ie.,o3 (2122)2 .
a/mk .

2) As the energy increases, the cross section in-
creases quite rapidly, ~ I°,

Many differential distributions of the product elec-
trons of practical interest were reported long ago® for
the region which makes the basic contribution to the cross
section, Although these distributions are written in the
rest system of one of the colliding particles, a simple
modification makes them suitable for the case of colliding
beams,'2) Bhabha' also calculated these distributions over
a wider energy range.

At the energies currently obtainable, we can use (53)
only for an order-of-magnitude estimate of the production
cross section for e*e~ pairs, since the first logarithmic
correction, proportional to 12, has a large negative coef-
ficient. The coefficients of /' and I° depend strongly on
the nature of the colliding particles, Racah® calculated
the cross section for the production of e+e~ pairs in the
collision of two heavy particles A; and Ay:

Budnev et al, 108



(£12Z5) ot
27mm?

— 348 —130%/2 -+ 218 (3)] & (ZZa)* 1,4+ 10790 [(1 — 2.12)?
+2.2(1—2.42) + 0.4] om? (& (3) =1.202) (54)

OAgdg—+Agdgere- = ]2813 — 17812 + (7:|'|'3a -+ 370) 1

[the discarded terms are of the order of m;m,/p;p, or
(me/my)?A%/?], The coefficients of 12 and I recently cal-
culated inref. 35 agree with those in (54). The cross sec-
tion for the production of p*u~ pairs in ete~ equations
was calculated by Baier and Fadin®® and Kuraev and Li-
patov:*®

28a4 178 . 3
Oeeseeptp~ = 27:“,13 [53"— 93 *—Bl+ C] 3

B = (4203 +196.40, + 152+ T/15 + 2] 2 258;

sl ol
= | 1488+ 184815 4 1, (1109 + 55— Tn?) -
s 51463 1L A D

1 (864 ) @2+ g — 1895 (3) — 5 | ~ 1855;

2

l,=1In (%) ~ 10.67.

/

For Vs £ 1 GeV the cross section (55) is negative, so
here we must take into account terms of order s~!. Ac-
cordingly, at the energies currently obtainable, the lower

estimates are more useful (Subsection 8).

The cross sections for the processes ep — epete~
and ee — eeete” were calculated in refs. 8, 35, 36 with
the same accuracy as in (54), with the indistinguishability
of electrons neglected. When this indistinguishability is
taken into account, as in ref. 36, the coefficients of 7' and
19 are charged only slightly.

Various differential distributions have been calculated
for the reactions up — upete~,’% ep — epete=,*? up —

pptup,Y and ete — ete~ete- 3%

In concluding this discussion, we note that the results
of early studies®~® unfortunately have been largely over-
looked, so that studies are still appearing which are re-
producing various particular results of refs. 5-8.

10, Production ete~ Pairs

Stopping of fast muons in matter. As fast
electrons pass through matter, they lose energy primarily
as a result of bremsstrahlung. For muons the brems-
strahlung cross section is ~ oza/m2 , much smaller than
(53). However, the average energy loss per two-photon
production event turns out to be smaller than that during

7‘7-27

//
w, 7072 <
§ g
% /
~
‘g‘ 10-23
o /
m—J’.’J
7 102 70° * E., Gev

Fig. 8
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bremsstrahlung events by a factor of mﬂ/ mg. Accordingly,
the energy losses due to the two mechanisms turn out to
be of the same order of magnitude (see, e.g., refs. 38 and
41), The magnitude of the loss depends strongly on the
exact form of the distribution of product electrons near
the boundary of the region making the basic contribution

to the cross section, a distribution not found in the equiv-
alent-photon method.

Contribution to the total cross section
of high-energy hadron processes., Inthe in-
teraction of cosmic protons with nuclei in the atmosphere
or in an emulsion, two-photon production of e*e™ pairs
makes an important contribution, which increases with
the energy, Figure 8 shows the cross section calculated
from (54) for this process as a function of the energy.
For Ey, ~ 10 GeV, e.g., we have

OpA-pdete= = 0,722 mb, (56)

Converting this cross section to the cross section per
proton for nitrogen (Z = 7), we find 5% of Opp = 40 mb.
Accordingly, this effect could turn out to be important
in interpretation of the results of the experiment de-
scribed in ref, 42,

Study of the pion and kaon form factors.
Geshkenbein and Terent'ev® recently suggested that 7A—
wA? 17~ and KA — KAl *]~ reactions be used to study the
7 and K form factors. For (Za)?/|q| > R? in these reac-
tions (where R is the nuclear radius), the two-photon con-
tribution (Fig, 1) predominates over the bremsstrahlung
contribution (Fig. 3, a and ¢), so the 7 (or K) form factor
can be determined from the known cross section (17).
Scattering by the nucleous is coherent, and the nuclear
form factor (the lower part of Fig. 1) can be neglected
for | q§ | < R~2, For Za ~ 1 these conditions are equiv-
alent.

To determine the form factor Fﬂ(q‘i) in the region
—q} ~ 1 GeV?, we can carry out calculations for scattering
of pions by lead. The conditions stated above are satis-
fied if the pion energy loss is at least 30-50 GeV; in this
case cross sections of ~ 10~* em? must be measured,
and the momentum of the recoil nucleus must not exceed
10-20 MeV.

