DISPERSION RELATIONSHIPS AND FORM FACTORS
OF ELEMENTARY PARTICLES

P. S. Isaev

The survey is devoted to the modern state-of-the-art in the field of the form factors of 71—
mesons, K-mesons, and nucleons. The concept of form factors of elementary particles is
presented, as well the description of the form factors using dispersion relations; an inter-
pretation of experimental data on the scattering of electrons by pions and nucleons is given
by introducing form-factor functions; the theoretical aspects of the link between the differ-
ence in masses of charged and neutral K-mesons and the form factors of K-mesons are
considered; the various representations of form-factor functions are treated.

INTRODUCTION *

The subject of the present review is connected with one of the fundamental problems in the physics of
elementary particles which is being actively investigated at present — the problem of the structure of ele-
mentary particles. The idea that the investigated objects — elementary particles — must have a definite
structure is not new. This was discussed from the instant the electron was discovered, However,atpres-
ent the notion of "structure of elementary particles" has a deeper content than the first concepts of the

structure of an electron which were discussed in the beginning of the twentieth century in the papers by
Abragam, Lorentz, Poincaré, etc,

The review expounds in simple form the notion of the form factors of elementary particles, the link
between form factors and the structure of particles, the description of form factors by means of dispersion
relations, and the interpretation of experimental data on the scattering of electrons by pions and nucleons
through the introduction of pion and nucleon form factors. There is an enormous number of papers devoted
to all of these problems. Here I shall mention only a series of surveys [1-4] to which the reader should
refer to obtain a more thorough familiarity with the history of the subject,

Before going over to the review itself, let me make several comments on the method of dispersion re-
lations. At present the method of dispersion relations is one of the reliable methods in field theory and is
being used with success to explain experimental data. Right now there is not a single case of contradiction
between the dispersion relations and experimental data.

Regrettably, there are also no rigorous experimental proofs of the validity of the method. The exist~
ence of dispersion relations was first proved theoretically by N, N. Bogolyubov for scattering of T~mesons
by nucleons in 1956 in his report to the International Convention of Theoretical Physicists in Seattle (see
also [5]). Later the existence of dispersion relations was also proved for several other processes involving
the interaction of elementary particles. Obtaining such proof (theoretically) is a very difficult matter, At
present it is assumed that the dispersion relations are valid for any process. In the present review it is
likewise assumed throughout that the use of the dispersion relations is valid for describing the form factors
of elementary particles,

*The basis of the present review is a series of lectures read by the author in the International School on

the Physics of Elementary Particles at Herzeg Novi (Yugoslavia) in 1966 and published in the book "Methods
in Subnuclear Physics," Vol. II, Gordon and Breach, New York (1968). The lectures were published only in
English., The text of the lectures was reexamined for the purpose of the present review and was considera-
bly augmented with new material on the investigation of electromagnetic form factors of - and K-mesons
and nucleons (published during the period from 1966 to 1970).
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Fig. 1. Feynman diagrams of the simplest vertex functions.

AAAA A

Fig. 2. The different Feynman diagrams which make a con-
tribution to the generalized vertex function displayed in

d

Fig. 3.
1. THE FORM FACTORS OF ELEMENTARY
4 v PARTICLES
No unified definition of the notion of a form factor
p 5 exists; in the majority of cases it is identified with the no~
#1,ED (ps:Ef) 7 tion of a vertex function,
Fig. 3 Fig. 4 For interaction of an electromagnetic field with nu-

cleons (or m-mesons) a vertex develops (Fig. 1a)., Weak in~-
teraclions have a vertex of the type depicted in Fig. 1b. The
Fig. 4. Generalized vertex function corres~ interaction of an electromagnetic field with a p-meson is
ponding to the decay n—p +e + v, described by the vertex displayed in Fig. lc. The interac-

tion force is characterized by coupling constants. Let us
consider the three-particle form of interaction (Fig. 1a). We shall include only photons, m-mesons, and nu~
cleons in the consideration. The experimental data indicates that the constant for coupling of a m-meson
field with a nucleon field is G%/4r ~ 15, while the constant for coupling of an electromagnetic field with nu-
cleons is e*/hc = 1/137. Therefore, in describing the interaction of an electromagnetic field with a nucleon
(r-meson) field it is necessary to remember strong coupling of nucleons (rT-mesons) with the t-meson field
(nucleon field). From this the vertex depicted in Fig, 1a must be augmented by a finite collection of dia~
grams displayed in Fig, 2, in which the T-mesons are depicted by a dashed line. Symbolically this collec~
tion of diagrams together with the diagram described in Fig. 1a may be depicted by a single diagram (Fig.
3) in which the hatched circle denotes the contribution of all possible diagrams allowed by the correspond-
ing interaction Lagrangian. If one of the ends of the diagram (see Fig. 3) is a virtual y~-quantum (g2 = 0),
while the other two ends describe a free nucleon, then the vertex function F displayed in Fig. 3 will depend
on a single variable g% namely, F = F(p? = M?, p'? = M2, g% = 0). Such a function F(M?, M?, g% is called
the electromagnetic form factor of a nucleon. Actually, the interaction of a proton or neutron with a photon
can be described by means of two form~factor functions rather than by one, as is shown here for purposes
of clarity. This will be considered in greater detail further on.

Fig. 3. Generalized vertex function.

Methods of summing the infinite number of diagrams displayed in Fig. 3 do not exist, and the form
factors are calculated only approximately.

