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This paper reviews the present state of quantum theory of the simplest two-particle
systems — hydrogen-like atoms. This theory is based on Logunov and Tavkhelidze's
three-dimensional quasipotential method in the new relativistically invariant formula-
tion proposed by the author. The paper deals most thoroughly with corrections to the
energy levels for nuclear structure and motion effects, the positronium energy levels,
and relativistic corrections to the atomic magnetic moment. The theory is compared

with the most recent experimental data.

INTRODUCTION

One of the simplest and most fully developed
regions of application of quantum mechanics is the
theory of hydrogen-like (HL) atoms. These include
hydrogen (e~p), muonium (e~ *), positronium
(e~et), muonic hydrogen (u~ p), and pionic hydro-
gen (7 ~p) atoms, All these systems are bound
states of two charged particles interacting through
an electromagnetic field.

Throughout almost the entire history of quan-
tum mechanics and quantum electrodynamics the
hydrogen atom has been of great importance for
the testing of basic theoretical postulates. I was
used to establish the quantization rules and the
Bohr—Sommerfeld correspondence principle. One
of the main achivements of the Schréodinger equa-
tion was the calculation of the energy levels for the
Coulomb potential, A brilliant confirmation of
Dirac's relativistic electron theory was the cal-
culation, based on this theory, of the fine struc-
ture of the hydrogen energy levels.

The idea of the existence of an anomalous
magnetic moment in the electron first arose in the
investigation of the hyperfine splitting of the hy-
drogen levels. The Lamb shift of the energy lev-
els was also first discovered in the hydrogen atom.
The interpretation of the anomalous magnetic mo-
ment of the electron and the Lamb shift as radia-
tion effects, and their very accurate calculation on

the basis of renormalization theory, represent an
outstanding achievement of quantum electrody-
namices,

Hydrogen-like systems have been the main ob-
jects used in the investigation of the relativistic
quantum two-body problem on the basis of the
Breit, Bethe—Salpeter, and Logunov—Tavkhelidze
equations. The various relativistic and quantum-
electrodynamic corrections calculated by means
of these equations are in good agreement with ex-
periment,

Hydrogen-like atoms owe their privileged posi-
tion to the fact that, on one hand, the radiation and
relativistic corrections to the Coulomb energy
levels are small and can be calculated very ac-
curately from perturbation theory., On the other
hand, the energy levels of these atoms are ac-
cessible to exceedingly accurate experimental in-
vestigation. Finally, the theory of HL atoms in
external electric and magnetic fields has been fully
worked out., All these features make HL atoms
ideal systems for testing the correctness of the
hasic postulates of quantum mechanics and quan-
tum electrodynamics.

A general account of the present state of the
theory in this area of research is given below.
This review does not make any claim to complete-
ness, since most attention is given to problems
which can be resolved most fully. The choice of
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such problems is based partially on the scientific
interests of the author himself, The main method
used to describe the two-particle bound system

is the Logunov—Tavkhelidze quasipotential method
in the new relativistically invariant formulation in-
troduced by the author.

I. ENERGY LEVELS OF
HYDROGEN-LIKE ATOMS

1. Relativistic wave function of a
bound two-particle system, The most
widely known method of representing the relativistic
quantum two-body problem is the explicitly co-
variant Bethe —Salpeter equation [1]. The wave
function of the bound two-particle system in this
case has the form

le{n (T, wa) = O | T {1 (@) ga (x2)}| My, J; K, (1.1)

where ¢ , are complete Heisenberg operators of
fields 1 and 2; My, J, Kp are the mass, spin, and
momentum, respectively, of the bound state; Eg =
(M2, + K31/,

The wave function (1.1) differs considerably
in its properties from the nonrelativistic wave
function conforming to the Schrédinger equation,
Firstly, the norm of wave function (1.1) is not
positive definite and, hence, the usual probabilistic
interpretation is lost; secondly, it depends on two
temporal coordinates, and the physical sense of
the relative time parameters is not completely
clear.

In almost all practical applications of the
Bethe —Salpeter equation this additional parameter
has been eliminated in some way or another. This
has given rise to the question of whether this could
not be done systematically from the very start.
Such a method was proposed by Logunov and Tav-
khelidze [2] and was called the quasipotential meth-
od. In this method the wave function of the bound
system depends on one temporal parameter and
conforms to a Schridinger-type equation with a
complex, energy-dependent, and nonlocal kernel —
a quasipotential. Although this still does not com-
pletely restore the probabilistic interpretation of
the wave function, its physical sense can still be
found [3]. The quasipotential method can also be
used successfully in scattering problems [4]. Dif-
ferent variants of relativistic three-dimensional
equations of the quasipotential type have been ex-
amined in [5-12].

We will make a few comments on the equa-
tions proposed in [11, 12]. The effective potential
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model, as Grotch and Yennie call it, is concep-
tually very close to the quasipotential method. The
main difference is that exact solutions of the Dirac
equation (for spinor particles) with a modified (due
to recoil of the nucleus) Coulomb potential are taken
as an initial approximation. This choice has some
practical advantages in the case of the hydrogen
atom. These advantages, however, are achieved

at the expense of the consistent formulation of the
problem for bound states. Another significant
shortcoming is the disparate consideration of the
two particles. Hence, this method is quite inap-
plicahble to such systems as positronium, where the
two particles have the same mass. For this reason
we will use the more consistent and more widely
applicable Logunov—Tavkhelidze method. Qur new
covariant formulation [14] of the quasipotential
method is conceptually close to [7].

In nonrelativistic quantum mechanics the state
of a particle system can be represented by a wave
function which depends on the coordinates (mo-
menta) of the particles at a particular instant. The
most simple and natural relativistically invariant
generalization of such a representation is the as-
signment of the wave function to the time of the
system itself. In this case the direction of the
time axis must coincide with that of the total mo-
mentum vector of the system. Thus, the concept
of simultaneity acquires a quite definite and Lo-
rentz-invariant meaning. The times of the par-
ticles in the CMS must be the same, This replace-
ment of the individual time coordinates by a com-
mon coordinate is the essence of the process of
combining: It defines the change in our viewpoint
when we consider the system as a whole instead
of its constituent parts [13]. According to Edding-
ton's figurative expression [13], "a hydrogen atom
is composed of a proton and electron, but a proton
today and an electron yesterday do not constitute
a hydrogen atom."