Possible calibration of accelerators
with colliding pp and pp beams, One of the
principal parameters of a colliding-beam accelerator is
the Iuminosity, L, defined by N = Lo, where N is the num-
ber of events per unit time for a process with a cross
section o, If a process having a cross section ¢ which is
not too small is understood sufficiently well, if it can be
clearly distinguished from other processes, and if it is
convenient for detection, experimental study of this pro-
cess would constitute an independent method for deter-
mining the luminosity L of the apparatus. In this case
there is no need for detailed information about the distri-
bution of the beam density in the interaction region, which
is difficult to measure,

For accelerators with ete~ colliding beams the prob-
lem of choosing such a calibration process is one of select-
ing the most suitable process from the many for which
calculations have been carried out on the basis of quantum
electrodynamics. For example, the basic calibration pro-
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cess used at the VEPP (colliding electropositron beams)
installation (at Novosibirsk) and at Orsay is the double-
bremsstrahlung process. In accelerators with pp colliding
beams, calculations for nearly all the reactions must use
strong-interaction models, i.e., accurate calculated re-
sults cannot be expected. Such reactions are unsuitable
for calibration,

It was shown in ref, 37 that calculations can be car-
ried out on the basis of quantum electrodynamics with an
error of ~ 10~ for the pp — ppe*e~ reaction if the en-
ergies and emission angles of the e* in the c,m. system
of the protons satisfy the inequalities €, < 20meE/ mp;
|k, |, W < 20me. In this region the cross section is de-
scribed completely by the diagram in Fig, 1 and the ra-
diation corrections to it. The contribution of this region
to cross section (48) is at least 0,1 mb. This process
may thus be useful for determining the luminosity in ac-
celerators with pp colliding beams, In this range of e+
energies the protons essentially stay within the beam, and
detailed knowledge of their form factors is not necessary.
The differential cross section was calculated within this
error in ref, 37, and the importance of possible back-
ground processes was discussed.

Measurement of the polarization of
high-energy y's. The azimuthal asymmetry of the
recoiled electroninthe ye — eete™ reaction is governed
by the photon polarization. Boldyshev and Peresun'ko
suggested the use of this reaction to find the photon polar-
ization," At a photon energy wy > 100 mg the cross sec-
tion is described by the diagram in Fig, 2 and is given by
(50); the quantities o, 0TS, and 7 appearing in this
cross section are calculated in Appendix 3, Polarization
measurements require knowledge of the azimuthal distri-
bution of the recoil electron integrated over the momen-
tum of this electron above some threshold value | P Fing
Vinokurov and Kuraev* recently obtained the correspond-
ing distributions in analytic form., The asymmetry pa-
rameter is independent of the energy and essentially in-
dependent of | p] |p,in Over the range 0.2me < | p} | ;min <
10me.

11. Some Reactions of High Order in a

The increase in accelerator energies opens up the
possibility of measuring reactions of extremely high or-
der in o. The cross section for the production of two
ete~ pairs, ee — eeete~ete~, can be calculated in the first
logarithmic approximation from (30) from the known cross
section for the reaction yy — e*e"ete-. In contrast with
Oyy— ete-, which decreases with increasing W2, the cross
section for yy —e*e~ete™ is asymptotically constant,
equal to 6,45 ub.'* The cross section for the reaction
ee —~ eeete"ete~ is thus:

0= (Cfagllﬁﬂ:a) Oyysete-ete— [11’1 Sl’mg]4, (57)

equal to 6 -10~*! em? for Vs = 7 GeV.

This reaction can contribute an appreciable back-
ground in measurements of the total cross section for
vy —hadrons, particularly for the case of photoproduc-
tion in nuclei, yA — Aete~ete~ .4

In ee colliding beams the cross section for the pro-
duction of parapositronium Py in the free state turns out
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Fig. 9

not to be too small.® It is of the same order of magni-
tude as the cross section for the production of C-even
hadron resonances:

0= (" (3)/3m3) [In s/m3]® = 6,6-107%7 [In s/m?2]® cmﬂ;

E(3)=1.202. (58)
The Pg velocity may turn out to be so high that this par-
ticle converts into orthopositronium in the magnetic field
of the accelerator, and it may even decay into an e*e-
pair,

Fadin and Khoze* noted that in ee colliding beams
two-photon production of an e*e~y system (Fig. 9) pre-
dominates in the production of protons having an energy
of the order of 1 MeV at small angles, 6 ~ 1, This pro-
cess is a radiation correction to the process in Fig. 1;
its cross section is

do~[ad/(me+0?)]1In?s/m? (do/0)dQ/2sin%0. (59)

On the other hand, the cross sections for single and dou-
ble bremsstrahlung in this region fall off as o3/s and a¥s.
Their contributions are negligible under the conditionm? +
w? £ als,

12, Production of Massive ptu-

Pairs in Hadron Collisions

The Lederman group” carried out an experimental
study of the production of massive p*u~ pairs (W ~ 1-6
GeV) in collisions of protons with a uranium target at an
energy of Ey, ~ 20-30 GeV. The results of this experi-
ment attracted much interest.’!”%® Possible mechanisms
for this process are being discussed, and plans are being
made to continue these experiments at much higher en-
ergies (ISR and NAL). Here we will be concerned only
with the role of the two-photon channel in this process.

At low energies the two-photon contribution is neg-
ligible,?® and the one-photon channel predominates in the
experiments of ref. 50. One-photon production of a Ty
pair consists of the production of a hadron system with
J =1 and a subsequent transition — y=utu~ (the simplest
description of this process is found from the vector-dom-
inance mode151). But in this case the cross section for
the one-photon reaction should not increase, as in the case
of the cross sections for the production of any combina-
tion of hadrons with fixed mass, except for a threshold in-
crease at relatively low s ~ W2,

The cross section for the two-photon process, on the
other hand, increases rapidly with energy: do/dW? « In’s,
As was shown in Subsection 7, in this case, for W2 s> m?,
the equivalent-photon method vields a cross section da/P dw?
with a power-law error, n ~ (mf,/ 4 Wmy) [Ins/W~!, For
the production of massive putu~ pairs in proton collisions
it is convenient to write (28) ag?’
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do/dW* = (20/50)? (Gyy/W) J (s/W2). (60)

The function J(k) is calculated from the spectrum (26d).
Curve 1 in Fig. 10 shows the computer-calculated J(k),
while curve 2 shows the same value in the first logarith-
mic approximation, (30): J(k) = (In’k)/6. In Fig., 11 the re-
sulting do/dW values for S = 2500 GeV? are shown along
with the data of ref. 50, converted to correspond to pp col-
lisions at s =~ 50 GeV®., We see that for W > 2 GeV these
cross sections are of the same order of magnitude,

Accordingly, if the one-photon contribution does not
increase rapidly with increasing s, we conclude that for
s 3 1000 GeV? (in the ISR experiments) the two-photon
mechanism for pair production must be taken into ac-
count.?’»*® The contribution of the process involving stream
formation (Fig. 7) is of the same order of magnitude as
the calculated contribution (Fig. 1).