The form factors are also introduced in the case of vertices which describe weak interactions (see
Fig. 1b). For example, in the decay n — p + e + v (Fig. 4) the hatched circle denotes consideration of all
corrections which oceur due to strong interactions of a neutron and proton, while the functions F(Mtzl, 2
g% describing these interactions, where the variable quantity q? is the difference between the four-dimen-
sional proton and neutron momenta, are likewise called form factors, although in the case given all four
particles (n, p, e, v) lie on the mass surface. The name form factor (the electromagnetic form factor of a
7-meson or the T-meson form factor of bosons, etc.) is linked to the virtual particle according to whose
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P A 4-momentum the dependence of the form factor is investigated, and to those
real particles with which the given virtual particle forms the vertex,

In the case of interaction of one virtual photon with a nucleon the electric
[ p charge may be included in the form-factor function in such a way that the

Fig. 5. Representation "new charge" e' will be related to the conventional charge e by the equation

of the generalized Feyn-

man diagram corres- e’ (g =F(g¥); e (0)=F(0)=e, (1)
ponding to the virtual
Compton-effect. i.e., it is as if a theory were to be obtained with an interaction constant which

depends on the transfer of 4~momentum q? = (p'—p)2. However, one cannot
always represent the form factor function as a variable charge. This can easily be seen if one goes over
to more complex diagrams. Considering, for example, a diagram with two virtual ends (Fig. 5), one can
see that it may be described by a collection of functions Fj(q}, q3) which will depend in a complex manner
on the two variables g} # 0 and q3 =0, in connection with which neither of them may be interpreted in the
spirit of Eq. (1). In the examples considered the collection of functions Fj(q}, q?) describes the amplitudes
of the virtual Compton~effect. The form-factor function may not be interpreted as the real space distribu~
tion of the electric charge of a nucleon (or of the actual nucleon matter). This derives from the fact that
F(x) is a four-dimensional Fourier transform of the function F(q%:

F ()~ | digelesF (g)

and is not associated with the dimensions of the nucleon. It is only for a special selection of the coordinate
system for small transfers q on the assumption that F(g? is a smoothly varying function and for a corres-
ponding definition of the distribution density of the electric charge that one can indicate a link between form
factor function F(q% and the mean-square radius of a nucleon <r?> (see, for example, [2]):

F@=FO)[1+gaei+...], (@)

where q? is the three~dimensional transfer (p'—p)?, and F(0) = e.

The form factors may be interpreted most accurately as the influence of the virtual particle clouds
on the process amplitude of interest to us (or on the matrix elements of interest to us), Thus, the form
factor depicted in Fig. 3 can be interpreted as the effect of the 7=meson virtual cloud of a nucleon on the
electromagnetic interaction of the nucleon.

The practical necessity of resorting to form factors to explain experimental data develops fairly fre-
quently. They are also introduced to explain the electromagnetic interaction of particles with nucleons,
and in describing weak interactions with allowance for electromagnetic and strong interactions.

In the present review the concept of a "form-factor function" will be used only for electromagnetic
vertices (Fig. 1a) when one end of the vertex is a virtual y-quantum and the two other ends certainly lie on
the mass surface (i.e., the concept of a form factor will be used only for electromagnetic interactions of
elementary particles).

The functions Fj(q}, q§) which characterize the amplitudes of the virtual Compton-effect (see Fig. 5)
or the functions Fj (Mf-l, Mf,, qz) describing the process of neutron decay n —p + e + v (see Fig. 4) will be
called relativistic structural coefficients.

In field theory form-factor functions appear for consideration of invariant properties of vertex func-
tions, Thus, the electromagnetic form factor of a ~-meson appears for consideration of a T-meson vertex
(Fig. 6). It may be shown that the sole nonzero vector has the form

. _ (g t-ma)p
(ﬂzlfllni)"' -V4.:!:.—iﬂ:"a Fﬂ(t)T.'i’

where t = (T, = 7,)% w?=p+ mi; m, is the T-meson mass; v is the square of the three-dimensional 7-
meson momentum; vy = q;', wy,; are the T-meson energies in the initial and final states, respectively; Ty
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is the third component of the isotopic m-meson spin, while Fg(t) is a
scalar function of the invariant variable t. At the point t = 0 the function
Fr(t) is normalized to the electric charge Fg(0) = e. The expression on
the right side of the equation given above is the most general one satisfy-
740y, 0y (02,0 ing the requirements of relativistic invariance. A nucleon vertex has a
more complicated form (see Fig. 3), which is associated with the pres-
ence of nucleon spin and isotopic spin. Taking account of invariance rel-
ative to Lorentz transformations, gauge invariance, and the requirement
that free nucleons must satisfy the Dirac equation, and simultaneously
considering the isotopic structure, we find that the most general expression for the matrix element of the
nucleon current j;If has the form

Fig. 6. Generalized m-meson
vertex function.

1
VAEE;

@'lix P = @ (p') | (F1 (8) - F7 () T) v 41 (F2 (8) 4 F2 (£) Ta) Oavke | @ (P)), (3)

where W(p') and w(p) are the nucleon spinors in the final and initial states; E f» Ei are the nucleon energies
in the final and initial states; the symbols s and v denote the isotopically scalar part and the isotopically
vector part of the form factor functions of the nucleon; Ouv = YaPv — Pv¥a. #v = (" — p)y, f= k%, and,

finally, T3 = (:}f?) .

The first term in Eq. (3)
@ (p") | (F} () + F3 (&) vs) va | @ (p)) = (@ (p") | Fy (£) va| @ (p))

describes the electromagnetic interaction of a nucleon with a charge e and a magnetic moment equal to the
Bohr magneton in the absence of a meson cloud. For t — 0 this term describes the motion of a free nonin-
teracting proton, and therefore it is assumed equal to e (w (p") yaw (p)), whence it follows that for a proton

Fip(0)=F(0)+F](0)=e,

while for a neutron

Fin (0)=F;(0)—F{(0)=0

or
Ff(0)=Ff(0)=§-
The second term in Eq. (3)

i@ (p")| (F3(8) + F3 (£) ) Onvky | @ (P)) =1 (@ (p") | F2 (2) Gavky | @ (P))

is associated with an anomalous nucleon magnetic moment, Sometimes the second term is called Paulian,
since Pauli [6] showed that in describing particles having spin 1/2 the conventional Dirac equation

d ;
(?A(E‘-J.—M—levyh)‘}’.——() (h=c=1),

which considers the interaction with an electromagnetic field (the term —iey, A;), may have the term (ien/
2M)yxypFap added to it, where Fyyp is the electromagnetic-field tensor, while % is a certain arbitrary con-
stant which may be interpreted as the additional nucleon magnetic moment, For a transfer t — 0 the second
term can be normalized as follows:

1@ (p") [ (F2(0) + F3 (0) T5) Oavky | @ () =iz (@ (P') | (% + %0T5) Oavky | @ (p)),
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whence it follows for a proton

Fap (0)=F3(0) + F} (0) =57 (% -+ %0) = 57 %y

while for a neutron

Fan (0)=F;(0)—F; (0)=‘;ﬁ("5‘—”0)’:§fﬂ”n-

Since the anomalous proton magnetic moment np = 1.79, while the anomalous neutron magnetic moment ®y
(it is the total neutron magnetic moment py,) is given by n, = p, = —1.91, it follows that

F;=_e-.’_‘£+x“_ —0.06-%

oM T3 oM
v__ e ®p—¥n . o e
Fo=gm =2 =185

From this it is evident that the principal contribution to the proton and neutron form factors Fz(qz) is made
by the isotopic vector part.

The two m-meson and nucleon vertices displayed above may he treated as parts of Feynman graphs
describing the scattering processes

e m—>e-om; (4a)

e-+-N-—>e--N. (4b)

In the general case the total collection of relativistic structural coefficients for the scattering amplitudes

(4) turns out to be larger than the number of form factors considered above. This is associated with the

fact that the total amplitude of the scattering processes (4) includes an infinitely large collection of diagrams
in addition tothe diagramsdisplayed in Figs. 3 and 6; this collection includes, for example, exchange of

two, three, etc., photons, which in general leads to an increase in the number of invariant functions or,
stated differently, an increase in the number of relativistic structural coefficients. The total number of rel-
ativistic structural coefficients is determined by the number of free ends on the Feynman diagram and

the presence of spins and isotopic spins of the particles described by the free ends. In the case of a finite
number of free ends on the Feynman diagram,the number of structural coefficients will be finite. For
amplitudes of the type

a+b—>ctd
the number of relativistie structural coefficients M (the isotopic structure of the amplitudes is not con-~
sidered here) can be determined by the following formulas [7].

1. If the spins of all particles participating in the reaction are integer spins, then
M= [(2ig+1) (205 + 1) (24 1) (26 + 1)+ (— Datiotict iy,

YaXb

where i is the spin of particle a; ﬁ:xcxd,

a Xa is the internal parity of particle a.

2. In all remaining cases

M= (2ig+1) (205 4+ 1) (2o -+ 1) 26z -+ 1).
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The isotopic structure of the processes considered can easily be sought by means of the rule for the addi-
tion of isotopic particle spins and the isotopic spin conservation laws, For elastic-scattering processes

a +b — @ + b invariance relative to time inversion reduces the number of structures, In particular, for the
e + N — e + N process the number of relativistic structural coefficients decreases from eight to six. With
allowance for istopic invariance, the number of structural coefficients in these reactions increases to 12.

The vertex parts displayed in Figs. 3 and 6 may also be treated as parts of Feynman graphs which
describe annihilation processes:
e 4et—n 4ty (5a)
e+et—>NIN. (5b)

In this case the expressions for the vertex parts will have the form:

O ja|nmy =L =Zh p o),
-

Vioe_
t=(nt+nR=4mk,
O} INN) = 1/4—‘%5; @5 (o) | (F1 (&) + FL () T) 1o+ )

+ 1 (Fy (&) + FZ () 75) anky | @y (p)),
t=(px + pPn)* = 4M>

Here the form-factor function of m-mesons and nucleons differ from those written out previously in (3) in
their range of variation of the variable t.

In field theory it is stated that the form—-factor function Fg(t) must be the same function for both the
scattering process (4a) and the annihilation process (5a). A similar statement is also made with regard to
the form-factor functions of nucleons. The dispersion relations ensure the necessary link between form-
factor functions stipulated in various t-domains.

2. THE ELECTROMAGNETIC FORM FACTOR OF A 71-MESON

An investigation of the analytic properties of the vertex function of a T~-meson [8, 2] leads to the state-
ment that Fy(t) is an analytic function in the t plane having a cut 4m% < { < oo, i.e., fortheet+e~ —at +
7~ annihilation process the form factor of the T-meson is a complex quantity, whereas in the domaint < 0
(i.e., for the e + T — e + 7 scattering process) ImFy(t) = 0 and the form factor is a real quantity. Thus, the
dispersion relation has the form

1 ( ImFy () dt’
Fn(t)= ) T= T (M

The integration contour is depicted in Fig. 7. The imaginary correction ie to the value of t denotes that the
form factor Fg(t) takes observable values as it approaches the real axis from above, In the subsequent ex-
position the imaginary corrections i will be dropped throughout. Performing the transition in the limit in
the denominator of the integrand expression (7), we obtain¥

t—

RaF,.(t):%é' In e . (72)

*The symbolic equation

1 P
P =T .

is used.
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c Fig. 8. Graphical representation of the unitarity condition.
Fig. 7. Integration con- The behavior of ImFg(t) for t — « is unknown. But if it is assumed that
tour in the complex lim Im F. (f) = const, then it follows that for convergence of the integral (7) it

A t-»00
plane. of the variable . is required to carry out one deduction. We shall carry out the subtraction at

the point t = 0, where Fr(0) = e. Then the dispersion relation has the form

Fall)—Fa(O) =1 | TFe0% ®)

2
dmy

Relationship (8) is still an identity and may not be used for applications. In order to convert it into an equa-
tion it is necessary to make use of additional information. Further work on calculating the function Fg(t)
depends on the assumptions concerning the behavior of ImFg(t) in the domain t = 4m$r. For this purpose

we use the unitarity condition

Im(olfu|ﬂ+ﬂ’}=§(0|f\,|a) (| T*| mta), 9)
where Tt denotes the Hermite-conjugate amplitude, while & takes all states allowed by the conservation
laws (in particular, states with a total angular momentum J = 1, since a photon has a spin equal to 1). The
lowest state is the state having two m-mesons; the 3m-state is forbidden, since (z|T*|n*n") = 0 according
to a theorem similar to the Furry theorem in electrodynamics. The next allowed state is the a-state with
four m-mesons, etc. Among the @ states KK, NN, NN, nm, etc., pairs are possible. Their productionthresh-
old with respect to t lies far from the beginning of the cut, which is frequently used in specific calcula-
tions.

