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Some mathematical aspects of the phenomenological description of Goldstone particles are considered. The
treatment is given for an arbitrary group G of internal symmetries and for an arbitrary group containing the

Poincaré group as a subgroup.

INTRODUCTION

In recent years, the method of phenomenological Lagran-
gians has been successfully used in elementary-particle
physics. This method arose as a simple means of rep-
resenting the results of chiral algebra for the chiral group
SU((2) @ SU(Z).t The method of phenomenological Lagran-
gians was generalized to the chiral group SU(3) ® SU(3),?
and somewhat later to an arbitrary semisimple group of
internal symmetries,3 and then to groups containing the
Poincaré group as a subg-roup.‘1 The method of phenom-
enological Lagrangians has now been fairly well devel-
oped and has a comparatively simple mathematical tech-
nique that provides a standard phenomenological descrip-
tion of the interaction of arbitrary Goldstone particles.’

The method of phenomenological Lagrangians is based
on the assumption that the elements of the S matrix after
the separation of the contribution of the pole terms are
smooth functions of the particle momenta in the region of
moderate energies and can therefore be obtained from the
ordinary Feynman rules with allowance for only tree-type
diagrams from a certain Lagrangian containing phenom-
enological constants. The method bears fruit when ad-
ditional symmetry requirements must be satisfied, which
makes it possible to establish relations between the con~-
stants in the phenomenological Lagrangians.

For the case of interacting Goldstone particles the
symmetry requirements are decisive. As is well known,
these particles arise in systems with a degenerate vacu-
um whose symmetry is lower than that of the original La-
grangian, which describes certain primary interactions.
The appearance of Goldstone particles is usually inter-
preted as a reaction of the system that should restore the
symmetry broken by the vacuum degeneracy.

The method of phenomenological Lagrangians enables
one to give a well-defined meaning to the concept of sym-
metry restoration: The vacuum degeneracy breaks the
algebraic symmetry of the system, i.e., the symmetry un-
der which the transformation properties of the operators
are determined by linear representations of the corre-
sponding group; the Goldstone particles restore the sys-
tem's symmetry. The transformation properties of the
operators of these particles are determined by nonlinear
transformations, and this, in conjunction with the require-
ment that the phenomenological Lagrangian be invariant
under the considered transformations, corresponds to a
symmetry of dynamical type. The internal mechanism
responsible for the Goldstone particles as well as the
mechanism that restores the symmetry remain outside
the scope of the method of phenomenological Lagrangians.

The introduction of phenomenological fields of Gold-
stone particles and the determination of their transfor-
mation properties under the considered group of trans-
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formations can be carried through in the following stan-
dard manner. Let Gbe a continuous symmetry group of
some original Lagrangian that leads to vacuum degen-
eracy and the appearance of Goldstone particles and let H
be the maximal subgroup of G that leaves the vacuum in-
variant. We represent an arbitrary transformation of G
in the form of the product

G =K (a) H (b), (1)

where H(b) is a transformation of the subgroup H; K(a) is
a transformation belonging to the left coset of G with re-
spect to H; and a and b are the corresponding param-
eters determining the parametrization of the group space
of G.

Multiplying an element of G from the left by an ar-
bitrary transformation of the same group,

G (g) K (a) H (b) =K (a') H (V') (2)

one can determine how the parameters a and b transform
under transformations of the group:

a* =a® (a% g); (3)
mf__gm' am @
™ =b™ (b™, a%, g). o
It is important that for the parametrization (1) the
transformation (3) does not contain the parameters b,
Except for the explicit separation in G of the subgroup
H(b) and the corresponding coset K(a), the parametriza-
tion (1) is completely arbitrary. Each of the parametri-
zations K(a) corresponds to a definite choice of the co-
ordinates in the space G/H. When the parametrization
K(a) is varied, the transformations (3) vary accordingly.
However, as the following treatment will show (see Sec.
2), this freedom in the choice of the coordinate system in
G/H is not important in the description of the interaction
of Goldstone particles in the method of phenomenological
Lagrangians.

This method associates with each parameter a® a
local field of Goldstone particles A%(x), so that for the
local )ﬁelds A%(x) the transformation law (3) is satis-
fied:!

A% (z) =a* (4% (2), g)- 4)

The use of linear representations of the subgroup H
in conjunction with the transformation (3a) enables one to
determine the so-called induced representations for a
transformation of the group G (see Secs. 4 and 5). As-
sociating the components of such representations with lo-
cal fields ¥™(x), we can determine the transformation
properties of fields that are not fields of Goldstone par-
ticles. If the fields have certain transformation proper-
ties under transformations of G, the construction of the
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phenomenological Lagrangian reduces to finding invariants
of these transformations that contain a minimal number
of derivatives of the local fields.

Because the transformations (3) and (3a) are nonlin-
ear with respect to the parameters « and b, respectively,
of the fields A%*(x), the use of the method of phenomeno-
logical Lagrangians leads to the establishment of definite
relationships for the elements of the S matrix with a dif-
ferent number of interacting particles.

The reviews® are devoted to applications of the meth-

od of phenomenological Lagrangians in elementary-par-
ticle physics for concrete symmetry groups, especially
for the chiral groups SU(2) ® SU(2) and SU(3) & SU(3).

The main aim of the present review is to consider
some general aspects of the method, and also to estab~
lish the relationship between the methods and concepts
used in the treatment with phenomenological Lagrangians
and the methods and concepts of modern differential geom-
etryz) which are related to Cartan's ideas and have led in
the last decade to the construction of the general theory
of fiber spaces“'“’ and connections on them (see, for ex-
ample, ref. 10). At the same time, we have attempted to
avoid modern mathematical terminology as far as possible
and restrict ourselves in the main part of the treatment
to the conceptual side of the problem. In Secs.2-4 we con-
sider some properties of phenomenological Lagrangians
for semisimple groups of internal symmetries. In Sec.2
we consider the covariant properties of an S matrix con-
structed in the approximation of tree-type diagrams un-
der transformations of the local fields A%(x). As aphe-
nomenological Lagrangian we use the quadratic form

L= g,, (4% (z)) 04" 84"/2, (4a)
where DAM are the derivatives of the fields with respect
to the space—time variables. In (4a) and the subsequent
equations the indices of these variables are omitted.

The elements of the S matrix obtained by summing
tree-type diagrams for the Lagrangian (4a) can be rear-
ranged into an explicitly covariant form with respect to
arbitrary transformations of the fields of Goldstone par-
ticles. That such a rearrangement is always possible is
a consequence of a general theorem of axiomatic field
theory!! and an analogous theorem in the framework of
the Lagrangian approach:'? The elements of the S matrix
on the mass shell do not depend on the choice of the in-
terpolating fields 3

If the coefficients of the quadratic form are inter-
preted as a metric tensor, the corresponding matrix ele-
ments are function of the curvature tensor of the space
and its covariant derivatives. The property of the ma-
trix elements is illustrated first for the simplest cases
of diagrams with three and four external lines. We then
consider a general iterative procedure for constructing
a matrix element with an arbitrary number of external
lines.

The iterative procedure has two important aspects:
1) allowance for all possible reductions of pole diagrams
to an effective contact interaction, and 2) the use of a clas-
sification of contact interactions in accordance with Young
tableaux with respect to permutations of the indices of the
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field operators. Both these aspects have a simple geo-
metrical interpretation, The first of them corresponds to a
transformation of the metric tensor to a new coordinate
system, while the separation in the matrix elements of
certain Young tableaux corresponds to a definite choice
of the coordinate system, known in differential geometry
as a normal coordinate system. As a result of this pro-
cedure, a reduced matrix element can be represented as
a sum of two terms, the first of which is obtained as a re-
sult of the explicitly covariant procedure of going over

to a normal coordinate system, and the second corre-
sponds to the function of the transformation from the ori-
ginal to the normal coordinate system. This term van-
ishes on the mass shell of the particles.

In Sec. 3 we investigate restrictions on the metric
tensor for the case when the space under consideration
has a transitive group of motions. This question belongs
to a well studied field of group theory and classical dif-
ferential geometry. In Sec.3 we therefore give merely a
few equations that illustrate for the example of symmetric
spaces the structure of the metric tensor in a normal co-
ordinate system. Because of the general relationship be-
tween the theory of symmetric spaces and the theory of
semisimple groups, the case of symmetric spaces is of
greater interest for physical applications. In particular,
the well known chiral symmetries belong to this case.

In Sec.3 we also prove the equivalence of Adler's
principle:”’ The elements of the S matrix must vanish on
the mass shell when one of the momenta of the Goldstone
particles tends to zero, and the requirement of symmetry
of the phenomenological Lagrangian under a transitive
group. The proof of this assertion for matrix elements
with arbitrarily many external lines is based on allowing
for an additional reduction of pole diagrams to contact
diagrams that arise when one of the particle momenta
tends to zero and is carried through by means of an itera-
tive procedure similar to that employed in Sec.2.

The results of this section, like those of Sec. 2, have
a simple geometrical interpretation: The reduced matrix
element can be represented in accordance with the classi-
fication by Young tableaux in the form of two terms, the
first of which reproduces the well known Killing equation
for the invariance of the metric form, and the second,
which vanishes on the mass shell, corresponds to an in-
finitesimally small transformation of the symmetry group.