IV, TWO-PHOTON PRODUCTION OF HADRONS

Of particular interest among the two-photon produc-
tion processes is hadron production, Primakoff,’* who
was the first to analyze this process, suggested measure-
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ment of the ° lifetime in a reaction like that in Fig. 2. In
1960 Low'! pointed out that the 7° lifetime could also be
measured in a reaction like that of Fig, 1 in the case of
ete™ colliding beams. At the same time Cologero and
Zemach!® analyzed the two-photon reaction ee — eer +r-.
However, such processes could not be observed in the
early accelerators with ee colliding beams, and these ex-
perimental studies have not been developed further.

Two -photon production of hadrons in ee colliding
beams has attracted much attention in recent years. The
production of 7 - and K-meson pairs has been studied,!?s115
In actual colliding-beam experiments one can not only
measure the cross section for a reaction such as ee —
eerm, but also extract information about the new reaction
vy — h (hadrons)!*s?% (see also refs, 16, 29, 55, and 56).

In this case there is the unique possibility of studying the
amplitudes for yy — h transitions and of measuring their
dependences on both W and on the "masses" q% and q% of
the two photons. This problem has not yet been studied
experimentally, so it is worthwhile to briefly discuss from
the theoretical point of view the actual object of the study:
The various channels of the yy — h transition, This dis-
cussion is found in Subsections 13 and 14,

Significantly, the cross section for two-photon pro-
duction of hadrons increases as In*E, and for accelerators
with e*e~ colliding beams this channel must predominate
at Vs 3 4 GeV, Various possible experiments are discus-
sed in Subsections 15-17,

13, Object of Study.
Transition on the

Mass Shell (Iq'g'l« w2, mz)

The yy — h

Although the yy — h transition is not being studied
experimentally at present, current knowledge of hadron
and lepton—hadron collisions leads to several predictions,
some of which are quite reliable, The major prediction
refers to the nature of the W? dependence of the total cross
section for the yy — h transition: It must have the form
shown in Fig, 12, Near the }hreshold we = 4m§r , we find
Tyy ~ (@/mq Y(1-4miw%)¥2, As W increases, in con-
trast with the quantum -electrodynamics result, the cross
section does not decrease. The basic contribution is at
first due to the S wave for mr scattering (the € meson).
Then Ty displays several resonance peaks, and at even
larger W it gradually converts into a constant, 0, (),
as the cross section for any hadron process does.

Pion production near the threshold. The
cross section for the reaction yy — mtr~ should presum-
ably the approximately equal to that calculated in quantum
electrodynamies. Current algebra and PCAC (partially
conserved axial-vector current) can be used to calculate
the deviation of this cross section from the quantum-elec-
trodynamics cross section, The cross sections calculated
for the reactions yy — n7®, yy — mtr=70 ... on the basis
of these models turn out to be small; for the reactionyy —
nm, e.g., the matrix element falls off as (momentum)n*1

Cross section for the reaction yy — 77w
for W £ 1 GeV. This cross section can be related to
the amplitude for 7 secattering by means of the standard
methods used in low-energy physics,” and new informa-
tion can be obtained on the S wave for 77 scattering with
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Fig. 12

T =0, i.e., information the so-called € meson, This prob-
lem was discussed in refs, 12, 29, and 59,

The yy — 37 reaction. This reaction is of in-
terest in connection with the problem of the Kp, — wpip
decay; it has been studied on the basis of the model in-
cluding p and & mesons and an account of the PCAC limi-
tations at the threshold,5?

This case presents the possibility of the most a ¢ -
curate study of C-even resonances?5:8! with
J = 1, Except for the € meson, all known resonances are
narrow, with I' « M; within (I'/M)? we can write the fol-
lowing cross section for the production of a resonance R
with mass M, spin J, and two-photon width Ty 11,61

Oyy—r =387 (27 1) I8 (W2 — M2)/M. (61)

The position and width of the peak onthe do/dW? curve
give the mass and width of the resonance, and the corre-
sponding cross section yields I'VY(2J +1). The spin of the
resonance can be determined by comparing Oyy—R with
T'YY and by analyzing the angular distribution. The widths
TYY have been calculated by means of finite sum rules®
on the basis of tensor dominance,”® SU3, and SU3 x SU3
models,%

It is interesting to study the X° and E
mesons in connection with the problem of the pseudo-
scalar nonet; the spins of these mesons are not yet known
sufficiently accurately. For the two possible values of the
X? spin, J = 0 and J = 2, according to ref. 64, we have the
ratio T'YY(J = 2)/TY¥(J = 0) ~ 10™°, We can thus expect
to obtain quite reliable conclusions regarding the spin.
Detection of the E meson in these experiments would rule
out the possibility JP(E) = 1+ which is currently being dis-
cussed,

Asymptotic region, W2 » 1 GeV?. In this
region the cross section can be evaluated by using the
factorization theorem for hadron processes (the theorem
is valid if the Pomeranchuk singularity predominates in
the photon scattering)®®

Oyy (00) = 03p/0pp = 3: 10" em? (@/ma)¥/3.  (62)

On the basis of all the evidence available, we would
conclude that the total contribution from all the resonances
is large, Accordingly (by virtue of duality) we would have,
for finite W? s 5 GeV2, crw(Wa) > Typy(). This difference
should fall off according to W-' (the contribution of the P'
and A, trajectories),