Equation (9) is displayed graphically in Fig. 8. Here it is appropriate to recall that the dispersion
relations (7) or (8) together with the unitarity condition (9) in principle provide the possibility of carrying
out the summation of an infinitely large number of the diagrams displayed in Fig. 3 or Fig. 6. For this pur-
pose it is necessary to write out the dispersion relations for all amplitudes which are included in the uni-
tarity condition (9) and to solve the infinite system of nonlinear singular integral equations. It is clear that
this problem is unsolvable, and in practical calculations the practice is to restrict the analysis to the sim-~
plest cases.

Assume that we are interested in the region of small values of t. Whereas now there are no states
in the unitarity condition for t' > t which make anomalously large contributions, then the high-energy re-
gion will yield a small contribution which differs little from a constant, since the denominator of the inte-
grand Eq. (8) may be written in the form

P —t) =2 (1 —IL) ~ 1.

Thus, under the assumptions considered one may limit the analysis to the lowest states from @, In the con-
sideration given let us limit ourselves to one state from o — the 2r-meson state, Then condition (9) takes
the form

Im (0| js|mm) = (0| ja | ) {zm | T | qemw).

The vertex (0|j.|mn) can be described by one p-wave. Therefore, the amplitude (nn|7*|nn) must like-
wise be described by one p-wave, Starting from the given parity condition for the matrix S, we obtain the
following expression for the imaginary part of the form factor:
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Im Fy (£) = Fx (f) e=i01 sin §, (£) (10)

where

Im Fq () =Re Fr (f) tg 8, (2), (11)

and 6,(t) is the phase of the mm-interaction corresponding to the quantum numbers I = 1, J = 1. Having sub-
stituted (11) into Eq. (8), we obtain

ReFq(f)=e+ Lo 5 %@dﬂ (12)
&
"‘n

Thus, the form-factor functions satisfy a linear singular integral equation which may be solved by the
Muskhelishvili-Omnes method [9]. The general solution of Eq. (12) has a somewhat cumbersome form.,
Therefore, for simplicity we write out the solution of the integral equation without subtraction:

Fa (t)—-eexp{ & 5 ?,‘((:, L (13)

am¥

Making various assumptions concerning the character of the behavior of the 6;-phase of mr-scattering,
one can obtain various expressions for Fgp(t). The integration in (13) may be carried to completion by means
of the theory of residues if the behavior of the phase 6; is chosen to be in the form of the ratio of polyno-
mials P(k) and Q(k) [10]:

P(k
Betgd, ()= g »

where k is the three-dimensional momentum of a m~-meson in a coordinate system in which a pair of 7~
mesons is produced. The invariant variable in this coordinate system is equal to the square of the total
energy of two m-mesons: t=4®&k?+ 1); mqy = 1.

For the scattering of an electron by a m-meson in the center of mass system in the case of back
scattering the invariant variable t has the form

t=—2v(1—cos180°) = —dv=—4(0*—1), o=ik.
After integrating the relationship (13) we obtain

in—Fk; k
Fa)=e ] orp- 1+k;, Imk; >0, Imk;<<0,

where k; i, j are the roots of the equations 1 +itgé; =0, ¥= w?=1, For v = 0 the energy w = 1 and Fr(0) = e.
In particular, choosing the behavior of the phase §; to be of the form ak3ctg 6;(k) = k% — k? which corres-
pond to the choice of the resonance Breit-Wigner equation

. ak?
elbigin g, = Py (14)
and assuming € = ak,. < 1, we obtain
Bitoor
e
ky
Fa(vy—e—2th (15)
k'+am+k,
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If in Eq. (15) we carry out the expansion of the expression 1/ (ew +ky) for the condition £w/k,.<1, then the
form factor (15) goes over into the expression

tr—4a

Fal)=e; T —tap

(16)

and coincides with the form factor obtained in [11] for a m-meson. At the point t = 0 the quantity k = i, and
F(0) = e*

The form factor (15) enters into the dispersion relation for the scattering of m-mesons by nucleons.
Resonance interaction of p-mesons taken in the form (14) can be explained as exchange of a p-meson
(t 4+ n— p —n -+ n), whose mass is equal to m, = 750 MeV. For a value of the parameter &=0.2, one can
provide a good explanation of the experimental data on the scattering of T-mesons by nucleons [10], which
justifies the approximations used in the derivation of Eq. (15).

An original approach to a description of the electromagnetic form factor of a2 7~-meson was proposed
in [12, 13]. Its essence resides in the fact that the dispersion relations for the form~factor function in-
cludes integrals within finite limits over that range of momentum transférs in which experimental data is
available. The problem consists in finding the form-factor function of a m-meson and determining the
boundary of the variation ry of the electromagnetic radius of a m-meson. In particular, in [13] the author
was able to obtain agreement between the experimental data and the analytic properties of a m~-meson form
factor and to estimate the upper boundary of the value ry < 0.8 F.