In Sec.4 we treat the interactions of Goldstone par-
ticles with fields of other particles. The theory of fiher
spaces and connections on them!’ enables one to give a rig-
orous mathematical description of the question studied
in this section. In accordance with the general plane of
the review, we restrict the treatment to the decisive con-
cepts, of which the fundamental are the holonomy group
and a connection with a given holonomy group.

Because the symmetries that are considered in ele-
mentary-particle physics are broken symmetries, the
geometrical point of view can be useful when one wishes
to establish the nature of the possible symmetry break-
ings. In Sec. 4 we give an example of the determination
of the properties of phenomenological Lagrangians from
geometrical requirements that are less stringent than
a symmetry requirement, InSec.5we consider Cartan
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forms and we give a list of the main relations between
these forms used in the method of phenomenological
Lagrangians.

More complicated symmetry groups, containing as sub-
groups not only groups of internal symmetries but also the
Poincaré group, are considered in Sec.6. It is shown that
phenomenological Lagrangians for these groups are con-
structed naturally not on the basis of an invariant qua-
dratic form, as was the case for groups of internal sym-
metries, but on the basis of a four-volume that is in-
variant under transformations of the group in a certain
n-dimensional space determined by the structure of the
given symmetry group. The use of Cartan forms is also
convenient in this more general case. As an example, we
consider phenomenological Lagrangians for a group of
conformal transformations.

1. COVARIANT PROPERTIES OF THE S MATRIX
UNDER FIELD TRANSFORMATIONS

For a given transformation (4), the determination of
phenomenological Lagrangians for Goldstone particles re-
duces to finding invariants of these transformations con-
taining a minimal number of derivatives. Because the
space G/H is homogeneous with respect to transforma-
tions of G, there donotexist invariant functions that do not
contain derivatives of A% and are different from a con-
stant, Therefore,the minimalnumber of derivatives satis-
fying the requirement of relativistic invariance is two,
and the most general expression for the effective interac-
tion Lagrangian in the long-wave limit has the form

L= guy (A%) 04" 04"/2, (5)

Interaction processes between Goldstone particles in the
long-wave limit are determined by pole diagrams of tree-
type for the S matrix:

s=[Gr]fae ... [dar @@ ... @) ©

where L' is the interaction Lagrangian,

L= 3 L™
k=1
LW =gk g, (0) A, A" 04" 3A"/2 k! (7

(to simplify the equations in expressions that are sym-
metric in the operators A%, we replace the indices of the
internal variables by dots); T* is the operator of chro-
nological ordering, which is determined when derivatives
of the field operators exist by the relation

T* (94 (z), B(y))=0T (A(z), B (), (8)

where T is the ordinary chronological product. When de-
rivatives are absent, T* is identical to T.

We show that the elements of the S matrix defined by
(5)~(8) do not depend on the clhioice of the fields A%(x) if
all the particles are on the mass shell #A% =0,

Under an arbitrary transformation of the fields,
AY — Au.' (AH)1 (9)

the derivatives 8AM transform as vectors in a space in
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which the A¥ are coordinates, and g;;,, (A%) transforms
as a tensor and can be identified with the metric tensor
of this space.

To prove that the S matrix on the mass shell does not
depend on the choice of the fields, it is sufficient to show
that it can be represented as a function of quantities ex—
plicitly covariant with respect to the transformations (9).

Let us begin with the simplest examples. Processes
in which three particles participate are described by dia-
grams with one vertex:

LV =04g,,A% dA" 0A%/2. (10)

Using the well known relation between the derivatives of
the metric tensor and the Christoffel symbol,

Oo8uy =Tuay v+ Tvas ps (11)

the symmetry properties of these with respect to trans-
position of the first two subscripts,

Tap,v="Tba, vs (12)

and the conservation of four-momentum at the vertex,
which corresponds to vanishing of the derivatives of the
product of all the operators in the vertex, we can write
(10) in the form

LV — _I‘”,DA'A'BEAD/Z- (13)

Because of the presence of the operator &#AP in (13),
this expression vanishes if all the particles are on the
mass shell.

Processes in which four particles participate are de-
scribed by a diagram with one vertex,

L(‘Z)=6'f_guvA'A'3AuaAv/2'2!y (14)

and the pole diagram with two vertices (13).

In the cases when the couplings of the operators in
the two different vertices (13) do not contain operators
with the derivatives &AP, the corresponding matrix ele-
ment has a pole because of the presence of the propa-
gator and vanishes on the mass shell because of the pre-
sence of the operators #AH in both vertices.

When there are couplings that contain 8AH in either
of the vertices, the pole graph reduces to a certain ef-
fective contact interaction; for as can be seen directly
from the relation

I (A" () A" (y))) = —ighv6 (z—y), (15)

the denominator of the pole propagator cancels in this
case against the square of the four-momentum in the
numerator, which arises as a result of the presence of
the square of the derivative.

The resulting contact interaction taken together with
the contribution from (14) can be written in the form

(62: v — Opguy 10, _46.gpvr?u + 2Ty, pFﬂ.) AT A 04" 0A4Y)4, (16)

The expression (16) is not covariant and therefore
depends on the choice of the fields. We shall show that
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this expression can be transformed to a form that con-
tains an explicitly covariant part that is nonvanishing on
the mass shell and a noncovariant part that vanishes on
the mass shell. For this, we expand the four-index quan-
tity in the brackets in the expression (16) with respect to

the Young tableaux BH 3 E:D. and LLL]

to permutations of the corresponding indices. The part

of the expression (16) corresponding to the second and the
third of these tableaux can, onthebasis ofthe same trans-
formations as we used for the transition from (10) to (13),
be represented in a form that contains three operators
without derivatives and one operator of the form AP, In-
deed, for both the Young tableaux considered there al-
ways exist three symmetric indices, two of which are con-
tracted against operators without derivatives and one with
a first derivative. Because of this symmetry, such an
expression can be written in the form of a derivative of
the product of three operators, and then, using the con~-
servation of four-momentum, one can transfer this deriv-
ative to the remaining operator 8AP, which leads to the
operator PAP,

with respect

For the first of the above Young tableaux, such a trans-
formation is impossible, since the expression obtained as
the result of such a transformation, if it were possible,
would be symmetric with respect to at least three in-
dices, which contradicts the symmetry of this Young
tableau.

When transformed as we have indicated, the expres-
sion (16) takes the form

— R, A4 A% 0AY/6 [[e.T,q o+ 31‘?_1",9' o

—a,I,.,\] 44 4°0°4"/6, (an
where R, o is the curvature tensor of the space G/H
at the origin:

Ra.u.. Bv— aﬂruv. u—avI‘uﬁn -+ I‘;nrmv. »y— I‘er‘:zﬂ. - (18)

The representation (17) solves our problem: Because of
the covariance of the curvature tensor, the first term
does not vary under transformations that leave the co-
ordinate origin fixed; the second term depends on the co-
ordinate system, but because of the presence of the op-
erators AV it vanishes on the mass shell.

There is no great difficulty in carrying through a
similar treatment for a large number of particles. The
pole terms in the matrix elements either join explicitly
covariant blocks to other such blocks, or they join them
to noncovariant terms with &AP on the external lines.

In this case, the result does not depend on the choice of
the fields on the mass shell. At least one of the operators
responsible for the pole term contains &AP, and in this
case the pole term reduces to a contact interaction. The
total contribution of all the contact interactions with the
same number of field operators can be represented as a
sum of terms of two types that belong, respectively, to

the Young tableau @Eﬂ (type I) or to the tableaux
LJD [T+~ and [TT<++T] (type II) under permutation

of the indices of the field operators. These tableaux ex-
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haust all possible Young tableaux, since only two opera-
tors with derivatives occur in all the contact interactions.
Terms corresponding to type I give explicitly covariant
expressions. Terms of type II reduce to expressions con-
taining AP and either vanish if the particles are on the
mass shell or lead to further reductions of pole diagrams
to contact interactions for processes with a larger num-
ber of particles.

If there is a large number of particles, the above
procedure becomes very cumbersome. Therefore, we
prove its validity for an arbitrary number of particles
without constructing the explicit expressions for the cor-
responding matrix elements.

Let us consider the general structure of a matrix
element with n external lines in the pole approximation
under the assumption that all the matrix elements with
fewer lines are known. For this we take an arbitrary
diagram with n external lines and k + 1 vertices. Accord-
ingly, in this diagram we have k internal lines. We sep-
arate the component parts of the diagram in two differ-
ent ways. The first consists of separating in a diagram
any one of the vertices and separating from this vertex
the parts connected to it by one internal line. With this
method there will be k + 1 different representations of
the original diagram corresponding to the number of ver-
tices. In the second method, we divide diagrams into
two parts by cutting one of the internal lines. With this
method of division there will be k different representa-
tions of the original matrix element corresponding to the
number of internal lines.

Since each of these representations of the original
diagram gives the same matrix element and since the
number of vertices is always one more than the number
of internal lines, it follows that, taking the sum of all the
different representations ofthe diagrams in the first meth-
od and subtracting from it all the representations of the
diagram in the second method, we again obtain the ma-
trix element corresponding to the diagram. Summing
over all different diagrams, we obtain for the first meth-
od of division a sum of diagrams in which one of the ver-
tices of the original Lagrangian is joined to a certain
number of internal lines with total matrix elements of
the lower approximations. In the second method of divi-
sion we obtain diagrams in which two matrix elements of
lower order are joined by one internal line.