The reactions yy =p%", p'w, ... . For
W > 1 GeV? there should be a large contribution to the
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cross section from diffraction excitation of photons, i.e.,
from the reactions yy — p%?, p%, etc.! Using the same
assumptions used in deriving (62), we can also write a
factorization theorem for the differential cross sections
of these processes in the diffraction region, Then the
usual do/dt = A exp(bt) approximation, e.g., yields
byy-+p00 = byprpop + bypLap — Bppspps }
Ayy-spog = Av:u+n"pAvp~>mpr" App-rpp (#3)

Substituting in the experimental values,®%:% we find the
slope of the diffraction cone to be anomalously low:

byysoopo = (3 £ 1) GEV ™25 by = (0 = 0.5) GeV™ 2

Dypasto = (& 2 2) Ge V2, 1)
Effects related to the motion of the Pomeranchuk singu-
larity ap(t) can therefore be seen clearly. Hopefully, the
relative change in the b values as functions of q% will not
also be small, Because of the large errors in determina-
tion of the b values, we can find only the order of maghni-
tude of the cross section, ¢ = A/b. For example,
Tyy—popo ® (0.2-0.5) -10-*" em?, Approximately the
same value can be obtained by writing this cross section
Opp—pp in the vector-dominance model, %57

Inclusive processes yy—r+... . These
processes will evidently be among the first studied ex-
perimentally. Here there could be, e.g., an extension to
a study of yr collisions as a function of the energy of the
y T system and the photon mass.

The amplitude Tp7. This amplitude was de-
termined in (16), The quantity Wt is the absorptive
part of the amplitude for forward yy scattering corre-
sponding to the transformation of a pair of right -polar-
ized photons into a pair of left-polarized photons. As
W? — «, this amplitude receives no contribution from
Regge poles having o(0)= 0. If there are no fixed singu-
larities with Re j = 0 in the amplitude, we find a super-
converging sum rule, as follows from ref. 68:

5 Trr (W2 dW? = 0. (65)
For resonances with spin J = 0, we have
Trr = 20y, (66)

There is no such relation for resonances with J = 0, Fur-
thermore, the Tp1 value is even negative for some of
these resonances, as can be seen from (65).

14, Object of Study., The yy —h,
Transition off the Mass Shell

Of particular interest are yy — h transitions with non-
vanishing masses for both photons (g} = 0) (or with a non-
vanishing mass for at least one of them). Models worked
out for yp scattering which deseribe the dependence on
the mass of one of the photons begin to yield noticeahbly
different results for the dependence on the masses of two
photons. Objects which cannot be studied in other reac-
tions appear in this case. In particular, one can extract
information about the properties of bilocal operators on
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the light cone. This is an important supplement to the re-
sults in a study of the product of local operators in yp
scattering,

By analogy with yp scattering we would expect oTT
to fall off with increasing — qi, and we would expect ogT,
oTs, and “SS to at first increase and then decrease with
increasing — q The characteristic scale for the changes
is ~ Inf).

Study of the reaction yy— mr. By studying
this reaction one can determine all five invariant ampli-
tudes and thereby carry out a detailed study of the descent
from the mass shell. The values of these amplitudes are
important for determining the difference between the 7t
and 7~ masses.®

By studying the reaction yy—m+ ...
near the threshold, one can extract information on the
commutator of the vector and axial currents, important
for current algebra.’

In addition to the C-even resonances with J =0, 2,
....forq =0 resonances with JP =1+, C =
+ may be produced, e.g., Al (1070). In this case
one of the photons must be scalar,

In the region W?>» qiqi/m , M}, we can
write a factorization theorem for the cross sections which
holds if the Pomeranchuk singularity predominates in this
region also [see (62) and refs. 25 and T1]:

Oas (00, g3 g3) =0l (00, g}) oF” (o0, ¢3)/0pp(a, b=T, 8). (67)

In particular, we have ogp/0T = rr‘)sfp/ o 0.18,7

One of the most interesting questions for the region
Iqibmz is whether the cross section for

W? » m? is dependent on essentially only

one dimensional parameter W2/ q}q{ orwhether
it is dependent on two dimensionless parameters, e.g.,
W’/ and W¥/ o} (cf. ref. 16).

A dependence on the single parameter W?/q}q} is
found if it is assumed that (67) holds for the contribution
of each of the Regge trajectories and that there are no
other contributions,”*™ in the parton model™ in a study
of the products of bilocal operators near the light cone,’
and in the ¢® model.” In the field model in which scale
invariance is assumed at small distances, a weak depen-
dence on the parameter gigj also arises,’

In the resonance region, W ~ 1 GeV, the algebra for
bilocal operators near the light cone predicts that the am-
plitude for forward yy scattering will depend on two pa-
rameters: W%/ mf) and ¢?/q3."" In contrast with the case
of yp scattering, according to ref, 75, the amplitude for
forward yy scattering does not vanish at any qf} in the res-
onance region,

The behavior of the multiplicity n as a
function of W? and g}, differs markedly in the dif-
ferent models; e.g., we have n ~ In W* in the ordinary
multiperipheral model” and n ~ In Wz/qiqa in the ¢*
model,
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V. ete” COLLIDING BEAMS

15, Methods for Extracting
Information on the
Reaction yy — Hadrons

Accurate discrimination of the two-photon chan-
nel requires detection of the scattered electrons. From
the known electron momenta one can completely de-
termine the parameters of the hadron system as a
whole, By measuring the angular and energy distri-
butions of these electrons by means of (17), one can
in principle find six quantities characterizing the reaction
vy —h — the quantities o, 0pg, OgTs 088 TTTs and
7pg — as functions of W* and ¢}, The coefficients pj(a, b)
of these functions in (17) depend only on the electron mo-
menta and in this case are completely determined., This
procedure for extracting information on the yy — h reac-
tion is completely analogous to the "lost-mass" method
used in experimental studies of deep inelastic ep scat-
tering.