An example of the nondispersive approach to a description of the form factor of T-meson may be
found in [14]. The author uses the hypothesis of minimality of the electromagnetic interaction

10,J3 (x) = Qedy () J§ (x),

where Q=+, —, 0; J le the current which considers strong and electromagnetic interactions; A is the
electromagnetlc potential. In the absence of electromagnetic interaction the theory of strong 1nteract10ns
is isotopically invariant, and then the right side of the equation is equal to zero, The interaction which ap-
pears in the right side of the expression leads to electromagnetic splitting of the masses of the isotopic
multiplet (in the case given this multiplet is a 7~meson triplet). If from this interaction we take the matrix
element between one-pion states, then it can be seen that in the e’-approximation it turns out to be linked
to the electromagnetic form factor of a r-meson:

’ (g,
(1a8" | I3 | ey8) = it 2

g7~ F g (mamy) T 4-ia [Q] TS, (71— Tta) G (7taty),

where T?S, are the isotopic matrices of the triplet; & is the fine~structure constant; E,(mym,y) is the form-
factor function of a 7-meson; G(m,m) is a function which is linked with the radiation correction to f~decay
of a T-meson; s is the isotopic index of a m7~meson., The form-factor function Fg (mym,) satisfies the equation

o S &g (4P (249l

Fa (ntgmy) = TtmaAmy | © T —mi, F (st59) F (g,

with the additional condition Fy(m2) = 1.
In deriving this equation the one-particle approximation was used in the expansion of the product of

the currents in the full collection of functions. This led to a situation in which it contained only one integral

*Having placed the value of @ equal to zero and e = 1 in Eq. (16), we obtain the conventional expression for
the form factor of a -meson in the pole approximation (a p-pole):

Fr()= 7 [see Eq. (17a)].
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Fig. 9. Process of electron (u-meson) scattering by T-mesons (a) and annihilation of electrons and
positrons (u+-mesons) into a pair of T-mesons, in which the electromagnetic form factor of a T~-me-
son is measured (b).

Fig. 10. The various contributions to the amplitude of 7-meson electroproduction.

term and was a nonlinear integral equation. Considera-

Fa tion of the other states would lead to the addition of other
Form factor of a m-meson integral terms of the type
7,0 ;e
L Se :.:_. - Hdaqn
08} /7\..__{: T 5 E D (s G DGy - e,
051 p-dominance /"“‘-.. "
Fp=GE B in the right side of the equation considered; these terms
04 ! . 5 g, o= contain products of more complex vertex functions which
? 0]
0 I # Se * &£ 7 A depend on many variables instead of the product of form-
7

factor functions F(m,q) F(qmy). It is very difficult to esti-
mate the correction of the approximation used by the
author, For the equation considered the approximate
analytic solution is sought by expansion into a series in
eigenfunction of the motion group in Lobachevskii space in the domain of small momentum transfers. In
this case the solution is simply related to the mean-square electromagnetic radius (see Eq. (2)). The ap-
proximate solutions found in this manner have the form

Fig. 11, Comparison of the experimental data
with theoretical curves.

F=[1-% (Zm+16e2) ... | &

where &= amg/8Ama; o =1/137; my=135 MeV; Am = 4.6 MeV. The substitution of numerical values leads
to the value (r)=0.23 mz' = 0.3 F.

The form factor of a 7-meson can be measured experimentally in all reactions which contain a vertex
y— 2. However, obtaining experimental data on the form factor of a 7-meson is an exceptionally difficult
matter, Usually a number of other quantities which are determined from the same experiment is included
in the investigated processes besides the form factor of a T-meson. This complicates an unambiguous iso-
lation of the form-factor function. Omly in scattering of electrons or y-mesons by m~-mesons (Fig. 9a) or in
the e +e — T +m, g+ p — 7 + 7 (Fig. 9b) can one measure the form factor of a 7-meson in the most efficient
manner,

The ™ + e — 7 + e process was studied for the scattering of T-mesons by the electrons of various nu-
clei (see, for example, [15]). However, for low m-meson energies the electron recoil is small, in connec-
tion with which high requirements develop governing the accuracy of the experiment on the one hand, while
on the other hand the form-factor function Fg(t) is determined in a small domain of space-like momentum
transfers in which Fy(t) differs little from unity.

In [16] the form factor of a T~-meson in the domain of space-like transfers was measured during the
process of the electrical production of a m~-meson (Fig. 10):

e+ p-+»e+ N m.
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Fig. 12, Feynman diagrams describing e + 7 — + e + 7 scattering in the
p-dominant approximation.

Fig. 13. Sum of the contributions to the form factor Fy: a) p-exchange
diagram with allowance for I‘p; b) diagram which considers the contribu-~
tion of the interference p —w term.

The experimental points have rather large errors which are generated not only by the experimental errors
but also by the estimates of the reality of the theoretical description. Figure 11 gives a comparison of ex-
perimental data (the points) with two theoretical curves

Falt)=—"5 (172)

(p is the dominant model, see Fig. 12);

Fz(f)=Gk, (17b)

where G‘];.: is the isotopic vector part of the electrical nucleon form factor (see § 6 of the present review).

Equation (17a) derives trivially from Eq. (17) if instead of the imaginary part ImFy(t) we substitute
the expression ng,,g..,0 ({ —mi) (i.e., if we choose ImFg(t) in the pole approximation having a zero decay
width) * The quantities Bpy and Ernp are the coupling constants of a p-meson with a y-quantum (see Fig.
1c) and of a p-meson with m-mesons, respectively. If in the p~dominant approximation the value of m, is
chosen to equal (600+80) MeV, then the average value of the electromagnetic radius of a m-meson ry [the
determination of rg is given in Eq. (2)] turns out to equal (0.80 + 0.10) F.

With the launching of the Serpukhov accelerator (The Institute of High~-Energy Physics) it will be pos-
sible to obtain beams of T-mesons having a momentum s 50 MeV/c which will ensure the investigation of
the form factor of a 7-meson up to transfers of g = )/ —f > 200 MeV/c. Under these conditions the mean-
square radius J/ (r)® = 0.7 F can be measured with an error which is as small as 0.1 F [17]. The correct
estimation of the radiation corrections is of important significance.

In [18] the radiation corrections to the process of elastic T — e scattering were calculated in a kine-
matics that maximaily approximates the kinematics of the experiment planned [17] at the Joint Institute for
Nuclear Research, which will be earried out at Serpukhov (Institute of High-Energy Physics). Before [18]
the radiation corrections to scattering were calculated in the Kahane paper [19] for the case when the ener-
gies of the scattered particles are measured. However, in order to isolate the background processes, the

*In the domain t < 0 we have F(t) = Re Fr(t). In Eq. (7a) the denominator t' —t = 0 for t<0, and therefore
the symbol # may be dropped:

NGy @rngd (' —m2) dt* ;
Re Fy (t):F“(t)z%S ‘g“'g“‘;,it L g;‘:i"" ; tp=m2.