For diagrams with five external lines, a systematic
representation of a matrix element as a sum of pole dia~-
grams and as pole diagrams with matrix elements of low-
er orders as vertices is shown in Figs. 1 and 2. To each
of the diagrams of Fig. 2 there correspond definite dia-
grams of Fig. 1. To the diagrams A, B, and D there cor-
respond one each of the diagrams a, b, and ¢. To each
of the diagrams C and E there correspond two diagrams
b and c. Since the diagram E gives a contribution with a
minus sign, the total contribution of the diagrams in Fig.
2 is the same as in Fig. 1.

R K
a b c
Fig. 1. Representation of matrix element as a sum of pole diagrams.
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0 E

Fig. 2. Representation of matrix element as a sum of pole diagrams with
matrix elements of lower orders (with fewer lines) as effective vertices.

Let us now consider the conditions under which a pole
diagram can be reduced to a contact interaction. As is
evident from the example considered below, to reduce the
diagram it is necessary to cancel the denominator of the
pole term against the square of the momentum of a vir-
tual particle, which is possible only if the operator #AP
is present in the corresponding vertex.

Assuming that in the vertices corresponding to the
matrix elements of lower orders we have separated the
parts in which all the poles are reduced to contact in-
teractions, we decompose these vertices into two terms
corresponding to Young tableaux of the types I and II,
respectively.

For the reduced matrix elements corresponding to
terms of a tableaux of type II one can readily construct
a system of equations which enables one to obtain their
values in higher approximations from known matrix ele-
ments in lower approximations. Indeed, to each matrix
element of such a form there corresponds a graph in
which one of the vertices contains the operator 9* A on
an external line and does not contain such operators on
internal lines. We cut all internal lines joined to this
vertex; then the parts of the graph that have been cut off
must contain the operators 8 A on these lines in order to
ensure reduction of the poles corresponding to the cut
lines, i.e., the cut off parts must correspond to matrix
elements of lower orders of the type II. The resulting
system of equations can be represented graphically as a
sum of all possible diagrams in each of which there is
one vertex corresponding to the original Lagrangian with
operator %A on an external line and the remaining lines
joining this vertex are either external or joined to matrix
elements of type II in lower approximations. For a four-
line diagram this method of representing a matrix ele-
ment for the given case is shown in Fig. 3.

The system of equations for the total reduced matrix
element, i.e., containing terms of type I and dI, is ob—
tained as a consequence of the system of equations consid-
ered above. For the system of equations corresponding
to Fig. 1 to lead to reduced matrix elements, it is neces-
sary that one of the vertices joined to each internal line

LT e (e

Fig. 3. Method of representing a reduced matrix element of type II as a
sum of pole diagrams with reduced vertices of lower orders. The dots on
the lines stand for operators containing second derivatives with respect
to the spatial variables.
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contain the operator #A, i.e., such an operator must be
contained in either the vertex of the original Lagrangian
or in the effective matrix element of lower order. How-
ever, it is readily seen that as a result of equations of the
type shown in Fig. 3, the matrix elements for diagrams
for which the reduction holds as a result of the presence
of the operators &A only in the vertices of the original
Lagrangian cancel against the matrix elements corre-
sponding to diagrams of the type E in Fig. 2, in which only
one of the vertices contains the operator &A.

The method of representing the system of equations
for determining the total reduced matrix element for the
case of a five-line diagram is shown in Fig. 4. In the gen-
eral case, the reduced matrix element for an n-line dia-
gram is given by a sum of all possible diagrams, in each
of which there is one vertex of the original Lagrangian
joined in all possible manners to reduced diagrams of
type II of lower approximations with operators &A in an
internal line minus the sum of all possible diagrams with
two reduced vertices of type II with operators &A from
both vertices in an internal line. To construct the ele-
ments of the S matrices on the basis of reduced matrix
elements, itis necessary to allow for all possible con-
tractions of operators that do not contain the operators

8A. :

Note that the equations considered above are valid
in the more general case of particles with arbitrary spin
and mass; for in deriving these equations we have used
only the condition that the denominators of the pole terms
cancel against the corresponding factors in the effective
matrix elements; the form of the equation of motion of the
particles is not important. In Appendix I we derive the
equations considered above on the basis of a quasiclassi-
cal approach.

We now show that a reduced n-line diagram of the
type I does not depend on the choice of the field opera=-
tors. To do this we compare the procedure we have de-
sceribed above with the well-known procedure for going
over from an arbitrary coordinate system in Riemannian
space to a so-called normal coordinate system, which is
defined by the conditions

at....Tem=0; n=0,1, 2, ... (19)

(the brackets denote symmetrization with respect to the
corresponding indices) and in which the nonvanishing de-
rivatives of the metric tensor are determined solely in
terms of explicitly covariant quantities: the curvature
tensor and its covariant derivatives.!)

The conditions (19) are equivalent to the conditions

g Papy 3=0; #=0; 1, 2; s (20)

X - A %
X %

Fig. 4. Method of representing a reduced matrix element as a sum of pole
diagrams with reduced vertices of lower order of type II.
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for the Christoffel symhbols with subscripts.

In terms of the derivatives of the metric tensor, the
condition (20) corresponds to the vanishing of their part
that transforms under transposition of the indices in ac-
cordance with Young tableaux of the type II.

Suppose g and E p are the metric tensors, re-
spectively, in the arbitrary and the Riemannian normal
coordinate system and

m
BA™/0A* = ( ) ;
i 1)
m
" A™/GA" BA" ... aA“:( )
cee Wb
are the derivatives of the transformation from one coordi-
nate system to the other, i.e.,

e ()0

Differentiating (22) a total of n times with respect to
the coordinates in the Riemannian coordinate system and
equating to zero the contributions to the derivatives from
the Young tableaux of type II, we can determine the de-
rivatives for gw, and the coefficients (21) from given g, .

(22)

The derivative of g, has the form

3 e Eoniciy (f) (f) () () i

k brackets
ey

+(e!/prj1 o (P mal myl) 3 . . . gun () () (’_”?)(23)

R S

where the k dots in 8 .., g and accordingly the k up-
per dots in the brackets (...) denote indices with respect
to which there is summation: «,,isthe number ofbrackets
(,:.) with p subseripts; n,, and n, are the numbers of sub-
scripts exluding p and v, in the brackets (__ﬂ}) and
(..3). The numbers o, satisfy the relations: @y + 20, +
3ag + ... +ny +ny, = Iy oy+ay+og+...=k k=0, 1,

2, ... . The last two terms in (23) refer to representa-
tions of the type II under permutations of the free indices
and are determined uniquely by the requirement that the

contribution of such representations to Be...g#v vanish.

The matrices (1) at the origin are arbitrary, which
corresponds to the freedom in the choice of the metric
tensor at the origin; we assume that (Ig)IA:ﬂ = 6M, Then
all the quantities (___1;1}) are determined in the last terms
in (23).

We multiply (23) by the field operators A A-9AHSAY
and by e!/2 and compare the result with the expression
for the reduced (e + 2)-line diagram whose derivation pro-
cedure was formulated above. We associate the quantity

=5 n
o %af:..gw—gun( v))A:..A' 04" o4°
see VY

nl

(24)

with a reduced contact interaction in which the first term
corresponds to representations of the type II and the sec—
ond to those of type I under permutations of the indices.
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Note that (24) corresponds to the left-hand side and the
last terms of the right-hand side in (23).

The last term in (24) can be written in the form
L Ik ’ ©40924°
D) Ep. () A A9R4°.

n+1
operators

(25)

The general term of the operators in (23) containing the
derivatives 8K...g,\ corresponds to a diagram with one
vertex (7) and several vertices (25). The brackets (,.:)
correspond to the case when the operator &#A in the ver-
tex (25) is associated with an operator A without deriva-
tives in the vertex (7), and the brackets.( I}) and ()
correspond to analogous couplings, but with the operators
9A in the vertex (7). The factors gp in the contraction
against gP¥ in the couplings of the operators (15) go over
into Kronecker deltas. The factorials (p})®p, n, !, and
n,! in the denominator of the coefficient arise because of
the corresponding factors in (25). At the same time al-
lowance is made for the factors (n, + 1) and (ng, +1),
which when there is a coupling of an operator with a de-
rivative arise as a result of the differentiation of n + 1
operators without derivatives in (25). The factors (« I)'1
in the coefficients (23) appear as a result of the presence
of (k)™ in (7) and the factor k!/II(a,!), which gives the
number of possible couplings of (7) with oy, @, etc., iden-
tical vertices. The sign of the coefficient is determined
by the factors (i)? in (5) and the factors (—i) for each
coupling of the operators (15) and is positive.

Similarly, the terms in (23) that do not contain deriv-
atives of the metric tensor (k = 0) correspond to cou-
pling of two vertices (25), and at the same time two opera-
tors A are coupled in each vertex. The contraction of
such operators is

0205 (T (A" (z), A" () =10:0,"6 (x—p). (26)

When the derivatives are transferred to the correspond-
ing vertices, we find, with allowance for (25), an expres-
sion for the terms with k = 0 in (23); however, because of
the difference in the signs in (15) and (26), these differ by
their sign from the last ones. This corresponds to the
previously formulated rule for selecting the sign (see Fig.
4). Thus, we have shown that the problems of finding the
derivatives of g, ,, in a normal coordinate system and con-
structing reduced matrix elements with the Lagrangian
(10) are mathematically equivalent. Therefore, for con-
structing the S matrix on the mass shell, irrespective of
the original coordinate system, the result always corre-
sponds to a normal coordinate system and does not depend
on the choice of the original system.