Henceforth we will mainly use momentum
space and, hence, we define [14] the covariant quasi-
potential wave function in the following way:

(21)'6" (P — Kp) ¥y (B) — {dioidiageiomsiims
200 (fty — hag) (O | gy () g 2‘(“'2) [ Mg J; Kp)(1.2)

where
i et e,
Vs

and it is assumed that the coordinates and mo-
menta of the particles are expressed-in terms of
the corresponding quantities in the CMS:

F=ptpsy p=0,1, 2, 3; pu=phy,
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L, is the pure Lorentz transformation which
converts the CMS to an arbitrary coordinate sys-
tem. The metric of four-dimensional space is
chosen in the form (1, —1, —1, — 1), It is obvious
from relationships (1.3) that

Ti,p = (heayg ),

and, thus, the 6 function in the integrai (1.2) ac-
tually ensures the equalization of the particle times
in the CMS.

For definiteness we will assume that both par-
ticles have spin 1/2, It is convenient [8, 15] to
project the wave function (1.2) onto the positive
frequency states by means of the relation

11r‘ (P) L er (D) €2 (p) =

20y

wy (py )“_2(1)2) 7 (;1). (1.4)

where ;
U=uyo; 2 (D)=} T, P,

u(p) is the positive frequency Dirac spinor, nor-
malized by the condition uu = 2m.
In explicit form we have

(1.5)

I
ud (p) = 15 ——(p) Tm ( op__ )w?.‘
. &(p)-m
Using Lorentz invariance it can be shown [14]
that
YR ()= DI (RY) DY (RS @), (1.6)
where ¥ g‘ ) is the wave function in the CMS; DY/ %(R)
0

are well-known finite rotation matrices for angular
momentum 1/2, and the Wigner rotation is

W
1y, 2—LL3°7’| ZLJ‘LPI.?.

The wave function W7 satisfies the equation
P

(ar, HVP o+ m? —VI'2 -m2) WER (p)

= —(gn)—a j dqV (p, q; & ¥ (g). 1.7)
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The quasipotential V is defined in terms of the scat-
tering amplitude of the two particles off the energy
shell:

V="Tud-+=6T) (1.8)
where the free-particle Green's function is
;00 (2128 (p—q)
G (p, q) = —————-=(21)*8 (li—q)l' . (1.9)

0 K]
My—eg; (p)—e2(p)

Multiplication in equation (1.8) is understood in the
operator sense as integration over three-dimen-
sional momentum space. Relationship (1.8) is usu-
ally used in the form of an expansion in perturba-
tion theory:

Ve=pBpp@a
V(”

1
4 Teay=T¢h+
"TEIE)); 7 TE...)]—[EH)GIT}?"))'

-TE-- .
(1.10)

In the most general form the scattering am-
plitude T is determined [14, 15] by means of a co-
variant dual-time two-particle Green's function
projected onto the positive frequency states [like
Eq. (1.4)]:

G'T G = G — G G - idsGuus.
However, in some applications (e.g., to obtain the
energy levels of the bound system) it is possible
to construct the amplitude T by using the elements
of the scattering matrix on the mass shell. Hence-
forth we will mainly use this simpler method, The
equivalence of the two approaches was demon-
strated in [16]. Thus, in the CMS we have

Ty (ps a5 My) =

-a_!_l () i;g (p)

wy (g usiq)
BB T(p,q; By, E) —0 22 (1,11)
‘Vh(p)eu(p) £ el 2V e (q) €2 (q)
where
5 ME—m3am? ] My — i3 m3
s LU oMUl Wik P I
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In the nonrelativistic limit Eq. (1.7) obviously
becomes the ordinary Schridinger equation:

(W—£) ¥u® - e | da¥ @ a; W) ¥a (@), (La12)
where
W =Mpg —my —m,
and po=— "™ jg the reduced mass.
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2. Structure of Coulomb energy
levels. Inquantum electrodynamics the inter-
action of charged particles involves photon ex-
change, In the lowest approximation we obviously
have one-photon exchange, which can be represented
by the diagram in Fig. 1.

For particles with spin 1/2 the interaction po-
tential in this approximation, according to Egs, (1.10)
and (1.11), in the CMS is

V' (p, q)-

RO ¢ (20)

|J|u(“1|(lf Ry (k A5
2V eaip)ealq)

W EpE (@
k=p—q; £°-:0.

The one-particle matrix elements of the electro-
magnetic current operator have the well-known
structure

®17 ) [ =(p) [ a0 (52) £ 5

2m

O] () | (g

2.2
=1 el ( :

where p4,,0) =€y, fi,2= €4,2%,20 Wy, 1s the
anomalous magnetic moment (in corresponding
magnetons)., I is convenient to choose the photon
propagation function DHY in the so-called Coulomb

gauge:

1 (k2)

U[)n(k)____ '_(—EE'"; iU'-’)

D24

(bu—15)

Dt piv g

Here vacuum polarization has been taken into ac-
count, Using the explicit form of the spinors (1.5),
performing the expansion in Eq. (2.1) in (p2/m? and
keeping only first-order terms in this parameter,
we obtain

u’{ﬁ

vy, g) == J’Gri (h*) Gy (K%)

= Py (K2) 0o (A7 ) Leaail b e Py -

dm |m o ' omymgk?

) o (k) 1

Sz

; e
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U dmy

fi (k) |
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oy (P20 0100 () [ (475 ) 00 () - £ () |

1)1-; 1

Gy (K2) Gary (12) 1(0,05) K2 — (k-07) (k-03) |, (2.3)

Mty

Amynie

k= —k2,

my -y’

where we have introduced the usual Sachs form fac-
tors:
Gp(h?