ZpvEamp
2

The quantity =
P

~ 1. From this we obtain Eq. (17a) for the form factor of a m-meson which is normal-

izedtounity F(0) = 1 rather than to the charge e,
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Fig. 14. Comparison of theoretical calculations with experi-
mental data for £ =0 (@) and £ = £(E, @) = 0 (b) [23].

planned experiments will measure the energies and emission angles of

the final particles and also verify the coplanarity of the momenta, It

is obvious that the measurements of additional parameters will affect

frx the magnitude of the radiation corrections, In [18] the radiation cor-

For rections were calculated for the case of measuring three parameters
(the energies of the final particles and the emission angle of the scat-
tered m-meson) out of the five enumerated above. The conditions and
ranges of variation of the measured parameters within which the addi-
tional measurement of the two remaining parameters does not alter
the magnitude of the radiation corrections were indicated, An analysis
is carried out of the contribution of the p~mesons in the diagram of
two-photon exchange.

Fig. 15, Electromagnetic cor-
rection to the meson mass in
the lowest order of perturbation
theory.

Recently the form factor of a T-meson was investigated in the domain of time-like transfers t > 0,
(i.e.,inthe et +e~ — 4 7 ~process) in a number of papers [20-23]. It can easily be seen (see Fig. 9b)
that the eross section of the process will be proportional to the square of the modulus of the form factor
Fr. In [23] values of |Fy|® were obtained in the following range of energies E:

300 < E <500 Mev,

where E is the energy of an electron (or positron in the center of mass system of the reaction et +e” —

t +77),

It is assumed that the principal contribution to Fy is made by the p-exchange diagram (Fig. 13a) with
allowance for the width I', of p-meson decay. In order to consider the possible contribution of the interfer-
ence p = w terms, a diagram (Fig. 13b) with the multiplier £e!® is added to the diagram shown in Fig. 13a.
The full expression for the form factor Fy is written in the form

Iy
2 (14+—d
F mﬂ( —,‘_mlJ ) el m2
F ] (S)_ 3 My &€ ﬂ??n—"452+immrm Y

(18)
mg—4E2+imprp(pio) o

where £ and @ are free parameters which describe the p — w interference, and d is chosen in such a way
that the p-meson part of the form factor is normalized to unity for zero momentum transfer (d = 0.48);
mﬂ

p=VE —mip, = ]/7;3 — m¥, s = 4E®.  The results of comparing the theoretical calculations with the ex~

perimental data are displayed in Fig. 14. From this comparison it is evident that the case £ # 0 is prefera-
ble, although the case £ = 0 cannot be excluded entirely.

3. THE ELECTROMAGNETIC MASS DIFFERENCE AND FORM
FACTORS OF K-MESONS [24]

The problems of the theoretical explanation of the observed mass difference and calculating the form
factors of K~mesons are interrelated. This link depends on the assumptions made concerning strong inter-
actions of K-mesons with other particles.
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Independently of these assumptions a general formula relating the electromagnetic correction to the
mass of a particle having a virtual Compton~-effect amplitude Tup (see Fig. 5) is valid:

Am

T 2, w
1 _‘ v (9% v) g i, (19)

= B2 g2-ie

where v = pg/m; q is the photon momentum; p is the particle momentum.

Riazzudin [25], restricting itself to the one-meson contribution to the imaginary part of the am-
plitude of photon scattering by mesons, obtained an approximate equation for the corrections of the mass
corresponding to the diagram displayed in Fig. 15:

_ i dig q2—4m2
Amz—m S #rie Fz(q%) [2 ~ 7 —2pg :I' (20)

If one uses a pole approximation of the type of Eq. (17a) for the form factor of a m~meson, then Eq. (20) may
be used to obtain the correct mass difference for -mesons, but the pole approximation for the form factors
of K-mesons and Eq. (20) yield the incorrect sign of the mass difference for K-mesons (instead of dmg =
mg+— mge = —4 MeV the theory yields a positive value of émy).

There are two ways of affecting the calculations:

1) to reject Eq. (20) and go over to Eq. (19) with a more exact approximation of the amplitude Tuy
and

2) to modify the form factor F(q? on the assumption that Eq. (20) is fairly accurate,

Tanaka [26], having chosen the first way, considered the contributions from the K*- and Kp-resonance
states in the amplitude of the virtual Compton-effect involving K~mesons. The terms which develop under
these conditions in the expressions for the mass difference contain diverging integrals. The truncation con-
stant must be chosen fairly far out; however, one can obtain the required mass difference. An unsuccessful
choice of the truncation constant is evidently associated with the fact that a good asymptotic behavior has
not been found for the amplitude.

G. Zinov'ev and B, Struminskii [27] obtained the correct difference of the K~-meson masses after
having improved the consideration of the asymptotic behavior of the amplitude T uv of the virtual Compton-
effect in Eq. (19). They assumed that the amplitude T pv has a Regge asymptotic behavior ~v2") which is
determined by the A,-meson. The Regge residue 8(q? associated with the A,-meson was found by the
authors using the sum rules for the final energy. The value of the Regge residue depends on the value of
the coupling constant g%{*KV of the decay K* — Ky. This constant was determined from the decay « — Ty
using SU(3)-symmetry.

Thus, the first way—rejection of Eq. (20) and refinement of the form pr{qz, v)—leads to the correct
value of the difference oy

The second way—modification of the form factor FK(q%—may likewise lead to a positive result.