However, it turns out to be important that the trans-
formation of the coordinate system leaves fixed the point
in the neighborhood of which the expansion in powers of
the field is made. But if the series expansion is made in
powers of A — A,, the S matrix is a function of the cur-
vature tensor and its covariant derivatives at the point
A, and therefore depends on its choice.

Note also that the addition to the Lagrangian (4) of
an arbitrary function (A(x)) does not violate the covariant
properties of the S matrix on the mass shell. The pres-
ence of the additional term subject to the condition B'ucp(O)=
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0 leads, first, to the appearance of a mass term in the
equations of motion of a free particle,

A% - Mh A4 =0, (27)

where

My = — 8P, v (0), (28)

and in the elements of the S matrix off the mass shell;
and, second, to the appearance of new vertices not con-
taining the derivatives 8A¥ and depending only on the de-
rivatives of the function ¢ in the normal coordinate sys-
tem:

1 i e
ST AL AT, (r23). (29)

To prove this assertion, it is sufficient to consider the ex-
pression for the transformation of the n-th derivative of

a scalar function under a variation of the coordinate sys-
tem:

arond= A ee () ()

(1} Gz

(). 0

and to compare this expression with the result that is ob-
tained from a perturbation-theory calculation for graphs
of the form shown in Fig.4. These graphs lead to the
sum (30), in which the summation index is k = 3. The
missing term in the sum (30) with k = 2 can be written

in the form of two terms:

2o () () +ae () (),

St
n-1

(31)

the first of which corresponds to the addition of a mass
term to the function (25), and the second arises because
of the presence of a mass term in graphs of the form
shown in Fig. 4, with minus sign.

Because the new vertices that arise from the expan-
sion of the function ¢ in powers of the field do not con-
tain derivatives of the field operators with respect to the
spatial variables, the presence of such vertices does not
affect the form of the transformation coefficients and they
correspond as before to a transition to a normal coordi-
nate system, which proves our assertion.

2. SYMMETRY OF PHENOMENOLOGICAL
LAGRANGIANS AND ADLER'S PRINCIPLE

We now study the consequences of symmetry of the
phenomenological Lagrangians with respect to transfor-
mations of the group G. We shall first study the simplest
but, evidently, most important case for physical applica-

tions when the space G/H is a symmetric space,” i.e.,
a space for which at all points
Ragys. l-lz(}’ (32)

where Ry Byd,u is the covariant derivative of the cur-
vature tensor.

Symmetric spaces are intimately related to the geom-
etry of semisimple Lie groups, For anarbitrary semisim-
ple Lie group G one can always distinguish a subgroup H

7 Sov. ], Particles Nucl,, Vol. 4, No. 1, July-Sept. 1973

such that the following dispersion relations hold:
[Xa, Xpl =ibopYe;
[Xa, Ypl= iaZBXv;
[Ya, Yol = icﬁbch

(33)

where Y, are the generating operators of H. In the space
G/H in this case one can always introduce a metric in
such a manner that it is a symmetric space. In particular,
the symmetry of chiral groups leads to the study of sym-
metric spaces.

For symmetric spaces. as a consequence of (32), the
metric tensor in a normal coordinate system is uniquely
determined by the value of the curvature tensor at the ori-
gin and has the form

= — 1)k 22k+1
g () =gt B GRS g, (34)
k=1
where
my = RjiopA*A%; (35)

the curvature tensor is expressed in terms of the struc-
ture constants in the commutation relations (33):

(36)

c v
Rjop= — bpatlpc.

The relations (28)-(31) completely determine the ef-
fective interaction Lagrangian (4) for the given symmetry
type.

The elements of the Smatrix, calculated on the basis
of the phenomenological Lagrangian (5) defined in terms
of (34), have the following property, which does not depend
on the number of particles that participate in an interac-
tion process.

If all the particles are on the mass shell, then when
the four-momentum of one of the particles tends to zero,
the element of the S matrix vanishes (Adler's principle's).
In what follows we shall make this definition somewhat
more precise.

For the case of four interacting particles, in accord-
ance with (17) and (34),

L®=_—R,,, A A 04"04"/6. (37)

If one of the particles has zero momentum, the ex-
pression (35) can be written in the form
L® =R, A A A*?4/3, (38)
where AH is the operator of the particle with zero mo-
mentum, and it therefore vanishes on the mass shell.

The transition from (37) to (38) is associated with the
fact that the symmetry of the curvature tensor under per-
mutations of the indices corresponds, as we have shown
above, to the Young tableau EB . Since 8AF =0, the op-

erator A¥ can be eliminated when one considers permu-
tations of the indices; then the three remaining operators
transform in accordance with the Young tableau , and

they can therefore be transformed to a form in which one
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of the operators contains a second derivative. A similar
situation obtains for a larger number of particles.
After the operator A has been separated, the pole
terms can be reduced to contact interactions in such
a way that the sum of the original and the reduced
contact interactions can be transformed to

Le@m = [227/(2n)!] B, (m™)}) govAPG2AY, (39)

where By is the Bernoulli number and therefore vanishes
on the mass shell.

We shall not dwell on the derivation of (39), since be-
low we shall consider in detail the equivalent of Adler's
principle to invariance of the phenomenological Lagran-
gians, without restricting ourselves to the class of sym~
metric spaces. Note that (39) is not the complete ele-
ment of the 8 matrix, but merely some effective vertex.
To construct the complete matrix element, it is neces-
sary to consider the contractions of the operators in the
vertices (34) and (39) that do not contain the operators
#A.

The requirement that a phenomenological Lagrangian
be invariant under transformations of the group G can be
written in the form

E\maaguv + guaﬁvi" + gvadyE* =0 (40)

(Killing's equation) where £% is a vector field on G/H
associated with any of the generating operators of the
group by the relation

X =iEd,. (41)

We shall consider the transformations (41) corre=-
sponding to displacements of the origin. For such trans-
formations, the £® can be written in the form

o = g% |- eP f, (42)

where @ is a constant vector. The components of £* can
be chosen arbitrarily, since all the generating operators
of the cosets can be represented in the form (42), and
there are as many such independent operators as there
are dimensions of the space G/H.

Differentiating (40) a total of n times, we obtain

n!
m!(n—m)!

i P S il -
nl m-+1 B an—m
+ ...+ma...v ol gupt ..

+

n!
ml (n—m)!

+ 8upd™ o fo A gved b = 0. (43)

i ) ¥R S

The relations (43) are necessary and sufficient for
Adler's principle to hold. Its fulfilment means that an
element of the S matrix with fixed number of external
lines can be represented as a sum of pole diagrams with
reduced matrix elements as vertices and one vertex of
the form

10, o AL A B A,, (44)

n=-2
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Fig. 5. Representation of the reduction of diagrams of lower order leading
to Adler's principle: The dashed line represents the line corresponding to
the particle with zero momentum.

containing the operator A% of the particle with zero mo-
mentum. Since all the vertices are assumed to be re-
duced, the couplings of operators corresponding to poles
do not contain the operators &A. Since the vertex (44)
contains the operator 8A for an external particle, it fol-
lows, if all the particles are on the mass shell, that this
vertex vanishes. If on the transition to the limit the de-
nominators of the poles do not vanish, then the complete
matrix element vanishes in this limit.

We now show that if the reduced vertices containing
the operator A? with n and fewer external lines have the
form (44), it follows from the symmetry requirement for
the Lagrangian (40) that the reduced vertices with n + 1
external lines also have the form (44). As will be seen
directly from the proof, the converse is also true, i.e.,
if the reduced vertices containing the operator A have the
form (44) for an arbitrary number of external lines, then
the relation (40) holds, and the Lagrangian is invariant
under a certain transitive group.

For simplicity we shall use a normal coordinate sys-
tem. In this case the reduced vertices that do not con-
tain A coincide with the derivatives of the metric tensor.
To find a reduced matrix element with n+1 external lines,
we must allow for all possible reductions of the pole terms.
Since only the expressions (44) contain the operators &A,
all possible diagrams leading to reduction have the form
shown in Fig.5, in which the dashed line represents the
operator of the particle with zero momentum. In the gen-
eral case, the diagrams leading to a reduction have the
form of pole diagrams with two vertices, one of which
corresponds to the terms of the expansion of the Lagran-
gian (7) in powers of the field A, and the other has the
form (44). At the same time, the contraction correspond-
ing to the pole contains the operator &A in (44).

We multiply (43) by ACA.,  A"9AMDAV/2 -n!; then
the contribution of these diagrams coincides with the ex-
pression (43) without the last two terms, provided that

e, 0= 0" fBpol e —2)1. (45)

At the same time we have the following correspond-
ing for the terms in (43): the first to the interaction (7),
the second and the third, and also the fourth to a pole
diagram in which the operator &A in (44) is coupled, re-
spectively, to A or to 8A. The presence of the last two
terms in (43) means that when symmetry is present, the
sum of the diagrams under consideration can be trans-
formed to the form (44), i.e., Adler's principle is also
satisfied for matrix elements with n + 1 particles.

Conversely, if Adler's principle is satisfied and (44)
holds, this means that in the total matrix element there
are no representations with a Young tableau of type I with
respect to permutations of the indices of the operators of
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the particles with nonvanishing momentum and, as a re-
sult, the relations (43) hold. Thus, Adler's principle is
equivalent to requiring invariance of the Lagrangian un-
der transformations of G.