To distinguish this reaction from purely electromag-
netic processes such as ee —ee yy, ee — eeete™,..., the
appearance of at least one hadron should be detected along
with the scattered electrons. In the important region
& min < jq§| < W or Ef »mg, [L - (EJ/E)//E] <« 6;«1
(64 is the scattering angle of the i-th electron), Eqs. (17)
simplify considerably:!

do/dE; dE, dQ, dQ, = (/8n?)?
X {(E*+ E) (B*+ )| B*(E— E)) (E—E)
X sm’——sm‘" sz ] b (68)

Cyysh = Opr + €4075 + €057 + £4Eq
X [0ss+ Trr cos (29)/2 + b1rs cos @];

&1 =2EEj/(E*+E?); 8= (E+E)(E+E)EVEE,

where ¢ is the azimuthal angle between the electron scat-
tering planes,

More detailed information can be extracted by mea-
suring the distribution of product hadrons along with elec-
trons, Since the virtual photons are polarized, there are
also contributions to (68) in this case due to the inter-
ference of two-photon states with different helicities (cf.
Subsection 6).

In a different formulation of the experiment, in which
electrons are not detected (e.g., inwide-angle experiments
like those ofref. 2), all the product hadrons must be de-
tected if extensive information is to be extracted about
the yy—h reaction,’® This detection is complicated by
the presence of neutral hadrons and hadrons emitted at
small angles, It is therefore useful to know the char-
acteristic features of the distribution of product ha-
drons,

Extremely characteristic for the production of an
arbitrary hadron system in the two-photon channel is a
di? /k2 distribution as in (35) with respect to the total
transverse momentum k, in the region |k, |> mg. If even
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TABLE 2

R(J) e0) (X0 X@)| an(0) | (0 | f2)]| 4 E
M, MeV 700 | 958 | 958 | 1016 | 4060 | 1260 | 1300 | 1420
L%, key 20 | 100 | 0,4 | 1.25 5 6 | 30 | 240
6.40%3, op? 2 | 12 |06 0.2 T e el

one of the hadrons is not detected, the distribution with
respect to total transverse momentum of the remaining
hadrons becomes smoother.

Another characteristic feature of the production of a
hadron pair is a dy /) distribution with respect to the an-
gle ¥ giving the deviation from coplanarity of the parti-
cles of the pair, (42). The sharpness of this distribution
has already been used to identify two-photon production of
ete™ pairs in colliding beams.?

16, Estimates of Observable Quantities

To understand the feasibility of these experiments,
we must estimate the corresponding cross sections., Crude
estimates are sufficient here, and only crude estimates
can be found, because of the extreme scarcity of informa-
tion on two-photon amplitudes. The equations below are
derived in such a manner that essentially all the uncer-
tainty is incorporated in the quantities Ty ®

To evaluate the possible measurement of cross sec-
tions on the mass shell it is sufficient to use the results
obtained in the equivalent-photon method:

do = (2a/m)* (AW?/W2) oy, (W) J (s/W3). (69)
If electrons scattered through all angles are detected, we
find that J(k) is given by (31). If, on the other hand, only
electrons scattered through some angles which are not
too large, 6; < 6ax and ¥ = (2E/mg) sin 6max/2 >mp/my,
are detected, we find that J(k, v) is given by (49). Figure
13 shows plots of J(k, v) for this case.

At energies currently attainable the principal contri-
bution to the cross section should come from the produc-
tionof resonances,whose cross section increases as In® E.
Thissfross section can be found by substituting (61) into
(69);

1 —"——

75 | i Lt

25

Fig. 13
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Gees cer = 3202 (27 -4 1) J (s/M?) TV?/ g3, (70)
The values of this cross section calculated for?® Vs =7
GeV are shown in Table 2, For the £ meson with a width
T' ~ 400 MeV, approximation (61) is too crude,

To evaluate the possible measurement of o, (W?) for
large W* we use the asymptotic value (62) and an averag-
ing interval AWY/W? ~ 1/3, Then the values of the mea—
surable cross sections are, according to (69) and Fig, 13,
ACge—~geh & 107°¢ cm?, and we have Ao ge—ggpo & 10735
em’ for Vs =17 GeV, W’ = 5 GeVZ, and 0, = 10",

Each integration over q? contributes a large factor
2In (m, E/meW) ~ 15, This integration does not occur in
a measurement of the g dependence of the cross sections,
for which case this factor is replaced by aqt/d}, i.e., in
this case cross sections smaller by a factor of 30 must be
measured (for an averaging interval of qui/ qi ~ 1/2}. We
thus find Ac ~ 3-10~°® cm? if the dependences of W? and
one of the ¢} are measured, and we find Ac ~ 10-%7 cm? if
dependences on W2, g?, and g} are measured.

In particular, to take into account the qf dependence
in the region ¢ ; <« |dai| < W? we should retain in (17)
only the terms with o and ogr, integrating them over
g3 and w (for fixed W’ = 4w,w,); this procedure yields, )
by analogy with (69),

do = 2 (at/m)? (dgdW*/ 2 W?) [J7107r

+J 5710571 ()

Graphs of the functions J'pp and J§T are given in ref, 25,

To find the far asymptotic behavior of o it is suffi-
cient to substitute into (69) simply aw(oo) from (62); we
find

0 =28 (a¥/mmy)? (In E/m,)

X (In Efme-+ 2 Inmy/m.) In® E/mg/9. (72)

Accordingly, o increases as In'E. Up to Vs =~ mymp/me &
100 GeV, the last term, ~ 2In(mp/me) In® E, predominates,

17. Other Hadron-Production
Channels and Background

For not too high beam energies the principal hadron-
production channel is the annihilation channel (Fig, 14).
As E — «, the cross section for this process falls off no
more slowly than E-? (see, e.g., ref, 79). The same had-
ron system is produced in processes similar to two-pho-
ton annihilation (Fig, 15, a and ¢) or similar to the brems-
strahlung emission of a hard photon (Fig. 15b). In the in-
tegration over the hadron mass W the basic contribution
comes from the region W’ « s, In the known expressions
for the electromagnetic cross sections, this integration
can be supplemented by InE for each "heavy" photon, and
as E — o« we find®%"%!

o15a<g (ad/E2) (In E/me+ C In? E/sp);
o15b= (Cy¥/m) (In 16 E4/m,m3) In m/m.; (73)
Cy=8n/3y3 =~ 1; sy~ 1GeV?%;C = const.