=N {lil IJ[ (]\

)= (k) + 1 (1),

.‘H‘
It is convenient to separate the purely Coulomb
potential and put V() in the form

eies

VO =Vor AV Ve =332, (2.4)

Henceforth we will set

ey = —e; ey = Ze.
As an initial approximation it is natural to select
the nonrelativistic Schridinger equation (1.12) with

the Coulomb potential:

(W —45) Tao)= —s [ da sl (2.5)
with the only difference that the wave function here
is two-component for each of the particles. The
solution of this equation is most easily obtained by
the Fock method. This gives the well-known Cou-
lomb energy levels

We—My—m;—my== — (/;:_,)‘ . £

n=1, 2

and Pauli-type wave functions, which for the S state
have the very simple form

¥ (p) == Ve (p)w;

Ye (p)

SnZapn

a0 ‘Fc (0)
> (2. 7)

e (1) == f_’"l!T \ dpeiPifc (p)

—
= { (u/a) e—HlZo) T
and 7

where w is a two-component spinor,

A system in which Coulomb interaction plays
the main role is weakly bound, and the relativistic
effects in it are small, since the mean value of p?
is

(p*) = (Za)? p2 (2.8)
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Now let the mass of one of the particles be much
greater than the other, e.g.,

My > My,

Examples of such systems are hydrogen and muoni-
um atoms, Inthis case, keeping only linear terms
in (my/m,) and using (2.3), we can put the correction

Av() in Eq. (2.4) in the form
I = W 4 v w4, (2.9)
where
Vi - i“w%_“‘d( 2 py (k2) {(1 )ml)p (?)
4 ; |
1.3 ( 4 :::",) fi (k%) — g ™ (k2 s (A (2.10)
7(1) AN 4 3y 1 7.2 ) 1 =
K = {d (F2) Gy (52) Gpa (1) — €1y T} (2.11)
;zt:\ i IIT)JT:‘—kU_d %) py (k%) Gyps (A7)
5 2 i
_ mf ) Giary (1) Gara () {002 — 4 (k-0) (k-0y) |
(2,12)
01 2 . || bl piq?
VED =y () pa (2) { 2t tarts) - (2.18)

In addition, there is a correction to the kinetic
energy from the expansion of the square root in
Eq. (1.7):

(2.14)

Posohie (E 3pt
kin 813 8mima

) (22)% (p—a).-

The shift of the energy level is determined from
the usual perturbation theory for the Schrodinger
equation, and in first order in perturbation of AV(i
we find

AW = (B| AV | By

1 # 7
T 2y 5 dpdq¥3 () AV (p, q) V5 (q).

(2.15)

We now discuss the physical sense of the dif-
ferent terms in Eq. (2.8). The potential Vj(fis} is in-

dependent of the spin of the second particle and to-
gether with the first term in the correction (2.14)
to the kinetic energy gives the so-called fine split—
ting of the Coulomb energy levels (2.7). The term
V(S“ is the correction for particle structure and
vacuum polarization. In conjunction with the part

of the potential V)(fls) proportional to the form factor

£,(s?) it leads to the Lamb shift. The term Vg}s

contains the dependence on the spin of the second
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particle and causes hyperfine splitting of the en-
ergy levels. This splitting is approximately
(m,/m,) times less than the fine splitting. The
last termV(l) together with the second term in the
correction (2 14) to the kinetic energy, does not give
additional splitting of the levels, but merely leads
to a general shift of the energy levels [17], which
depends on the principal quantum number n,

We now consider in a little more detail the
case of the hydrogen atom (particle 1 is an elec-
tron, and particle 2 is a proton). Since, as already
noted above, the relativistic corrections to a HL
system are small, we need only use the expressions,
obtained within the framework of quantum elec-
trodynamics [19, 371, for the form factors and func-
tions d(k? close to the zero in momentum transfer
k%

d(/iz)ji#{%,%,%( )1:; A L (2016)
Py (k) = i SR EY), L@" e

Tdkr
iEs g BN e 1
o= —¢ {55 (In gt +33) + 50470} (2017)

“ay

2 dpy (52)
L dRe

f () = [1(0) = —e (55 —2;0,32848) = —ex,; (2.18)
Grs (h) = Ze+ 22 (i 2t ., (2.19)

The term of order o? in the expression for the
function d(k2) was calculated in [18]. The form
factor p (k% contains the infrared divergence [19],
which makes it necessary to introduce a cutoff pa-
rameter A for the photon momentum near zero.
This is a consequence of the approximation which
we made when we regarded the electron as free
in calculation of the form factor. If we take into
account that the electron is actually bound, the
parameter A is replaced [17] by a quantity of
order Wg ~ (Za)’u. We deal now with the cor-
rection of order o to the slope of the form fac-
tor p,(k?) when k? = 0. The analytical calcula-
tion of this quantity made in [20] was erroneous.
This was first detected by Appelquist and Brodsky
[21] by means of a numerical calculation. They
obtained a contribution equal to (a@?/r %)(0.48 + 0,07).
This result was confirmed in [22]. A new calcula-
tion of this quantity was subsequently made in [23],
which led to the more accurate value indicated in
Eq. (2.17).

Substituting now the expression (2.10) and the
first term from (2.14) in Eq. (2.15), and using
Egs. (2.7) and (2.6)-(2.19), we obtain a correction
leading to fine splitting of the levels (2.6):
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a) for the S states, I =0 (I is the orbital quan-
tum number),

AW = —Calty (4 3) (2.20)
b) for all other states, [ = 0;
A (Zay 1 3
L ore {[““T—z—]
P
[t (-5):
j=lt (2.21)

i z

Here we continue to write Z, although Z =1
for the proton, in order to distinguish the radiation
corrections from relativistic effects.

The fine-splitting AE of the levels (2P~
2Py/,) is of particular interest, since a very ac-
curate experimental value is known for it and it
is also insensitive to radiation corrections:

— 22 (Za)? In (Za)~ } (2.22)
where the term of order (Za)?[ fs] can be obtained
from expansion in (Za)? of the exact Dirac equation
for the fine structure [17].

The "structural™ correction (2.11) leads to an
additional (Lamb) shift of the levels:

LX]'Vgl) —— _IEC’ ({]\ I'_ {d U ') (11 . (U) (fp| ‘

-0

ey . Oy

T im3 Fr () d(0) Gea (V) - py LU) Gz (0)
dd (k?)

ke ‘m’ + (V) d (U)

(2.23)

1
¢
m:. o)

Elimination of the infrared divergence by explicit
allowance for the boundedness of the system leads
to the so-called Bethe logarithm [17], the numeri-
cal values of which are well known. As a result,
using Eqgs. (2.10) and (2.18), we obtain the shift of
the S levels (I = 0) in the form

4ot (Zo)t 3
 dandmi

A”(l)

(Za)2 u | : Iy
PI T 'ﬁ(ﬂ 1“(1'*', )

P (0.8 —4-0445+(1 ) -2

X {In (Zo)24 In 122V E

(Z
20 2 (rke), (2.24)
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where Agyp, 1 is the mean excitation energy intro-
duced by Bethe [17]. For all other states with

!l % 0, combining the term dependent on [ in Eq.
(2.21) and the contribution from expression (2.23),
we obtain after elimination of the infrared diver-
gence

(Ze)? 1

A]/VLL) = !m'i {Zm)al- L {]ll

3mndm 2Ae,, 1
3 o 1
+5 (1—22 0.328) [*‘1 -
bibge . I

x (1+ jj;')}, 1540 (2.25)

Equations (2.24) and (2.25) give theoretical expres-
sions for the radiation shift of the energy levels,
usually called the Lamb shift, in the one-phonon
exchange approximation with nuclear motion taken
into account.