3. INTERACTION OF GOLDSTONE
PARTICLES WITH OTHER PARTICLES

We now consider how the method of phenomenological
Lagrangians enables one to describe the interaction of
Goldstone particles with other particles. Having in mind
an application of the method not only to exact but also to
broken symmetries, we consider first the way in which
an interaction with other fields can be included for the
case when the phenomenological Lagrangian of the Gold-
stone particles has the form (5) with an arbitrary metric
form, and only then do we turn to consider the case of ex-
act symmetry.

Accordingly, for the metric form (5) we can introduce
at each point of space A% (& =1, 2, ..., n) acertain orthog-
onal basis. Specifying in each basis as new independent
variables the components y; of some representation of the
group SO, we turn to the study of the extended, so-called
fiber space with coordinates A® and ¥, which can be used
to describe both Goldstone and other particles.

Defining parallel transport and covariant differentia-
tion in some manner, for example, by introducing an ordi-
nary Riemannian connection, we can include in a covariant
manner terms in the phenomenological Lagrangian con-
taining any representation of SO(n) and its derivatives.
This procedure is analogous to the well-known procedure
for including spinors in general relativity.

For the method of phenomenological Lagrangians the
following circumstance is important. The introduction of
an orthogonal basis at different points of space is not a
unique procedure. On the transition to a new basis the
covariance of the expressions in the phenomenological La-
grangianispreserved, but the explicit functional depen-
dence of these expressions on A% has a different form in
the different bases in such a way that the elements of the
S matrix are also different in these bases.

One can show (see ref.4) that if all the particles are
on the mass shell, the elements of the S matrix obtained
by summing tree-type diagrams can be rearranged into a
form that does not depend on the choice of the basis. The
elements of the S matrix off the mass shell contain ad-
ditional terms that do depend on the choice of the basis
and which are related in a simple manner to the function
of the transformation from an arbitrarily chosen basis to
a basis defined by parallel transport along geodesics of
the basis at the origin. The procedure of rearranging the
matrix elements used to prove these assertions is similar
to that considered in Sec. 2 and is based on expansion or
products of field operators in Young tableaux and a re-
duction of pole terms for the fields ¢, and we shall not
dwell on it in detail.

More important from the physical point of view is
the fact that multiplets of other particles may not allow
their classification in accordance with representations
of SO(n), but allow only a restricted classification with
respect to representations of one of its subgroups. For

9 Sov. J. Particles Nucl., Vol. 4, No. 1, July=-Sept. 1973

example, for the case of broken SU@) ® SU(3) symmetry,
the form (5) corresponds to an eight-dimensional Rieman-
nian space, but the known multiplets of baryons and other
particles do not allow classification according to the rep-
resentations of SO(8), but only a restricted classification
according to the representations of SU(3), which is a sub-
group of S0(8). In this case, the requirement that there
exist covariant derivatives for individual SU(3) multiplets
is a strong restriction on the structure of the Riemannian
space.

In the general case, for the introduction of covariant
derivatives for each representation of a subgroup H of
SO(n), itis necessary and sufficient that the space be such
that when one passes around any closed loop the different
geometrical entities undergo a transformation of the sub-
group H, i.e., that the group H be the so-called holonomy
group of the space.s) When a definite holonomy group H
is present, the covariant derivatives for all multiplets of
H are determined in a basis obtained by parallel trans-
port along the curves of the basis at the origin, and in the
general case they have the form

Dl[Jg = al‘); -+ (Am)? i (aA) P, (46)

where the matrices AT are generators of H for the given
representation. In the method of phenomenological La-
grangians the first term in (46) defines the ordinary de-
rivative with respect to the space —time variables, and the
second defines the correction due to the change of the ba-
sis on the transition from the point A% (x) to the point
A%(x) + dx 8A% (x).5)

Under a transformation of the basis the covariant
derivative (46) transforms in the same way as ¥j. For
a given holonomy group, quantities that are covariant with
respect to local transformations of the hases correspond
to invariants of the group H composed of ¥i, Dy, and the
components wi(9A) of the vector A% in the basis under
consideration.

We shall show that on the transition to the case when
the space with the metric (5) is a homogeneous space
with symmetry group G, the invariants with respect to
the transformations of the subgroup H also become in-
variants with respect to transformations of G; for if we
suppose that local bases defined by a parallel transport
are rigidly connected to the space and we make a trans-
formation of the space corresponding to the group G, the
new bases at an arbitrary point will differ by a certain
rotation from the old basis at the same point. It is easy
to show that the resulting revolution is a transformation
of the holonomy group.T)

For different points of space the transformations of
the bases are different. Because the components of the
representation are referred to basis vectors at each point
of space, the procedure described above defines a trans-
formation of G for every representation of the holonomy
group H. It also follows from the above procedure that
any H-invariant combination constructed from components
of different representations of H is also invariant under
transformations of G defined in the above manner.

4. CARTAN FORMS

In the foregoing section we have shown that in the
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construction of phenomenological Lagrangians it is con-
venient to use the mathematical apparatus of differential
geometry. Here we give some equations that enable us

to obtain in a simple manner the fundamental relations of
the method of phenomenological Lagrangians by using Car-
tan forms.

The description of the geometry of Riemannian spaces
and spaces with affine connection on the basis of differ-
ential forms was introduced in the classical works of Car-
tan (see, for example,ref. 10 and 11),

The basis of such a description is the Cartan struc-
ture equations

Wh o B o Lombcdoy k.
() =0*Av} — 3 Tho'Aa® } (47)

() = ofAv, — % Rijno"Aoe®,
which establish the relation of the differential forms wl
and w; to the curvature tensor R{kt and the torsion ten—
sor T}k' The prime in (47) denotes outer differentiation
and the sign A, the outer product of differential forms.

In a space with coordinates ¢@ in a certain basis
that depends continuously on the parameters bl, the dif-
ferential form w! defines a vector da?, i.e.,

ol=0o'(a, b, da), (48)
and the form

o} =of (a, b, da, db) (49)

defines a transformation of the components of a vector

under a change of the basis:
dB' (a, b)= —w}, (a, b, 0, db) B* (50)
and the covariant differential of the vector:
pB' =2 44 4w} (a, b, da, 0) B (51)

As a consequence of (47) and the definitions (50) and
(51) the basis DB! transforms in accordance with (50).

If the holonomy group of the space (see Sec.4)is a
subgroup of an affine group, the forms wf are a linear
combination of the generators of the holonomy group:

o} (a, b, da, db) = (M)} 0% (a, b, da, db), (52)

and accordingly the transformation of the vector compo-
nents (50) and the definition of the covariant derivatives
(51) can be given for any representation of the holonomy
group.

If the space under consideration is a homogeneous
space with a transitive symmetry group, the Cartan forms
can be expressed in terms of the differential forms wi
and 0%, which determine the structure of the group:1:11

(1) = ClotAfe 4+ L ¢l ohAel;
1 - 1 5)
(0%)" = 5 CHOPAOY + o CRio* A,
o

By

where Cliccu’ Cli(l’ Cﬁg, and C are the structure con-
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stants of the group, whose generators satisfy the com-
mutation relations

[Xx, Yol =1ChXs; (54)

[Ya, Yl =1CgY; }
[Xk, XI] =i C%IYm‘l" i Cme-

In the relations (54) the operators Y  referring to
the subgroup H are separated explicitly, and the gen-
erators X; refer to definite representations of H. When
the elements of the group are parametrized by the rep-
resentation:

G (a, b)=K (a) H (b) (55)

.

the differential forms w! and 6% are defined as follows:

G (a, b) dG (a, b) =i o' (a, b, da) X;

4102 (a, b, da, db) Y. (56)

The relations (53) are a consequence of the definition (56)
and the commutation relations (54).

The structure equations of the group (53) can always
be written in the form of Egs. (47). As an example, let us
consider an arbitrary semisimple group when there is
chosen in it a subgroup such that the structure constants
with their Latin indices vanish;

Cir=0. (57)
Comparing Eqs. (47) and (53), we obtain
0 = Choh® (58)
and
Ti=0; Rlu=—ClLCh. (59)

Using the definition of the covariant derivative and
the well-known properties of the structure constants, we
can readily prove that

Ri:ik[; m= O, (60)

i.e., the space is symmetric.

Because the matrices Ckia realize a representation
of the subgroup H [see (52)], H is the holonomy group of
the symmetric space under consideration. As we have
noted above, the covariant derivatives exist in this case
for every representation of H.

In (47)-(58) we have retained the dependence on the
parameters b, which characterize the choice of the local
basis. This is convenient when one is considering the
symmetry properties of the forms w! and 82; for if one
applies an arbitrary element of G to (55) from the left,
the expression (56) is not affected and therefore under
transformations of the group the forms w! and 6% are in-
variant, i.e.,

o' (a, b, da) =o' (@', ¥, da’); (61)

0% (a, b,da, db) = 0% (a', &', da’, db'). (62)

At the same time, it is important that the right-hand sides
of (61) and (62) contain the transformed values of the pa-

D, V. Volkov 10



rameters b and db.

In their turn, the relations (61) and (62) define trans-
formations of the group:

a'=a'(a, g); (63)

b = (a, b, g). (64)

The relation (63) defines a transformation of the coordi-
nates under transformations of the group; the relation (64)
shows that the basis at the point with coordinates a is
transformed to the new basis.