The process shown in Fig. 15c interferes with the two-
photon annihilation (Fig. 15d), and we would expect to find
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015,c,d < (@*/E*) 1In*E. (74)

Clearly, the two-photon mechanism is the predominant
mechanism for high-energy hadron production, and it
must remain predominant for Vs > 4 GeV,

We turn now to the background. If both scattered
electrons are detected, all annihilation processes are
automatically cut off. In order to cut off purely electro-
magnetic processes (ee —eeete~, ee —eeyy), whose
cross sections are very large, we must also detect at
least one of the product hadrons. Then two-photon pro-
duction does not differ from the bremsstrahlung produc-
tion of hadrons (Fig. 15b). These processes do not inter-
fere because of the difference in C parity.

The total cross section for bremsstrahulung produc-
tion is smaller than the two-photon cross section by a
factor (mp/ my)%; the ratio of differential cross sections
is approximately the same for | g?| < W, Accordingly,
the mass spectrum of hadrons produced in the process
of Fig. 15b is o® dW?/W*, while for two-photon produc-
tion we have 0., (W, ¢)dW?/W? ~?dW?/W’m%, i.e.,
do/do | ~ mZ/W?, The discrimination of this contribu-
tion in the region | g} | ~ W* was discussed in ref. 16, We
note further that the bremsstrahlung-production contribu~
tion can be calculated from the familiar cross section for
one-photon annihilation at low energies.

18, Other Methods for Studying
the yy— Hadrons Reaction

Photoproduction from nuclei (the Primakoff effect) is
a well-known mechanism for two-photon production of par-
ticles.. This method has been used to measure the width
7o and to find the most accurate value of the m° lifetime.

In principle this mechanism can also be used to ex-
tract information about the yy — hadrons reaction,.%
The possible discrimination of the contribution of this
mechanism against the background of ordinary photopro-
duction depends on the smallness of k; in the two-photon
production (Subsection 9) and the characteristic distribu-
tion with respect to ki, which has the form shown in Fig.
6: Kidk (|} |+ W'/4w?)~?. Observation of this depen-
dence near the peak requires either measurement of the

o
2 7
Fig. 16
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momentum of the recoil nucleus or very accurate mea-
surement of the momenta of all the product particles. Be-
cause of the smallness of k; (and also of the mass ¢? of
the virtual photon) the cross section for the reaction yy —
h in this case can be studied only on the mass shell, (In
the case of photoproduction from Z >>1 nuclei, the small-
ness of the effective values of ¢? is still related to the cut-
off due to the nuclear form factor.)

The cross sections for two-photon production are
small; e,g., for two-photon production of the £ meson in
xenon for w ~ 20-40 GeV this cross section is on the or-
der of 10 ub,

All this discussion can be transferred essentially
intact to electroproduction from nuclei,

Annihilation production of a C-even
hadron system, This process (Fig, 16) in ete™ col-
liding beams was discussed in ref. 83. The cross section
for this process is

o (2*/E*)InE, (75)

At intermediate energies we can study radiative decay of
vector mesons in this case. The corresponding estimates
were made in ref, 83, Note should be taken of the diffi-
culty in discriminating against the background of the pro-
cess in Fig, 15a,

VI. CERTAIN OTHER APPLICATIONS

18, Production of Intermediate
Vector Bosons Wt

Ter-Isaakyan and Khoze® analyzed the two-photon
production of WHW~ pairs, The cross section for the
reaction yy — WTW- increases with increasing energy
(in contrast with all the other reactions discussed above).
In the absence of an anamalous magnetic moment we have

GVVI-*W+W' = omotW2/24miy (W2 > miy). (76)

From this expression we find a rapidly increasing cross
section for the production of WtW- pairs in ee collisions,
using the equivalent-photon method:
Oeeseerviw- = (Das/Sdamiy) [In s/m3]2. (77)
For myy = 5 GeV this cross section exceeds the cross
section for annihilation production, e'e~ — W'W~, at E =
160 GeV. For the production of WHW- pairs in pp colli-
5140115 i;here are no logarithmic factors o pp— PPWAW- ~
a*s/ myy-

19. Production of Dirac Monopoles G

In 1931 Dirac pointed out that there could be a parti-
cle carrying an elementary magnetic charge g (the mag-
netic monopole), where g =h/2e (n=1, 2, 3,...). Since
then various methods have been used in an experimental
search for the monopole. As a result of this search it can
be stated that for mg ¢ 5 GeV the cross section for mono-
pole production is < 10-% ¢m?,%

Cabibbo and Ferrari® recently pointed out the pos-
sibility of two-photon production of monopoles. Since the
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interaction of monopoles with light is strong, it is clear
by analogy with hadrons that the cross section for the two-
photon production of n photons (through a virtual state gg)
is of the same order of magnitude as the cross section

for the production of gg. Accordingly, if Dirac monopoles
in fact exist, in the case of pp scattering with s > 4m?, we
can observe a nearly isotropic background of photon having
a resultant effective mass of 2mg.

20, Production of Heavy Leptons L*

The possibility has still not been ruled out that e*
and p* are accompanied by other charged heavy leptons
L*, whose production occurs by either a two-photon meth-
od (Fig. 1) or a one~-photon method (Fig.3). As Gershtein,
Landsberg, and Folomeshkin® pointed out, if L is greater
than 1/2 the cross section for the yy — L*L- reaction
may increase with increasing energy, and the two-photon
mechanism should become predominant at high energies.