Potential (2,13) in conjunction with the second
term from the correction (2.14) leads to the total
shift of the levels [17]:

(Zoyt i
8nimym,®

AW s (2.26)

which is independent of j and [.

We proceed now to the part of the potential
leading to hyperfine splitting. We will not give
here the well-known equation for hyperfine split-
ting of an arbitrary level [17], but will discuss in
more detail the splitting of the S levels. In this
case, substituting expression (2.12) in Eq. (2.15)
and putting d(k?) ~ 1; Gpp(k?¥ ~ —e(l + %), we have
IaZa

AW =

S

288020 [y O 09 o]}

(L-5¢) (1 %) (04-0,) l!‘h Gl

kit = —(p—q)=. (2.27)

The first term in Eq. (2.27) is the well-known
Fermi relation and the second is the correction
due to the electromagnetic structure of the proton
(nucleus). We cannot use here, however, the ex-
pansion of the form factor in powers of k2, since
the corresponding integrals diverge. Neverthe-
less, the main contribution to the integral is made
by relatively small k? and hence the second term
in Eq. (2.27) is of the same order of magnitude as
the contribution from two-photon exchange. In
fact, since the integrand becomes zero when k2=0,
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we can use an approximate expression for the Cou-
lomb wave function (2,7) of the S state:

Ve (D) pe (0) [2n)* 8 (p) - F (p) Ve (p) - . . .1.(2.28)

which is an expansion in powers of (Zw). After
substitution of this expression, Eq. (2.27) becomes

AW, =2 (1 4 e) (14 ) e (0) [ 0100
; . dk
{1 zji,’”,n (k) F (k) F (k)
[/( T G (B — 1 } (2.29)
where Fk) = W — (k¥2u)171,

Thus, we can compare the second term in Eq.
(2.29) with the difference in two diagrams,inwhich
there is an exchange of one Coulomb and one trans-
verse (magnetic) photon., We will return to this
equation in the next section.

If instead of nonrelativistic Coulomb functions
we use the more accurate wave functions, we can
also obtain [12, 24] corrections of order (Za)?x
(m;/m,) [hfs], which depend on the state (i.e., on
the principal quantum number n).

3. Corrections for two-photon ex-
change. The scattering amplitude corresponding
to two-photon exchange between particles of a sys-
tem can be represented by a Feynman diagram
(Fig. 2).

We have neglected the contribution of vacuum
polarization, since it is an effect of higher order.
In the case of HL systems, where one of the par-
ticles is much heavier than the other (m, > m,), it
is convenient to consider separately the correc-
tions to the fine and hyperfine splitting, since the
latter is m,/m; times less than the former.

We begin with the corrections to the fine split-
ting. These corrections in turn can be divided
into two categories. The first includes relativistic
and radiation corrections, which remain when
m, — « and have relative order (Za)?[f sl, a(Za)-
[fsl,and o(Za)?1nk(Za)lfsl, k=0, 1, 2. Terms
of order (Za)?[f s] can easily be obtained from the
expansion of the exact Dirac equation for the fine
structure [17]. The other terms have been fully
discussed in Erickson and Yennie's excellent paper
[25]. We will not dwell in detail on these correc-
tions, since they do not reflect the characteristic
features of the two-particle problem — nuclear
(proton) recoil effects.

A secondary category of corrections is asso-
ciated with the finiteness of the nuclear (proton)
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mass. Since we have considered the effects of struc-
ture and the anomalous magnetic moment of the
proton in the one-photon term, we can now con-
sider the proton as a point Dirac particle, Thus,
we must consider the contribution to the potential
from the diagrams shown in Fig. 3.

A calculation of these effects on the basis of
the Bethe —Salpeter equation was first carried out
by Salpeter [26] and was subsequently confirmed
by Fulton and Martin [27]. These calculations were
later corroborated by Grotch and Yennie [12], using
the effective-potential model (see Introduction).
Their results agreed with the results of the pre-
vious papers. Here we give only the final expres-
sions for the corrections to the 2S and 2P levels
of most practical interest:

ATVD 90 (Za)bpd [8 Zom rsavag o S
AW (2S) Sl o #ln(doa) b
9
= l m? ln— —mj ln—J1 (3.1)
(2 (op (Zo)5p8 |’8 (Zo)2 my 71
AWz (2)- Samms | 3 In Phean: sl (3.2)

These expressions were obtained without as-
suming m;/m, « 1. Inthe case where this ratio
is small (hydrogen and muonium atoms), the term
with the square brackets in Eq. (3.1) is propor-
tional to an additional factor (m;/m,) and can be
neglected. Corrections (3.1) and (3.2) contribute
to Lamb splitting of the levels, since they depend
on . More accurate calculations of the two-photon
corrections to the fine structure with realistic
proton form factors taken into account have not
been carried out so far. Corrections for polariza-
bility of the proton, as was shown in [28], are neg-
ligible.

Fig. 2

Fig. 3
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We now consider in a little more detail the
scheme of calculation [15] of corrections to hyper-
fine splitting in the hydrogen (or muonium) atom
on the basis of Eq. (1.7). As in the case of correc-
tions to the fine splitting, radiation and relativistic
effects can be treated separately by considering
the interaction with the static magnetic moment of
the proton [29]. Hence, we will concentrate our at-
tention on structure and nuclear (proton or muon)
recoil effects.

The correction to the energy levels, accord-
ing to the usual perturbation theory, has the form

AWE = (B| V| B)

‘ g’ v . :
- E .’_H[;SI’H)|11;«muz]¢\l-m|B;.

n=I

(3.3)

We will be interested subsequently in the hyper-
fine splitting of only the S levels. Hence, we will
neglect all relativistic corrections of order
(p%/mj) ~ (Za)?. In view of this, the sum over the
complete set of intermediate states of the system
in Eq. (3.3) can be replaced, without reducing the
accuracy of approximation [30], by the sum over
the free-particle states. After this substitution
Eq. (3.3) can be written schematically in the form

AH/(}?’ i (V‘z’) - (AVOGIAV DY,

Substituting in this equation the expression for V(a)
from Eq. (1.10) and using (2.4), we finally obtain

AWS = (Tew) — (V.GAVL) —
(AVOGIV ) — (VeG'Ve). (3.4)

The last term in Eq. (3.4) gives no corrections to
the hyperfine splitting. Taking into account the
above-mentioned neglect of relativistic effects, we
can put the contribution to the hyperfine splitting
from expression (3.4) in the form

VL0 {1

o 2Zo O \ dk
~Bmpng ! 2/ J (2a)?