For a fixed choice of the basis, for example, for b =
0, the differential forms @' and 6% are not invariant.
Their transformation under infinitesimally small trans-
formations of the group can be determined on the basis
of the structure equations (53).

Indeed, in this case (64) can be written in the form

b' =66 (a, 0, g). (65)

The forms w! being independent of the differentials db,
as a consequence of (53), we obtain

Sot = — Ciy0%(a, 0, 0, 8b) 0" (a, 0, da), (66)
i.e., under transformations of G the forms wi transform
as representations of H with transformation parameters
that depend on the coordinates a.

The transformation (66) applies to any representa-
tion of H if the matrices Ct in it are replaced by ma-
trices of the corresponding representation, i.e.,

Op= —Ax0%(a, 0, 0, 8b) . (67)

The covariant derivatives for the representation ¥ are
determined by

Dy=dip+1,0%(a, 0, da, 0) . (68)

As a consequence of Egs. (68), Dy transforms under trans-
formations of G in the same way as y, i.e., according to
Eq. (67). Thus, to write down a Lagrangian that is in~
variant under a transformation of G, itis sufficientto form
from wl, y, and Dy all possible combinations that are in-
variant under the subgroup H.?)

We find w! and 09 in the expression for the covariant
derivatives for the case of symmetric spaces. In the nor-
mal coordinate system corresponding to the exponential
parametrization (55), x# = gHt, Eqs. (47) can be written
in the form!!

000t = da* + a*ol; } (69)

am"/az = — Riyaia®,

where wl = gldt + &l for t = 0; i(t, al; dd¥) |,y and wi .
(t, al; da) | = 0.

On account of the vanishing of the covariant deriva-
tives of the curvature tensor and the fact that the basis
is determined by the operation of parallel transport, the
components R}, are constants and Eq. (69) can be in-
tegrated readily:

; 5
0" g = E (.(2:1 —l-)i)'

(m™); da®; (70)
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i —1 i ] 1
oh = 2 (,En +’2), Riza’ (m")}, da?, (71)

i_ni
where mg, = Rkneaka“.

Note that Eq.(29) from Sec.3 is a consequence of (70)
and the relation

gy dak dav = gpo'et, (72)

5. PHENOMENOLOGICAL LAGRANGIANS
FOR SYMMETRY GROUPS CONTAINING
THE POINCARE GROUP AS A SUBGROUP

The method of invariant Cartan forms can also be
used for symmetry groups whose transformations corre-
spond not only to internal variables,butalso to space—
time coordinates and spin variables. Let G be such asym-
metry group. We represent an arbitrary element of G in
the form

G =exp (iPz) K (a) H (b) L (1), (73)

where P is the energy—momentum operator; x are the
space—time coordinates; 1.(l)is a finite transformation

of the proper Lorentz group; H(b) is a subgroup of the
transformations of internal symmetries that leaves the
vacuum invariant. The product exp (iPx)K(q) parametrizes
the left coset of the group G with respect to the subgroup
HL.

The representation (73) corresponds to the previous-
ly considered representation (1) with explicitly distin-
guished transformations corresponding to the Poincaré
group. It follows directly from the representation (73)
that the coordinates x transform in the usual manner when
a transformation of the Poincaré group is applied from
the left to the representation.

Acting on (73) from the left with an arbitrary element
of the group G, we find that the coordinates x transform
by themselves or together with the parameters e depend-
ing on whether or not the product KHL is a subgroup or
not. For the construction of phenomenological Lagran-
gians, the second possibility differs in no fundamental
respect from the first if one discounts purely psychologi-
cal difficulties associated with the circumstance that on
the replacement of the parameters a by the fields of Gold-
stone particles A(x),the coordinates x' under transforma-
tions of the group G are functions of the old coordinates
x and the fields A(x).

To find a phenomenological Lagrangian for the group
(73) we construct the invariant Cartan forms (56). For
the generators corresponding to the first two factors
these forms have the form

o' (z, a, dz, da, b, 1). (74)

As follows from Sec. 5, any combination of the forms
(5) that is invariant for fixed values of b and I with re-
spect to transformations of the subgroup HL does not de-
pend on the parameters b and ! and is an invariant of G.
For one to be able to use such a combination to construct
a phenomenological Lagrangian, itis necessary and suf-
ficient to represent it as a product of a certain function
and d*x, the element of four-volume for the space —time
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variables. The simplest combination of such a form cor-
responds to the outer product of the four forms (74); for
when the parameters g in (74) are replaced by the fields
A(x) of the Goldstone particles, the differentials da are
replaced by the differentials (9A/ax) dx, as a result of
which the antisymmetrized product of the four forms w!
becomes proportional to dx and the factor in front of d’x
is a function that depends on the coordinates x, the fields
A(x), and their derivatives. Note that none of the factors
is invariant under G; only the product as a whole is in-
variant.

The outer product of the four forms wi has a simple
geometric meaning and corresponds to an infinitesimally
small four-volume that is invariant with respect to trans-
formations of G in the n~-dimensional space with coordi-
nates x and a.

More complicated invariants of G can be constructed
as follows. Let Wy be an arbitrary outer product (not
necessarily invariant with respect to G) of the four forms
(74). Each of these forms is proportional to d’x. From
the forms Wi we form an expression that is invariant
under transformations of the subgroup HL and is homo-
geneous of degree unity with respect to the element dix.
Such an expression is invariant under transformations of
G and is proportional to d*x and can therefore be used to
construct phenomenological Lagrangians.

After the forms W, the simplest expressions of such
type that contain a minimal number of the derivatives of
the fields have the form W;W;/W,;, where W;j are the forms
obtained by antisymmetrization of the three forms cor-
responding to the energy-momentum operators and the
single form corresponding to the generators in K(a); W,
is an invariant volume constructed from the four forms
corresponding to the energy —momentum operators. It is
readily seen that for the case of a group G that is a direct
product of the Poincaré group and the group of internal
symmetries, the expression WiW;/W, is identical with the
previously considered expression (72).

The use of differential forms associated with gen-
erators in H and L enables one to define in a standard
manner covariant differentiation for an arbitrary rep-
resentation of the subgroup HL and to include an interac-
tion with other fields in the scheme. At the same time
the components of such fields can be added in the form of
factors to expressions of the form WiWj/W,, the only
requirement being that the resulting expressions, which
define the structure of the phenomenological Lagrangian,
be invariant under HL. The covariant differentials of the
additional fields are treated on an equal footing with the
differential forms (74) and occur as structure units in the
outer products of the W;.

If the parameters a or the additional fields include
representations of the Lorentz group with half-integral
spin, the phenomenological Lagrangians for the corre-
sponding fields are constructed by means of anticom-
muting variables,

Note that in the construction of phenomenological
Lagrangians by the method considered above, the number
of fields of Goldstone particles may be less than the num-
ber of parameters . This is because a phenomenological
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Lagrangian is defined to within total derivatives with re-
spect to the space —time coordinates. Therefore, if one
of the fields of Goldstone particles or, equivalently, one
of the parameters a® occurs only in a total spatial de-
rivative, the presence of such g field does not affect the
physical properties of the system. But because terms of
the form of total derivatives transform under transfor-
mations of G together with part of the phenomenological
Lagrangians for the other fields of Goldstone particles,
the structure of the phenemenological Lagrangian depends
nontrivially on such terms. In what follows we shall il-
lustrate this observation by the example of a phenomeno-
logical Lagrangian that is invariant under a conformal
group.

Above, we have considered the general procedure for
constructing the phenomenological Lagrangian for a group
G with parametrization (73), and we have explicitly sep-
arated the Lorentz group and the group of internal sym-
metries H, with respect to which we have used linear rep-
resentations. We here mention the interesting possibility
of replacing the product HL in the representation (73) by
a more general expression that does not reduce to a direct
product of the Lorentz group and the group of internal sym-
metries. As an example, we give the group SL(6, C) and
other relativistic generalizations of SU(6).

If we apply a transformation of such a group to the
representation (73) from the right, the coordinates xtrans-
form together with the fields of the Goldstone particles,
so that this approach differs significantly from the usual
procedures for relativization of SU(6) symmetry and may
be free of the difficulties inherent in such procedures.

As an example of the use of the above procedure, we
construct a phenomenological Lagrangian for the sym-
metry of a conformal group.®

The generators of the conformal group satisfy the
relations

[Muvs D1=0;
[Py, D]=1Py;
[Myy, Kpl= —i(gpuKy— guvky); (75)
[Pm K,1=2i (guvD— Muv);
[Kuv Ky1=0;
[D, K, =iK,,

where P, are the energy —momentum operators; M”y .

D, and K u are, respectively, the generators of the Lo-
rentz group, scale transformations, and conformal trans-
formations. For brevity, we have omitted in (75) the well-
known commutation relations between the operators P#
and M pvs which define the Poincaré group.

In accordance with the representation (73), we write
an arbitrary element of the conformal group in the form

G = exp (iPx) exp (iKg) exp (iDy), (78)

where ¢ ¥ and 7 are a vector and a scalar field of Gold-
stone particles.