The possible existence of leptons L with meg < myp, ~
(8-5)m, is still being discussed,® The question of whether
such leptons exist can be resolved in the experiments ee —
et..., eA —eA*,,., without detection of L* and L, It
is sufficient to detect simply the scattered electrons and
study the lost-mass spectrum of the product system, as
has been discussed in connection with the reaction yy —
hadrons. The yy — ete~ cross section has a quasires-
onance shape (Fig, 17). If a second lepton exists, a sec-
ond peak should appear on the o.,.,(W?) curve (the double-
bremsstrahlung contribution must be taken into account
in the plotting of this curve, if this contribution is not
eliminated experimentally).

21, Production of »» Pairs in Stars

Matinyan and Tsilosani® noted that two-photon pro-
duction of 7 (Fig. 18) could be important inastrophysics.
The cross section for this process is negligibly small; for
a photon frequency w < meg,

0=1,25 Z%3 (0/me)*- 1074 om? (78)

However, this process leads to an appreciable neutrino
brightness for very dense "hot" stars.,
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The equivalent-photon method cannot be used in eval-
uating (78) since the cross section for the yy — vv reac-
tion vanishes on the mass shell.
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discussions; and E. A, Kuraev and V. A, Koze for pre-
publication information about their work,

APPENDIX 1

We introduce the metric tensor REV (a, b) of the sub-
space orthogonal to the 4-vectors a and b:

ab (a"b” - aVb") — a2b*pY —

b2ata¥
(ab)2 — a2b? )

R" (@, b) = —gh+ (A.1)
If the 3-momenta are directed along the z axis of the c.m,
system of particles a and b, there will be only two non-
vanishing components of R#¥(a, b): R¥X =RYY =—1. The
tensor RHY evidently retains this form in any system mov-
ing along the z axis with respect to the c.m. system. The
scalar product of any two vectors r; and r, transverse
with respect to @ and b can be written as

ry =(ryirs) = (rira1)s
Ti |u. b= —R“N (a, b) Y.

(riure1) la,o= —B" (a, b) 1
(A.2)

To study two -photon production we use the vectors
e the parts of g; orthogonal to p; and p, —and the vec-
tors p1 1 —the parts of pi orthogonal to q; and g,:

gty = —agiR"™ (p, po); DL = —DYR™ (44, ),

A.3a
g7, and p7| < 0. ( )

We denote the angle between the vectors 9L by @
and we denote the angle between the vectors p1 L by @:

—(@11a2)V & 15
(A.3b)

cos = — (EILE2L)/VE%lE%L; cos (p =
In the important region [see Eq. (21)]

mi(E—w)?, q/W?, qijo:E, gimi/(0E)* K1

these vectors are related in a simple manner:

piy ~—Eqi /o, ¢ Q. (A.4)

APPENDIX 2

We can rewrite (4) in terms of the helicity amplitudes
for the reaction (Fig. 4) defined in the c.m, system of q
and p,.

The photon polarization vectors e(x 1) are orthogonal
with respect to both q and p,, while the vector e#(0) is
orthogonal to q and e#(+ 1), just as it is orthogonal to
p¥ — qH(ap)/ o¢. We can therefore write [see (A.1)]

0)=f— [ p—2t2°), Z0E(aD)E —atpE
eO=k=(p—222) [V =¢an qpl.} ek
et (1) e*v (1) f-et (—1) e* (— 1) =R"™ (g, p).

After integrating MHM*? in (4) over the entire phase
space dI' of the product particles, we find the absorptive
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part of the forward amplitude for the Compton effect, WH?,

Since helicity is conserved in forward scattering, and the
amplitudes for the scattering of photons having helicities
+1 and —1 are the same by virtue of P invariance, we can
write this part of the amplitude in terms of the cross sec-

tion for absorption of a virtual photon, a transverse pho-
ton ¢, or a scalar photon og:

5 M*M* (20)28(q+ p—p')dT/2 =W =2V @p*—¢°P°
% (— R"oyp -+ k*%Vos). (A.6)

Substitution of Eqs. (A.6) and (5) into (4) immediately
yields (7)-(9) with

p(, )= )+p(—1, —1)/2 =
pUv [eh (1) e (1) +-et (— 1) e*v (—1)] = —pWR¥ (g, p); } (A.T)
p (0, 0) = puver (0) e*v (0) = prvirky.

We also note that the tensor WHY is obviously regular at
q? = 0, while, accordmg‘ to (A.5), the factor kMk¥ in (A 3)
behaves like (g¥)~! as ¢ — 0. It follows that gg * o as
q¢ —0.

For two -photon production the quantity MKFVM*u'V! in
(15) becomes, after integration over dI', the absorptive
part of the amplitude for forward yy scattering, WHVK'V',
In precigsely the same manner as for the derivation of
(A.6), we find the following result for this case;®

S MY M™Y (2m)4 8 (g4 + o — k) dT/2 = WHHY'
=2V X {R" R" orr + R kSKY 07
+ R\W kli‘ki_ OsT +k%k% k?a'kz Oss
+ [R*R*Y' - R™ R¥” — R*™ R™ | typ/2
— [R™IY'KY + R™ R Ky 4 (v <> p'v')] s

+ lRlWRIJ-'v' e
— [R™ K} Iy

RHV‘RH'V] U?‘T

— R™I B 4 (v <> p'v)] 11, (A.8)
where REY = RHV(qy, Qy), ky =V — ¥/ X[ap — qy(a10/aD)] =
e1(0), ky = e,(0) = V=af/X[qy — 95(219/ D], and X = (q19)*~
qfq}. Substitution of Eq. (A.8) into Eq. (15) yields (17); the
coefficients pj(a, b), the elements of the density matrix

pii” in the helicity basis in the ¢,m, system of the photons,
are

pi(1,1) = —p"RW/2= _Ci_zDif‘;-.%l—
|pi (13 _1)1'-:21)1 p;;l
?; (A.9)
5 iy | (Piki
(o (50 w2 BD A L

qi
p(0,0)=c;+4piﬁfgf.