Ve (K)F (k) 5= Gua () ) (345)

where TQ(ZV) is the expression for the two-photon
exchange diagrams, shown in Fig. 2, forp =q =0
and Mp = m, + my, Combining the one-photon
(2.29) and two-photon (3.5) parts of the hyperfine
splitting, we see that the last terms in these equa-
tions cancel each other [31], and we obtain the sum

R. N. FAUSTOV

21 (Zar)
Jim yme

AW e O {22 (1 ) (14 2) (0,0

A (Za)
dm ity

(1 --%,) (0,-6,) S A Rl Ve(k) | (3.6)

! n(29),
Ty ) - @y

The splitting of the triplet and singlet S energy
levels can now be written as

Vigs = W (381) — W (18,) = vi (1 - %4 -~ 8). (3.7)
where
B (Zo)2 3
F=-3f—;s,i)le;( 1%,) (3.8)

is the well-known Fermi equation, and § denotes
corrections for structure and motion of the nucleus
(proton or muon) and in the general case [32] is

_ (Zaymy  [3mE ( dik ot Warr T, 18
it g L ) B Vi () NVEY ()
| v dk
— 8m, (1 -+ %) sl km_z—:llull'c} ; (3.9)

o
0

where

Nt =4 Tr[ ot 55 |
Ch’ﬁ (k) is the amplitude of virtual Compton forward
scattering.

We note that only the spin-dependent part of
this amplitude contributes to the hyperfine split-
ting. The simplest result is obtained if the two
particles are point Dirac particles,as is the case,
for instance, of muonium and positronium. The
Compton amplitudes thenreduce to simple pole di-
agrams (Fig. 4). The expression (3.9) in this case
reduces to

s 3(Za)mmsy
m T (mi—mi) oy’

(3.10)

The situation is much more complicated in the
case of the hydrogen atom. The amplitude of the
virtual Compton effect on the electron is given, as
before, by the diagram in Fig. 4. The amplitude of
virtual Compton scattering on the proton, however,
is not actually known owing to strong interaction
effects. From this amplitude we separate the con-
tribution of the one-nucleon pole term and illu-
strate it graphically (Fig, 5).

This can be done most consistently by writing
the dispersion relations for the invariant ampli-
tudes [31-33]. The pole term is completely un-
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Fig. 4

known in this case, since it is expressed in terms
of the electromagnetic form factors of the real
proton.

As regards the contribution of many-particle
intermediate states, its imaginary part can be de-
termined in principle from experiments on inelastic
scattering of electrons by protons at high energies,
Such experiments have been carried out and widely
discussed [34]. The difficulty, however, lies in the
fact that obtaining the spin-dependent part of the
scattering amplitude requires experiments with
polarized electrons and protons, which have not
yet been carried out.

Various models have been used to assess the
contribution of inelastic intermediate states [31-33].
An interesting detail was discovered, It was found
that it was convenient to separate from the inte-
gral in the dispersion relations the term which to-
gether with the contribution from the nucleon pole
gives an expression for the modified Feynman pole
diagram. We have in mind that, as before, the
form factors of the real proton are at the vertices
of this diagram. Then, as calculations show, the
remaining part of the dispersion integral usually
gives a small contribution of the order (3-5) » 1076
in comparison with the contribution of the modified
pole term, which is (35-40) « 107 (depending on the
particular expression chosen for the form factors).

This can probably be attributed to the fact that
the presence of an electron and two photon propaga-
tors ensures fairly good convergence of the inte-
grals with respect to photon momentum, even in the
case of a relatively wealk falloff of the Compton
amplitude. Hence, the main contribution to the in-

L

o
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tegral is made by small momentum values: k? « mj,
At the same time, the contribution of the low-mo-
mentum region of the subtracted dispersion inte-
gral is reduced owing to the validity of the low-
energy theorem for the corresponding invariant
amplitude. This question has been discussed more
fully in [31, 32].

As an illustration we give the expression for §
obtained in [35] by considering only a modified pole
term and taking the form factor as

A

a3 1 03
0* (ks) e fa(k?) = e, AT

W= 1. 79,

where k? is the square of the 4-momentum. Then
we have

3(Zaym [ 4—u} Amy 3
07 e Lo S R e ] [ e e
= amy \A(Towg) " my 1601 T
| BACE bagy <

£ m'('l,c,rl'm} s Zre=h,
where the parameter A is expressed in proton
masses, It follows from the datafor the root-mean-
square radius of the proton that A =0,64. Sub-
stituting this value in expression (3.11), we obtain

(3.12)

Estimates of the remaining part of the proton polar-
ization effect [31-33] give

ViA2T]

(3.11)

8y == —34-10-°.

[ 8por | — (1 — 6)-10-5. (3.13)

The relativistic and radiation corrections of
order (Za)*h fsl, a(Za)lhy s], and a(Za)?h fs]
have also been calculated. A detailed discussion
of these corrections and a bibliography can be
found in Brodsky and Erickson's paper [29].

This leads to the following expression for the
splitting of the triplet and singlet S levels of the
hydrogen atom:

V;;“ T Ny 6A\.—

Vijs = 6);0! [ J

where

& -2 (Za) - a(Za) (1n 2 —--"1) =

9 = O + Or—=
b

Fig. 5
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g%(Zq)'-' In (Za) [ln (Zet)=<lng -+ ;:-2-(1}1

F S (Za) (184 4 5). (3.14)

This equation is valid for muonium, too, if § is
given by expression (3.10). In addition, correc-
tions of order (m;/m,)(Za)? In (Za) [hfs] were re-
cently calculated for muonium with the aid of the
Bethe —Salpeter equation [36]:

One g

A8y, (Za)ln(Za)t, Z =1. (3.15)

3(my —mg)?
This result is obtained if the dependence on the ex-
ternal momenta [see Eq. (3.4)] is retained in the

expression for the two-photon exchange amplitude.