For the considered parametrization, the expression
G 1dG, which defines the Cartan forms in accordance with
(56), has the form
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G1dG=L"(exp(—iDn)exp(—iKg)iPdx
X exp (iKep) exp (iDn)
+exp(—iDm)iK dgexp (iDn) +iDdn) L+ L dL. (77

Using (75), we can readily find the differential forms cor-
responding to the different generators:

o (P)* = dztexp (—M); (78)
o (D) =dn—2¢dz; (79)
o (K)b = (do¥ + 2¢# (@ dz) —dat ¢7). (80)

In the expressions (78), the notation in the brackets
for the differential form indicates the generator to which
the given form corresponds in the expansion (56). In this
expression, we have omitted for brevity the Lorentz ma-
trices in (77) and the form w(M)H¥, which are not im-
portant for what follows.

The invariant outer products of the four forms w that
do not contain derivatives of the fields n and ¢ ¥ of high-
er than second order have the form

W (P, P, P, P)=exp (—4n) d'z; (81)
W (K, P, P, P)=(d¢ — 2¢*) exp (— 2n) d*z; (82)

W (K, K, P, P)=[(0¢)*— 0,¢" dyg* — 29, (p*¢*)] d'z, (83)

where the notation of the generators in the brackets cor-
responds to the forms in the outer product.

The invariant expressions of the form W;Wy/W, which
contain a minimal number of derivatives of the fields and
are independent of (82) and (83), have the form

WwH (D, P,P,P)W, (D, P, P, 7
( W (P, 1)>, ;.(P) B2 P) — (n—2) exp (—2n) d'z; (84)

W (K, P, P, WK, P,P,P)
W (P, P, P, P)

= (dp—2¢*)2d%z;  (85)

Wy (K, P, P, PWW(K, P, P, P)
W (P, P, P, P)

= % (Outpy — O0vpyu) (O @Y — 0VgH) diz. (86)

The expressions (85) and (86) contain two forms that
contain the generators K, P, P, and P of scalar and ten-
sor type depending on the contractions of the indices of
the corresponding differential forms. The phenomenolog-
ical Lagrangian for the fields n and ¢ H can be rep-
resented as a combination of the forms (82)-(86) with
arbitrary coefficients.

Let us now consider whether we can construct a con-
formally invariant phenomenological Lagrangian using the
field 7 alone. The kinetic term for such a field is con-
tained in (84), but the derivatives of the field n enter this
expression together with the field ¢,. To eliminate the
latter, we note that using (84) and (82) we can form the
linear combination

[0.5 (8n— 2¢)® exp (— 2) + (99 — 2¢*) exp ( — 2m)] d*z
=[0.5(om)* exp (—2n) + 0 (pexp (— 2n)] d*z,  (87)
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in which the field ¢ enters only through the total deriv-
ative.

Thus, the phenomenological Lagrangian for the field
7 can be taken in the form (87). Note that the secondterm
cannot be entirely ignored, since it is only the expression
(87) as a whole that is an invariant under transformations
of the conformal group.

In the general case when fields are included that in-
teract with the field 7, the condition that the field ¢ * oc-
cur only in the total derivative is equivalent to the well-
known condition'® under which a Lagrangian that is in-
variant under scale transformations also becomes con-
formally invariant.

Finally, we note that the possibility considered above
of reducing the number of fields of Goldstone particles
is due, first, to the fact that there exist terms of the type
(82) having the form of outer products and, secondly, that
the eliminated fields correspond to the generators of a
certain abelian subgroup.

APPENDIX

We show that the equations for the reduced matrix
element formulated on the basis of Feynman diagrams
can be obtained by using a quasiclassical approach. Such
an approach for the treatment of pole diagrams has been
used by Nambu.!® Here we reproduce some results of ref.
13, and we also consider a generalization of the approach
used by Nambu to obtain the relevant equation. In the in-
teraction representation, the S matrix can be represented
in the form

(I.1)

§=T [Bxp (i S Lust () d%)]

or, in the form of a normal product,

S=N [exp (—;:- 5 5 F%-A(z—z‘)ﬁ??) d'ixd‘.r')

3 exp (i S Lt () ,,34.,,.)]. (1.2)
In (I.1) and (I.2) we have used the neutral scalar
field ¢:
A(z—z')=(Tq () ¢ (') (I.3)
is the propagator of the free field.

The generalization to an arbitrary number of Bose
and Fermi fields can be made without difficulty. As an
auxiliary quantity we introduce the function STI:

Sy=N [exp (%n 5 S %A (2—a") ‘S(PL(H:')dql.’tﬂMJ;I

xexp (i 5 Lint () di:u)] , (1.4)
i.e
Sy ln=1==5. (I.5)
Representing Sy in the form
Sy=-exp[id (n, )], (L.6)

where A(n, @) corresponds to the sum of all connected
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diagrams, and differentiating (1.6) and (I.4) with respect
to m, we obtain an equation for the function A(n, ¢):

a4 i 84 N 04 ,
317 ) | W s g v

1 ; 824
—3 [ J 8o gt ataatar o (L.7)
together with the "initial" condition
A0, = | Lt (@) 2%z (I.8)

The relation (I.7) is exact. The transition to the qua-
siclassical approximation corresponds to ignoring the last
term in (1.7); for A in the equation is a dimensionless
quantity expressed in units of H. The second term con-
tains an extra power of A compared with the third term,
so that the latter tends to zero if h does.

It is readily seen that when A(%, ¢) is expanded in
powers of 5, neglect of the third term in (I.7) corresponds
to allowing for pole diagrams and omitting diagrams with
closed loops. An approximate equation can be written in
the form of the Hamilton—Jacobi equation

dA/on-H (6A4/8 (x))=0 (1.9)
with Hamiltonian
H (n (z))= ——% j j 7 (2) A (z —z*) = (z") dz dz’ (I.10)
and generalized momenta
a1 (x) =04/8g (). (I.11)

Equation (I.9) can be readily integrated in a general
form for arbitrary initial conditions. In what follows we
shall simplify the notation by assuming that there is a fin-
ite number of variables ¢l and =i (i=1, 2, ...). Accord-
ingly, we rewrite the equations in the form

aA/am - H (m)=0; (I.12)
H (m) =dihmny /2;
ay=04lagh; A0, g)=4g(¢)- (1.13)

The action A for the Hamiltonian H is defined by the
well-known relation
?mM
A= 5 L (dg/dn) dn,
Fg» =0

(I.14)

where L(dg/dn) is the Lagrange function corresponding
to the Hamiltonian (1.13)

L (dep/dn) = (d=1)ix, (dpt/dn) (dgk/dn)/2, (I.15)

and the integration in (I.14) is along the trajectory of a
particle,

o' =aintgi, (I.16)
which leads to the following expression for A(n, ¢):
{ . il R__oh
AN, §) = (¢ aiahy =é~(d-l)ihw$_¢'ﬂ_ (1.17)

To satisfy the initial conditions, we construct on the
basis of the expression (I.17) a general integral of Eq.
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(I.12) (see, for example, ref.22). To do this, we add to
(I. 17) anarbitrary constant of integration; we shall as-
sume that this,inturn, isan arbitrary function of the ¢,,
and that the ¢ are functions of ¢ and n defined by the
conditions

a4jogi =0, (1.18)
i.e.,
) s ;)( R__ ok
A Q)= @D 9’—_%—‘9—) +€ (o) (1.19)
(oh—qh)  ac
T A ThO - (1.20)
(d~1)p n e T
or
1. aC @&C
4(n, g)=C dib— . q;
(M @) =C (o) + 5 di og7 " agE (I.21)
o OC
(pgm(pi—dih—a-ﬁﬂ. (1.22)
It follows from (I.19) that when n =0,
A0, CP)=C(¢’)' (1.23)

i.e., the function C is determined by the initial conditions
and can be expressed in terms of the interaction Lagran-
gian.

Differentiating (I.21) with respect to ¢, we readily
see that

84 (M, )/d9=0aC (30)/dg. (1.24)

Substituting (1.24) into (I1.21), we obtain
AL g)=4gl¢t—dthoA(1, g)/agh]+dik (@A (1, g)lag)-(3A(1, ¢)/aph)/2.
(1.25)

The terms of the expansion of A(1, ¢) in powers of @
can be represented graphically by the diagrams shown in
Fig.2; for the expansion of Aj(¢) in a series. gives, in
accordance with (I.8), the vertices of the original interac-
tion Lagrangian. Replacement of one or several powers
of ¢l by the second term in the argument of A, in (I1.25)
leads to graphs in which the vertices of the interaction
Lagrangian are joined to one or several effective matrix
elements (recall that dik plays the role of propagators on
the transition to field variables). The last term can be
associated with a diagram with two effective matrix ele-
ments joined by an internal line.

The above derivation is taken from ref.13. We now
consider a generalization of (1.25), which would allow for
a possible reduction of pole diagrams to a contact interac-
tion because of the presence in certain vertices of the op-
erators &A [or (& — m*)A when a mass term is present].
Our aim is to obtain an equation analogous to (1.25) for
the reduced matrix elements and an equation relatingthese
to the elements of the S matrix.

We formulate the problem as follows: Suppose there
is a procedure for splitting the operators gintotwo classes
¢y and ¢, the procedure satisfying the condition that the
interaction Lagrangian is a linear functioninthe operators
@,. For example, in the case in which we are interested
the operators ¢ to which the sign of the second derivative

D. V. Volkov 14



with respect to the spatial coordinates is applied helong
to the class @,.