If the colliding particles are polarized, the density
matrix pn‘i" ceases to be symmetric, and (17) is supple-
mented by two terms, proportional to UTT and T%‘S‘ How-
ever, the coefficients of these terms in the measured
cross sections are usually very small: ~ (my/W)%.2®
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APPENDIX 3

Using the calculations of ref, 90 for the yy =1+ -

reaction, and taking into account the projection operators
defined in (A.8), we find (m = my):

orr ="%% {20100+ @m? + g1+ ) WP (qug) X
A () + 7 e [2X + 3gig}]}
— 2t Ly g+ a) i [ ) )
Ops = —nalg W {At [i+—ql (Gm’+q‘:+3"—‘§;}ﬁ)]

L[ 4Xm Wt} (W + 2m + i+ g3+ 5 i X))

T e

»(A.10

Osr =075 (¢} <> 43); ( )

0ss = no’qiq; (W X?) {(L/q:g5)
[2X —3qiq;] — At (2+4iqy/ T}

Trr = '—,;;f {'2"25 [zmﬁws + (@ —a)*
+ 3 atawext ]+ o

— ¢ (8 i 4w? (2m5;-q{+qg) e 3qfq§W“X'2) ] } .

= [ 16m* (m* —gi— )

Here

At=t, —t,=V 74X I—im*/W?%; T=
=4Xm?/W* 4 giql;

L=1n (t,+m?)/(t, +m?)
=In[gg+V X {1 —4m*/W¥|/lqug. —V X (1 —amEwh);
ty,0 = [W?— gl —qi—2m* F V &X (T—am¥/W?)]/2.

(ty+m?) (t2+m?)

(A.11)

On the mass shell (for g; = 0)

orr (W2, 0, 0) = gy (W?) = 4na®/W? {(1 -+ 4m?/ W*
— 8mA /W4y L— At (1/W?2 4 4m?/W4)};
Trp (W2, 0, 0) = — 8ma®m? [At+ 2m*L]/W*;
L=2In [W -+ V WP—4&m?]/|W —V WE—4m?]
=2ln [W/2m+V (Wi2mpP—1]; At=W? }/ T—am? W™

(A.12)

From Egs. (A.10) and (A.,11) we see that for W* > | g |m
the main asymptotic term is

opr = (4na?/W2) [In (W2/(t, +m?) — 1 — g3/ (¢, -+ m?) W2,
= (m*—q}) (m* —q) /W™

D10 avmd confusion, we note that there is some inconsistency in the nota-
tion: qmm min(—q%; q?
HAn important consideration l]‘llere. is that for the production of leptons or
hadrons the range of the integration over —q? is bounded from above, at
least because of the decrease in the cross sections for some q?mx. The

.:‘_qz< 2

quantity qux is usually much smaller than the kinematic limit of —¢?,
which is on the order of s. In ref. 19 this circumstance was neglected,

and the derivation of the spectrum incorporated an integration over — q
over the entire Rinematically allowed range, so incorrect expressions were
found for these spectra for the case of s > A%, . These expressions were sub-
sequently used in certain other studies.”
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M certain studiest!® of processes in colliding electron beams use has been

made of equations for the spectra in which the correct value In (qzim o /qzimin =
nlqf 0 E (B = w;)/m}w?] was replaced by 1n(E%/mZ). At the energies cur-
rently obtainable, thisreplacement does not lead tolarge errors in the calcu-
lation of the cross sections for two-photon production of hadrons, since in
this case wf ~ Wi qux = A2, However, this procedure does lead to an
incorrect functional dependence on E. For example, the coefficient of In®E
is incorrect, i.e., the equations give values which are Very wrong at very
high energies."s** In particular, an expression was found in ref. 15 for the
production of e*e~ or u+u- pairs which is larger than the correct expression
by a factor of 8/2 for E— .5 As E increases, the accuracy of the equiva-
lent-photon method improves.

“We can estimate the order of magnitude of T 77 for certain cases; for
small W we have Tpp ~ 20 y» and for the yy- 1 *1 = transition with W >

m; we have T ~ (m3/W)*o,, (Appendix 3).

5)The term R%, was neglected in the original equation in ref. 31.

it is assumed here that the x dependence of Mgy, is weak. This is a valid
assumption for the production of a narrow resonance. For fixed values of all
the other momentum variables, the effective range of x near the resonance
maximum is on the order of the ratio of the width of this maximum to the
mass, I'/M, For the coefficient of R% to vanish, this range must be much
larger than 2sin (/2) as we see from gqs. (40) and (41). Accordingly, for
¥ 3 T/M the coefficient of R‘.},}, does not vanish.
Mhe distribution with respect to » was found in a numerical computer cal-
culation in ref. 15 for the reaction ee — eem *7 - on the basis of quantum
electrodynamics. The resulting curves were reported to have the form dy/yp
for y > (me/E)Vz ~ 9%
DIn ref. 5 calculations were carried out in the laboratory system p, = 0 on
the basis of the variables &, = kjpy/m; and ky ;. To transform to the c.m.
system it is sufficient to use the trivial substitution:
deyy, depp d?hy | _ 9n LK1 Bd] ke | sin2 0, 4, db,
8485 8in2 0, £
(m2—3 ) ) (eyr.+ear)?
EiLBar,

Er.82r,

W2 (43a)

= hwyw,.

The subsequent integration over g;;, and ky, is also reported in ref. 5 (see
also ref. 17).

%)The total cross sections for lepton production are calculated correctly in
the equivalent-photon method because the basic contribution to these cross
sections comes from the region W ~ my, where inequalities (12) are satis-
fied.

W)pg, Lp > 3 and 7= 1/3, Eqgs. (48) and (54) agree to within less than 10%,
u)Only the diagram in Fig. 1 is important in this approximation. The cross
section for bremsstrahlung production is oprem ~ (me/ MI)’c, where M is
the mass of the lighter of the colliding particles.

2)see footnote 8,

191 such experiments, only the cross sections integrated over some q,:z in-
terval near qf pmip~ 0 are measured,

“There has been some discussion of "deep inelastic scattering of electrons
by a photon target”,”™ but from our point of view this formulation of the ex-
periment is simply a particular case of the general problem corresponding
a3 = 0.
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