4, Positronium energy levels.
Positronium is a HL system consisting of an elec-
tron and a positron. I follows from the CP in-
variance of electromagnetic interactions that the
total spins s of positronium, which takes values of
0 and 1, is a conserved quantity. In accordance
with this, all the positronium energy levels can be
divided into singlet levels with s = 0 (paraposi-
tronium) and triplet levels with s = 1 (orthoposi-
tronium), Since the masses of the electron and
the positron are the same, the fine and hyperfine
splitting in positronium are of the same order of
magnitude. An exception is the S levels, for which
there is only hyperfine splitting into triplet and
singlet levels.

Another specific feature of positronium is the
presence of additional exchange interaction due to
virtual annihilation of the electron and positron,

Putting the electron and positron form factors
equal to their values at zero and %y = %y = n, m; =
m, =m, 4 = m/2, e, =—e,; =e, we can write ex-
pression (2.3) for the one-photon exchange poten-
tial in the form

] LB ol o e
T e i Am?k?  m?ktT 2mt
2 | o : 2 : - - | e
sl P ql8 (3 -4x) 32,,:(1 u)? [S* =l — kAl I ,
(4.1)
where
1 ; :
g0 = Oa)y SP=s(ssd); % :?{‘ ¥

In addition, as before, we have the correction to the
kinetic energy:

AV = — 0 (20 8 (p— ). (4.2)
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Fig. 7

The exchange interaction can be represented by
the diagrams in Fig. 6. In the lowest order of per-
turbation theory we have only one diagram (Fig. 7),
which makes the contribution

Vgre o (4.3)
We will not dwell on the fine splitting of the
positronium energy levels in the lowest approxima-

tion, since it has been thoroughly analyzed else-
where, in [19] for instance. We will concentrate
our attention instead on the hyperfine splitting of
the S levels, since this quantity for the ground
level (n = 1) has been measured very accurately
experimentally and provides another test for quan-
tum electrodynamics. This quantity was first cal-
culated by Karplus and Klein [30] on the basis of
the Bethe—Salpeter equation. Here we will use the
quasipotential equation (1,7).

The contribution to the hyperfine splitting from
the one- and two-photon exchange (direct-interac-
tion) diagrams is easily obtained from the results
of the preceding sections. Substituting expression
(3.7) in Eq. (3.6), we find for the ground level (n=1)

Vi = AWig (178, — 115, = L ot (1—s). &4

We turn now to exchange interaction. The cal-
culation procedure is similar to that discussed in
the previous section, and we will not dwell on the
details of the calculations, but merely give the final
results [30, 38]. We consider first the contribu-
tion from the one-photon annihilation diagrams (see
Fig. 6):

AWTER = (Vo +2Tr — 2V G'V, 1 [d (4m2) — 1] V), (4.5)

where Tr denotes the expression for the diagram
in Fig. 8, and the last term in Eq. (4.5) corre-
sponds to the diagram in Fig. 9. Using the ex=
plicit expression for d(k?) it is easy to find [37]
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Fig. 8
\MMIIOWWJ’_LL(
/ S

e
Fig. 9
d (4m?) —1 = Mg_g. (4.6)
As a result we obtain
rox HE e 44 5
AWED =22 | §c (0) ] (1— o ) . (4.7)

The contribution from the two-photon annihilation
diagrams (see Fig, 6) is

AW — rlni |%e (0) P = [2 (1 —In 2) 4 ix] (s2— 2). (4.8)
The imaginary part in expression (4.8) represents
inelastic processes in the system, which lead to a
complex quasipotential, In this case this imaginary
part gives the probability of the decay of paraposi-
tronium into two photons:

Wyy = —2 Im AW = +

aPm = (.804 « 1010 sec™!,

Collecting expressions (4.4), (4.7), and (4.8),
we obtain the splitting of the singlet and triplet
ground levels of positronium, accurate to terms of
order of inclusively. The Bethe—Salpeter equa-
tion was recently used [39] to calculate the correc-
tion of order of In @, which can be obtained from
Eq. (3.12) by putting m; = m, = m, Thus, we finally
have

Vyos = AW (138, — 118,)

5. Comparison of theory and ex-
periment. The value of the fine-structure con-
stant was recently obtained for the first time from
experiments [40, 42] completely independent of
quantum electrodynamics, By means of a method
based on the use of the Josephson tunneling effect
in superconductors, the ratio e/h, where h is
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Planck's constant, was measured. Combining this
ratio with other fundamental constants gives [40]

at = 137.03608 (26) (1.9 ppm). (5.1)

The figures in the parentheses indicate the un-
certainty in the last figures of the main number,
and 1 ppm =10-6, This new, more accurate value
of @ (see also [42]) allows a more rigorous and
complete test of theory [34, 40, 41].
We begin with the Lamb splitting of the

254 /2—-2P31{2. levels in the hydrogen atom. The
theoretical value of this quantity can be obtained
from Egs. (2.24), (2.25), and (3.1) with the inclu-
sion of the radiation corrections discussed in [25].
We will not write out this cumbersome expression
here (it is given in [40]), but will merely give its
numerical value when the new value (2.17) of the
slope of the electron form factor at zero is used:

ot

AW (284, — 2Py)) = 1057.91 (9) MHz. (5.2)

A detailed analysis of the numerical contribution
of the different terms canbe found in [25, 41].
The experiment of Lamb et al. with the inclu-
sion of new values of the physical constants and
some additional effects [40] gives for hydrogen

(5.3)

Recently Robiscoe et al. measured this quantity
experimentally by a new method, using the level-
crossing technique, They obtained the value [40]

Y — 1057.90 (6) MHz. (5.4)

These two values are in good agreement with the
theoretical prediction (5.2). Thus, the new calcula-
tions made in [22, 23] removed the discrepancies
between theory and experiment which have existed
for a long time.

We will not discuss here the Lamb shift in
other atoms, since it is much more difficult to
take into account the effects of nuclear structure
and recoil in them. It would be extremely inter-
esting to measure the Lamb shift in muonic hydro-
gen, since in this case vacuum polarization and
proton structure effects make a much greater
contribution [19, 41].

We turn now to the fine structure of the levels,
There are accurate experimental data for the fine
splitting of the [2Py/ ,— 2Py/,] levels. The theo-
retical value of this quantity (for hydrogen) is

¢ = 1057.86 (6) MHz (G0 ppm).