In accordance with this splitting, all the propagators
are also split into two classes: those containing one or
two of the operators ¢, and those that do not contain such
operators. We calculate the S matrixin the quasiclassical
approximation in two stages. First, we sum the contribu-
tion of all diagrams containing only propagators with at
least one operator ¢, and then, using the expression ob-
tained as a result of such summation and taking into ac-
count the remaining propagators with two operators ¢, we
find an expression for the sum of all possible diagrams.

To carry through this procedure we introduce as a
factor for each propagator the parameters 74 and 1, in
accordance with whether the propagator contains only the
operators ¢; or also one or two of the operators ¢,. Re-
peating arguments similar tc those adduced above, we ar-
rive at the following Hamilton—Jacobi equations with two
"times" for A = A(@y, @9, My, My), Which is identical with
the previously considered A = A(¢, 1) when @1 = ¢y = ¢
and mg ="My =1:

aAlomg + —;- dik 9A/9i - 9A [0k [2=0; (I.26)
dAjany-+-dih aA/agi -24/ogk + % dik 3A|agi -8A/0pk =0 (1.27)
with the initial conditions
A ((p[v Pay 0, 0) =4 (fPh (Pn). (1.28)

When @ = @y = @, Ag(@y, @) is identical with the previ-
ously introduced Ay(¢), which corresponds to the interac-—
tion Lagrangian.

The two stages of finding the elements of the S matrix
correspond to successive integration of, first, Eq. (I.27)
with the initial conditions (I.28) and then Eq. (I.26) with
the initial conditions specified by the function A(@y, ¢z,

0 )

Integration of Eq.(L.27) leads to the result

Aps a0, 1) =40 (pr0s Pao) -+ ik 34y (P10, Pe0) 4o (P00 P20)

291 9950
+ % gix 3o %E; @a0) , 4o (,;pqi;z:c; P20) K (1.29)
where
@, =qi, —dik 94y (;va Pa0) , (1.30)
20
Pip= 7} —dih 34y (;P;;; P20 _gin 4o (g’qi)%; P20) (1.31)

The relations (1.28) are obtained from (I.21) by allowing
for the matrix structure of the Hamiltonian H, which is

associated with the additional indices 1 and 2 of the op~-
erators ¢y and @,.

The assumption that Ay(@q, @;), the interaction La-
grangian, is linear in the operators ¢, enables us to re-
duce the relations (1.29) to a form that does not contain

the derivatives 8A/ 840% explicitly; for writing the lin-
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earity condition in the form

Ao (g1 9= (o, O+ [ 220020 g, (1.32)

Pz

substituting (1.32) into (1.29)-(1.31), and noting that, as a
consequence of (1.24),

BAg/0pr=0A0p;;  9Ag/0pyn=04/3¢, (I.33)
we obtain
A(@y g2 0, 1)= Ao (g —di* aA/agh, ¢} —dih 0A/dphk)
+dik 9Ajagh -0 (o} 2. (1.34)

The expansion of the relations (I.34) in powers of ¢
can be represented graphically by the diagrams shown in
Fig.4, in the same way as this was done for the relations
(1.25).

Note that the structure of the relations (I.34) enables
us to avoid the explicit construction of the function Ay(¢y,
@,) and enables us to separate the operators ¢ into the
classes ¢4 and @, directly in the argument of the function
A(@q, @q, 0, 1); for when ¢4 = @ = @ the relation (I.34) can
be written in the form

Aty @20 0, 1)=Ag (¢ —dik A (p1, 92)/90h)

+-dih 0A (g1, §a)/0GE-0A (@1, §2)/OGR /2. (1.35)

After the calculation of the n-th power of ¢ on the
left-hand side of Eq.(1.35), the division of the operators
between ¢; and @, can be specified arbitrarily and then
used for substitution into the right-hand side of the equa-
tion for calculating the (n + 1)-th and higher powers. It
is only necessary to require that A{¢y, ¢, 0, 1) be a lin-
ear function in ¢,. If this condition is satisfied, a func-
tion Ay(@y, @) satisfying the requirement of linearity in
@, always exists as a consequence of (I.35) and it can be
defined from given A(¢q, ¢, 0, 1).

Because it does not contain the derivatives 8A/9¢,,
Eq. (I.26) can be integrated in the same way as Eq.(I1.12).
The result can be represented in the form of an ordinary
expansion of perturbation theory with the Lagrangian
A(@yq, @5, 0, 1), in which @, is regarded as some given
external field.

APPENDIX II

In a space with affine connection straightlines are re-
placed by geodesics defined by the equations

d2a*fds2 4T, (dz"/ds) (da?/ds)=0. (IL.1)

Under a transformation of the coordinates these equa-
tions are unaffected, and the Christoffel symbols trans-
form in accordance with the equation

W gMVA PR ne 0
Tl = Ayl T4y 9y 4.

(I1.2)

The presence of the last term in (II.2) enables one to
use the freedom in the choice of the coordinate system to
impose certain additional conditions on the symbols P&v-

As such additional conditions we require that linear
combinations of the derivatives of the Christoffel sym-
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bol!® 1 p,) (or, which is the' same thing, the deriva-
tives of the metric tensor gy p) eorresponding to sym-
metrization of the 1ndlces wtth respect to Young tableaux
of the form | ] and L] vamsh at the

We shall show that this additional condition is satis-
fied in a normal coordinate system, in which, by defini-
tion, the solution of Egs. (I1.1) has the form?:23

origin.

=M, (I1.3)

It follows from (I1.3) that
PB oVah 0 (IL.4)

or, after multiplication by s?,
rha¥zh=0. (I1.5)

An analogous relation holds for the Christoffel sym-
bols with subscripts:”

Iy, pz¥zh =0

(I1.6)

and, as a consequence of this expression, for a certain
combination of the derivatives of the metric tensor,

(Iguv -+ Oyeus — dugya) 2V =0, (I1.7)

We expand the expression in the brackets in (II.7) in
a series in powers of x%

1
T @, B, . By T 2T (IL.8)

where there is symmetrization with respect to the indices
in the curly brackets. Since x is arbitrary, it follows from
(I1.8) that

20, Sy~ (. . By =0 (IT-9)

Multiplying (II.8) by x* we obtain similarly that the
combination of derivatives corresponding to the com-
pletely symmetric Young tableau vanishes, i.e.,

V. . Eyy=0- (IL.10)

It follows from the relations (II.8) and (II.9) that the
combinations of the derivatives of the metric tensor cor-
responding to Young tableaux of the form I: e | l ,also

vanish.

Indeed, separating explicitly the subscript p in (I1.10),
we write (I1.10) in the form

20, . Bpp. T, . 8y =0, (I1.11)
where n is the rank of the derivative.
As a consequence of (I1.9) and (II.11)
Y. . Eyp=0; (I1.12)
O, Bupy=0, (I1.13)

i.e., when we carry out symmetrization with respect to
arbitrary indices except for one fixed index, the corre-
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sponding combinations of derivatives vanish. The com-
binations corresponding to the Young tableaux that we have
considered are obtained from (II.12) or (II.13) by anti-
symmetrization of p with one ofthe indices inthe brackets
and therefore they also vanish.

Our arguments can be readily reversed, i.e., onecan
show that (IL.5) and (II.6) follow from the vanishing of the
combination of derivatives of the metric tensor corre-
sponding to the considered Young tableaux, i.e., the co-
ordinate system satisfying this requirement is normal.

UNote that there is not always a one-to-one correspondence between the
parameters ¢ @ and the local fields A%(x). Thus, in the study of sym-
metry groups for which the Poincaré group is a subgroup (see Sec. ) some
of the parameters g ® determine the space—time coordinates. In addition,
if a symmetry group has abelian subgroups, the number of fields of Gold-
stone particles may be less than the number of parameters o (see Sec.6).
2y geometrical approach to the method of phenomenological Lagrangians
has been developed in refs. 5 and 7.

DThis theorem was proved for diagrams of wee-type by Nambu®® on the
basis of a semiclassical treatment and by Callan et al.? as a consequence
of the homogeneity of these diagrams with respect to a scale twansforma-
tion of the fields.

4)see Appendix II.

5)Note that for the above example of broken SU(3) & SU(3) symmetry the
requirement that there exist a Riemannian connection with holenomy group
SU(3) uniquely defines the structure of the Riemannian space. For the
broken group SU(2) & SU(2) an analogous requirement does not lead to
any restrictions.!’

)The definition of the "covariant derivative™ (46) coincides with the or-
dinary definition of the covariant differential in the geometry of Rie-
mannian spaces and spaces with affine connection if allowance is made
for the dependence of the fields A® on the spatial coordinates x. Note
that in (46) the fields are assumed to be independent of Ac. In the case
when such a dependence arises, for example, on the transition to another
basis, one must add to (46) the term (dy /dA®)dAQ (see Sec. 5).

"For this it is sufficient to determine the bases by parallel transport along
the curve A'BA, where A is the initial point, A' is the end point, and B is
a fixed point of the transformation; A'B and BA are geodesics joining the
corresponding points.

8)This result agrees with that obtained in ref. 3.

94 phenomenological Lagrangian for a conformal group was first con-
sidered in ref. 4 (see also the reviews 15).

Wan example of the elimination of fields of Goldstone particles by an
analogous procedure has recently been considered for the case of spin
waves in ref. 17.

Won the transition from the Christoffel symbols rigtor
sume that the space is a Riemannian space.
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