AEf = 10969.026 (42) MHz., (5.5)

The direct experimental measurement of this quan-
tity by Metcalf et al. [40] gives
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AEy — 10969.127 (95)MHz (8.7 ppm).  (5.6)

This value can also be obtained by combining the
experimental value of the [2P3/, =28,/ ,] splitting
with the Lamb shift:

AE o AWOP o 298, ) oo .,

The quantity (AEy; — £u) has been measured in
several investigations. If for £y we take the value
(5.4), which is regarded as most reliable at pres-
ent, we find [40] that

10969.274 (68) [Kaufman, Lamb, et al.],
AEy (MHZ)=410969.109 (86) [Shyn, Rohiscoe, et al.],
10969.061 (76) [Vorburger and Cosens].

(.7)

The last two values are in reasonable agreement
with the theoretical prediction (5.5).

An intriguing challenge to theoretical physics
is the hyperfine splitting of the hydrogen ground
level, which has now been measured with exceed-
ingly high accuracy [43] and is the most accurately
known physical quantity:

vy = 1420,405,751.7667 (10) Hz.  (5.8)

The theoretical value obtained from Eq. (3.11) is

Vit = 14204023 (1 - 8,0p) = 0.0057 MHz(4 ppm),(5.9)
where the uncertainty is due mainly to the error in
o, Comparing Egs. (5.8) and (5.9) we have

8por == (2.5 = 4.0)-10-5.

This conclusion is consistent with the expected
small contribution (3.10) of proton "polarization®
effects (see the discussion of this question in
Sec. 3).

The difficulties associated with consideration
of the contribution of strong interactions can be
removed if a purely electrodynamic system like
muonium is considered. In this case the value of §
is given by expression (3.7). Until recently, how-
ever, there has been a rather large uncertainty in
the value of the magnetic moment of the muon in
Bohr magnetons, which has prevented accurate
comparison of theory and experiment. Recently
published papers [44, 45] give a more accurate
value of this quantity. The ratio of the magnetic
moment of the muon to the magnetic moment of the
proton was measured and found to be

Mmoo [ 3.183347 (9) (2.8ppm) [44),
=g, = 1 3.183337 (13) (4.2ppm) [45)- (5.10)

R:“Ne SHA WS TON

Taking into account the additional correction (3.12)
on the basis of Eq. (3.11), we obtain

[ 4463.323 (19) for a [44],

ih :
Vi (MH2)= 34163300 (22) for a [45]. (5.11)
The latest experimental data give
e 4463.311 (12) 461, 5.12
Yo MR = {4453,3022 9 1451, 12

On the whole there is good agreement of theory and
experiment.

For positronium the best experimental value
of the ground-level splitting is [46]

Vpos == 203,403 (12) MHz (59 ppm),  (5.13)

which is in good agreement with the theoretical
prediction (4.9):

th
'\Tpos

- 203,415 (9) MHz. (5.14)
Thus, the above analysis shows that the quan-
tum theory of bound states plus quantum electro-
dynamics give excellent results in describing two-
particle HL systems. In the field of atomic phys-
ics at present there is not a single serious dis-

crepancy between theory and experiment,

II. ELECTROMAGNETIC PROPERTIES
OF HYDROGEN-LIKE ATOMS

6., Energy levels of a bound system
in a weak external electromagnetic
field. In the absence of an external field it was
sufficient to conduct the whole treatment in the
CMS. We now turn to the other problem, where
wave functions in an arbitrary coordinate system
are required. Let the HL system be situated in a
weak, external, time-independent electromagnetic
field. The Hamiltonian of the interaction with this
field is

i

H, (t) = j dxJ (x) A" (x). 6.1)

We calculate the change in energy of the bound
state from perturbation theory by expansion in
powers of the external field.

In the lowest approximation, linear in the ex-
ternal field, we obtain

(27)* 8 (A) 2E,0F, &~ (A | Hy (8) | B);
K, =@ K= Q A=lgpig; 6.2)

Es=VW L9 My~=Mu=M.
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I is convenient to change to a Breit coordinate sys-
tem by putting

A i
F=—Q=1; EA=EB:E=]/M?+%. (6.3)

Here

YA :Ti SM.

The, using translational invariance and integrating
both parts of Eq. (6.2) withrespect to A, we have [8,48]

M= 5 dxji? (x) A* (x),
where

AB 1 dA
In (x)=2TS @y

Ju® (A)=(A4|J, (0)| B).

e—iaxr B Ay;
(6.4)

If the external field varies slowly in space,
we can use the usual multipole expansion. In par-
ticular, in the case where a neutral bond system
is situated in homogeneous electric and magnetic
fields [8, 48] we have

oM = —(T-&) — (M-JE), (6.5)
where
D= dex;;”(x) M{ T (A)}A:U; (6.6)
W= | dxix i x)1= —37 [5x X T W],
(6.7)

€& and H are the electric and magnetic field
strengths. Equations (6.5)-(6.7) contain a descrip-
tion of the linear Stark and Zeeman effects. For
this we need to know the matrix elements of the
electromagnetic current operator between the
bound states of a two-particle system.

These matrix elements can be expressed [8,
14, 48] in terms of the bound-state wave functions
in the following way:

(4], (0)]| B)

~ s | AT D)@, 4 F, Q) ¥ih (). (6.8)

The parameters p and q are defined, as in Eq. (1.3),

by means of the vectors hy, n'® () and k, n® (Q)
respectively. The generalized vertex function I
is expressed in terms of a five-point Green's-like
function R , projected onto the positive fre-
quency states [as for relationship (1.4)]:
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Fig. 10

T, = [G”’]*l R [Gm]—l;
9 } (6.9)

RBP = wusRyuus,

The definition of (6.9) is shown graphically in
Fig, 10,

The vertex function T" can usually be calcu-
lated only approximately [8, 14] in the form of an
expansion of the interaction between the particles:

D=L T L R
G = [G]-
o — |(‘f|~1 R 16T

] e P lG’I ]H(Hle]-lw

)y

; R(m RS th T
]_f(IJ =

(6.10)

VAOGITO _ oG,

Function R(p) corresponds to particles which do not
interact with one another (impulse approximation),
and it can be represented by the diagram in Fig.
11. In this approximation the function I"' has a par-
ticularly simple form [14] (in the Breit system):

0
I (O] (p )

(Dll-fm )|(Il1‘) 9. )Ja-,(p-,)ﬁ o —(a) | e

PR T 0
’1 £ ( “)h(q) Vtv(mb_(q)
(6.11)
where

PL:"'EL!( )h’j‘

0
1,2 == €12 (q) hg -

; 1]

} (r(D (&) p‘i 5)s
n
N

_: (n“’(Q)-qf,z);

({] 1] 0 1] 1] U

A
;{3‘-;—(\):_‘:; P =

=P N = — =g
e, (D) =Vm? ,+p.
The matrix element of the operator J;, is taken

between the free one-particle states, and in the
case of particles with spin 1/ 2 its structure is
given by Eq. (2.2).

The presence of the 2 funé.tlon in Eq. (6.11)
leads to an equation for q (or p), the solution of
which has the form

i[ ) —

] 0

0 - —
p—g= ,(A-]))J; E:y..wrp%},(s.lz)



132

v

z4

Fig. 11

We will not discuss here the general theory of
Stark and Zeeman effects, since they are dealt
with in detail in [17, 49], but will concentrate our
attention on the diagonal matrix elements of the
magnetic dipole moment operator [50].

7. Magnetic moment of hydrogen-
like atoms. We consider an expression for
the magnetic moment of a HL atom which would in-
clude relativistic and radiation corrections of order
(Za)*(m, /my? and a(Zw)?(m,/m,). For this pur-
pose we need the next term in the expansion (6.10)
of function I', the spatial part of which we given in
approximate form [51]:

' ~ uy (P i (po)

Li (l
2 ]/ 81 p) € (

+V (g —pa) A (7)) @}

: ,,,,l {@ AP (p) V (q:—p2)

y (fII) g ((12)

1) balfa) ot (4 e 2); (TW1)
] 0
21/*‘1(:1) £ (1)

where

l?(k):{(i——

o, ¥l ) (1_ 23;22 '\’2‘k)

)_zﬁzilzzx kl)} E::"z 5

('111L o, Pu [Ty )(

AR(p) = le (p) — (a-p +-mB)] = cd—p—-E,

rosh
2e (p) 2m

P=m—A qi=q,+4; X —(g 2)
As Grotch [52] showed, with the exception of the
anomalous magnetic moment of the electron none
of the other radiation corrections makes a con-
tribution to the magnetic moment with the required
accuracy. It is sufficient to know the D functions
in expression (1.6), for the wave function in an
arbitrary coordinate system, in the approximate
form

0
[P X p]

1/2 W .
D' (RY) m At ioeimt. (7.2)

Substituting Eq. (7.1), (6.11), and (7.2) in relation-
ship (6.8) and using the definition (5.7), we arrive
at the following expression for the magnetic mo-
ment:

R. N. FAUSTOV

1 apf
Moo= | T () 3ot

x {0 (142 -+ (14 o) BELTCP

4mf
p X [0z X pl
- Nz)Tjnz
_& (P) M —e; (p)—e2(p)
=i [ox ]

= @nlMPX[W - }‘*"”(p + (1+>2).(7.3)

For S states expression (7.3) becomes much sim-
pler and reduces to

Dy =5 21 (B) 5 —(0,) +5 £ (B) 5 o (02, (7ed)
where the g factors of the hound states are
149 [ (p%) Ju . e (p?)
£ (B)“g] ‘L ?nl- 71 5 (1’:’131)‘| _1 3!?1%
(p2) es m P

60+ Hy) iy (my-mo) | 1 Ha_e% 'ﬁ"l} ) (7.5)

g:(B) =g (B, 1> 2); r}gl,e:1+x1,2. (7.6)

In the case of the hydrogen atom (1 = electron; 2 =
proton), where my «< m,, % ~ « /27, and the val-
ue of (p? is given by Eq. (2.8), expressions (7.5)

and (7.6) take the form

g (H)=g, {14%(2(1)‘,[1_ 3my 3m1 1+ J)J

2m, zmz

o 5m.
A Rt (L At B I .
4 (JCC) ( 3my )} 2

()= {1— 520 [1 -0+ 54 6-2)]

.'ltr-

[z [} e

(7.7)

o (Zow) my
T 6{1--2g)my

These results were confirmed in [53]. From
the experimental viewpoint the following two ratios
are interesting:

wm__g(H) g ol Ha my
S e Vi T
~ %—(1 +0.028ppm); (7.9)
2
S (H) 2 a_ﬂ. S5my - mi
gy = g (D) =1-a i W, 5% 24my & 4m3
~ 1-+7.3 %107, (7.10)
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where D is deuterium. The ratio r(;) is used for
the experimental determination of the proton mag-
netic moment in Bohr magneton units. The quantity

o ryy =658.21073 (10) (0.45ppm). (7.11)
has been measured experimentally [40], Hence,
using expression (7.9) and the experimental value
of the electron g-factor [40], we obtain

Kp my

g = 8, =0.00152103214 (23) (0.45ppm). (7.12)

We note that in [40] an erroneous theoretical ex-
pression for r(;) was used and, hence, a result dif-
fering slightly from (7.12) was obtained.
The ratio r(y) ("isotope effect") was measured
for the first time fairly recently:
{1 + (7.2 £ 1.2) x 100 [B4); (g 1o
1+ (9.4 4= 1.4) x 10-° [55].

Py =

The theoretical value (7.10) is in excellent agree-
ment with the result of [54] and in rather poorer
agreement with the data of [55]. Thus, further ex-
perimental investigations with higher accuracy are
required.

As a whole we must note that precision mea-
surements of the electromagnetic properties of
atoms (the atomic g factors of the electron and
proton) give very valuable information and con-
stitute a new and very promising field for tests of
quantum electrodynamics and the quantum theory
of hound states.

CONCLUSIONS

The above discussion shows that the quasi-
potential method is an effective means of calculating
the energy levels and electromagnetic properties
of HL atoms. In some cases the calculations are
much simpler than in the formalism using the
Bethe —Salpeter equation, This applies in partic-
ular to the introduction of corrections due to nu-
clear structure and motion. The covariant forma-
tion of the quasipotential method allows a con-
sistent description of the behavior of a HL system
in external electromagnetic fields. This formula-
tion also allows, in principle, a consideration of
scattering by bound systems.

In recent years there has been an appreciable
development of interest in the physics of the sim-
plest atomic systems., This has found expression
in three major international conferences on this
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topic [56-58]. This is not surprising, since these
systems continue to provide very valuable in-
formation on the validity of quantum electrody-
namics and the relativistic quantum theory of bound
states. The theory of HL systems has a fairly
reliable basis, which cannot be said of many other
solutions of elementary particle theory.

A review of the present state of quantum elec-
trodynamics as a whole and electromagnetic inter-
actions can be found in [34, 41].
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