Ogievetskii and Chou Huan-Chao [28] derived the correct expression for the mass difference using
Eq. (20) and K-meson form factors of the form:

" (4m3,)? dmi;

Fx = =gy 0 s 1)
B (4m3)? ‘ 4my

Fie = =g N = dgm—

where A is the parameter; A = 2. The form factors (21) have correct normalization, but the presence of
double poles, the positions of the poles, and the residues at them regrettably have no physical substantia-
tion,

One may attempt to find form factors F%’ S having a more natural behavior at low energies;
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Imt a) the form factor F‘fr{ must have a pole corresponding

to a p-meson;
a c
b) the form factor Ff( must have poles corresponding to

Ret w- and @-mesons;

7 t

b
1
]

dmi  9my..  4ME v ) o
¢) Fg must be related by the Qro—partlcle unitarity con-

dition to the amplitude of the 7m — KK process. An amplitude
Fig. 16. The beginning of the cuts in the calculated according_ to the Venezziano model is chosen as the
unitarity condition (24) for states @ con- amplitude of 7 — KK;
taining two m-mesons (a), three T-me-
sons (b), and a nucleon-antinucleon
pair (c).

d) the form factors must have the correct normaliza-
tion;

e) for describing the integral contribution of the high-
energy domain one may use the parametrization as P which
reminds one of the behavior of Regge amplitudes. The principal conclusion which is obtained from assump-
tions a—e) is the following: the difference ém = mg+=—mgo = —4 MeV can be obtained using the modified
form factor F‘f(:

Fy——1 _cfs,ds' (=) (22)
80

where C, b, and 5) are arbitrary parameters.

The form factor F¥( at low energies can be described well by the pole approximation, while at high
energies it has a slowly decreasing "tail." The quantity b may be small (102 5 6 << 107%);107 5 C << 1072,
8 is an arbitrary parameter beginning with which the contribution of the high-energy domain is considered;
the dependence on the choice of sjis weak.

4, DESCRIPTION OF NUCLEON FORM FACTORS BY MEANS

OF DISPERSION RELATIONS

The dispersion relations for nucleon form factors are written by complete analogy with the dispersion
relations for the m-meson form factor. Let us agree to start by writing the dispersion relations for the
isotopic form factors (the scalar F® and vector FY form factors) having one deduction:

o T ImF? (¢ dt’
Fla@®)=F 20+ | —Fi—— (232)
-'un?;
Im F (t"ydt’
Fio ()= Fi,2(0)++ S i %14 L (23b)
Sm_ﬂ

In the last section of the review we shall consider dispersion relations with no deductions.

The imaginary parts ImFY,’zs for the nucleon current (6) are found from the unitarity condition for the
S-matrix (S=1+1T):

Im (0| j3 |NN)—2(0|} | &) (& | T*| NN). (24)

The physical threshold of the process considered begins with an energy t=4 M?, However, the intermediate
states ¢ may contain a 2r-meson, a Sn-meson, and an infinite set of other states (Fig. 16). For a number
of low intermediate states the quantities ImFI’ 2 Y turn out to be nonvanishing in the nonphysical domain

£ 4M?, From an analysis of Eq. (24) 1t follows (see, for example, [2]) that the isovector functions ImFi 9
are nonvanishing in the domain t = 4 m,,r and a contribution to them is made only by the states @ having an
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even number of T-mesons, while the isoscalar functions ImF,s’ , are non-
vanishing in the domaint =9 m% and a contribution to them is made only by
] the states & having an odd number of 7-mesons. This can explain the differ-
i ent lower limits in Egs. (23a) and (23b). The use of double Mandel'shtam

i dispersion relations allows us to obtain the analytic continuation of the

9
O~
[

9

Oy
5

e

1
|
. unitarity condition from the physical domain t = 4 M? into the domain of non-

N/@ _ % e physical values 4m% =t =4 M2. Therefore, there are no difficulties in
5 \N b L principle in earrying out the theoretical calculations. Let us proceed fur-
ther by analogy with the procedure used in describing the form factor of a
Fig. 17. Graphical repre- r-meson. For low values of t we retain only one lowest intermediate state
sentation of the unitarity each in the unitarity condition (24) on the assumption that all of the remain-
condition. ing higher intermediate states make a negligibly small contribution. This

means that for the isovector form factors only the 2r-meson intermediate
state remains, and the expressions for the function ImF‘f’ 5 take the form

Im F}, o = Fq () (nn|TY,2| NN), (25)

where Fr(t) is the form factor of a T-meson, while (nz| T+|Nﬁ) are the parts of the amplitude of the anni~
hilation process nw — NN, which make contributions to the Dirac or Pauli form factors, respectively.

And for the imaginary parts of the isoscalar form factors only the three-meson intermediate state remains,
and the expressions for them can be represented in the form of a product of two amplitudes:

Im F5, 5 (£) = {y| T | naum) (v | T, 2 | NN, (26)

where (y| T |nan) is the y —37 vertex, while (nmn|Ti 2 | NN are the parts of the amplitude of the 37 —
NN annihilation process which yield, by analogy with (25), contributions to the Dirac or Pauli form factors,
respectively. Conditions (25), (26) are displayed graphically in Figs. 17a and 17b. Let us consider the
case of an isovector form factor. Let us assume that the amplitudes (mun|T7, 2] NNY can be described well
by one resonance wave of the Eq. (14) type. In the limits of very narrow resonance we obtained the follow-

ing results near resonance from the assumption that Re <Czmm|T7, 2| NN >=0 at the resonance point:

~ = Ay (aks)? .
(a7 |Ti| NNy~ Im (nnu | T [ NNy =~ U___ngg;_w ~ A (ak®) 8 (to— 1) %, (27

where Aj is a certain normalization constant; ty is the resonance position; @ is the resonance width. The
integration in (23a) can now be carried out in elementary fashion and leads to the result

L) =Fh 2 O+ Pt (28)

Expression (28) may be rewritten in the form of the well known Clementel-Villi form [29, 30]:

F3 2 (f)=F, 2(0)[1—a‘;’2+%a1g'2]. (29)

If the presence of strong interaction in the 3r-meson intermediate state is allowed, then by complete analogy
with the derivation of Eq. (29) one can obtain the Clementel-Villi form for isoscalar form factors as well:

t consty, 2

Fi,2()=Fi,200)+—5—— (30)

Ts—1
¥n deriving (27) we used the relationship

L o
S = I} Gt
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or

P2 () =Fl,2 O [ 1—51, o+ 51,2 ). (31)

Using Eqs. (28) and (30), it is easy to obtain the expression for the charge form factor of a neutron:

Fm(f)=F:(f)—Ff(t)=%t( B} @ )

fa—f  fp—1
The experimental data indicate the fact that for all values of t the function Fiu(t) & 0, whence we obtain

i.__ff_,vo
t,—1t fp—t T

Since this relationship is satisfied everywhere, it must also be valid near t = 0, whence we obtain

b

o

s S
f\/—t_
8 ]

=A.

o~

Thus, in order to derive the form factors of nucleons one requires not six parameters (ay, ay, ty, b, bf, tg),
as is evident from Egs. (29), (31), but merely five: A, a}, t, b$, tg. Moreover, the position of the resonan-
ces ty and tg may be taken from experimental data, which reduces the number of independent parameters

in the Clementel-Villi model to three,

The principal singularity of the form factors (29) and (31) considered resides in the fact that with in-
creasing transfer t all of them tend to constant limits. This may be interpreted as the presence of a core
in the nucleons. It is precisely such an understanding of the problem which existed up to 1962 when experi-
mental data on scattering of electrons by protons and neutrons were known for transfers ?=~t=25"%F
and were interpreted by means of one vector p-meson and one scalar meson (see, for example, [31]). How-
ever, with increasing energy of the incident electrons in an increase of the transfers q%= —t it turned out
that the form factor function continued to decrease ~1/q” [32] in such a way that the new data could not be
reconciled with the existence of a core in the nucleons., Therefore, it was necessary to reexamine the
theoretical interpretation of the results which had been obtained.

5. SURVEY OF EXPERIMENTAL DATA ON NUCLEON FORM

FACTORS AND THEIR THEORETICAL INTERPRETATION

Problems of the experimental determination of form factors, derivation of the Rosenbluth formula,
and the validity of its use in the analysis of experimental data on the scattering of electrons by nucleons
have been discussed in detail previously [33]. In this section we shall enumerate only the fundamental ex-~
perimental data and their interpretation from the modern viewpoint [34-37].

All of the conclusions concerning the behavior of the form factors as functions of the transfer t are
based on the Rosenbluth formula [38] for the differential cross section of scattering of electrons by protons

@ =—t):
do __ 3 (a2) L 2FE (g2 92 A 2y12 g2 B
=0mo 1F1p(q%) +¢%F 5 (g% +2 o= [Fip (%) + 2MF, (¢ P tg? = |, (32)
dQ M 2

where 0y is the differential cross section of electron scattering by the Coulomb field, while 8 is the
scattering angle of an electron in the laboratory coordinate system.

The data on the form factors of a neutron are obtained from experiments on the elastic and inelastic
scattering of electrons by deuterons followed by subtraction of the effect of elastic scattering of electrons
by protons. A description of this subtraction procedure may be found, for example, in [2, 33].

At present, as a rule, an analysis of the experimental data is carried out by certain combinations of
the form factors F$*V and F$»V rather than by means of the form factors individually:
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TABLE 1. Experimental Information on the Functions Gg
and G)p,. Obtained for Various Assumptions Concerning the
Behavior of GEp and GMp for Large Momentum Transfers q?

[Upper boundary with-
in the limits of the
7 _ CEp Gy, |two standard errors
(GeV/c)? Assumption = = Gr, G,
[ e
4,81 Gg,=0 0 | 0,056 0 0,076
Gy, =0 0,079 | 0 0,10 0
Gyr, = (142p) G, 0,019 | 0,054 | 0,025 | 0,070
6,81 Gy, =0 0 0,038 ‘ 0 0,052
Gy, =0 0,070 | 0 0,007 | 0
Gyr,=(1-+2p) G, 0,013 | 0,037 | 0.018 | 0,05
2
Gp=F — 5oz (F22M); Gyp = Fy- 2MF,. (33)

It can easily be verified that Eq. (32) may be written in especially simple form by means of (33):

y=a-+bx, (34)
where

do | 5 0

Y=g *9mo x= fE“g?

q‘&
G+ Ot &
a=—7; IJ:‘W?GJJ:

Sy

i.e., in the x, y plane the Rosenbluth formula (34) may be represented by a straight line for q® = const.

There exists still another frequently used notation for the Rosenbluth formula

’JJ-—A(@ 1) Gk - B (0, t) Giy, (35)
where
t t ]
A@, H=—14—; B, f)=no (=mm— =t 3)

TaM2

in which the absence of the "interference term" containing the newly determined quantities Gg and GM [un-
like the term [F,(¢®) + 2MF,(¢®)* from Eq. (32)] is clearly emphasized; this leads to a reduction of the cor-
relation errors in isoiating the form factors from the experunental data. In the subsequent exposition we

shall use only the new form-factor functions GS V and GM (or GEp,n and GMp n)'
From Eqgs. (33) it follows that:

G, (0)=F1p (0)=¢; Gg,(0)=Fn(0)=
Garp (0) = Fp (0) -+ 2MF5p (0) = (1 4+ up) = epy, pp=2.79%;
Gatn (0) = Fyn (0) + 2Mian (0) = efin.

The form factor Gy can be normalized to the charge, and therefore it is called the charge form factor,
while Gy can be normalized to the total magnetic moment of the nucleons and is called the magnetic form
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0 10 "0 40 q® ~ 3(GeV/c). Moreover, for the form-factor functions

20
g5 (rad/e)? G, and GMp the upper boundaries were obtained for

Tig. 18. Comparison of the dipole model for the q* = 4.84 (GeV/c)? and 6.81 (GeV/c)?, which could

electromagnetic form factors of nucleons with simultaneously serve as an estimate of the upper

the experimental data, boundary of the core., Due to the smallness of the dif-
ferential cross section for e + p — e + p scattering at

the two values indicated above, it was not possible simultaneously to determine the values of GEp and GMP

from Eq. (35). Therefore, the analysis was carried out on the assumptions that:

a) if GEp =0, then 2&=B(0, ¢?) Giy,;
b) if GMp = 0, then 42 =A (8, ¢ Gk,;

) Gupy  Om do [ A, g :
0) if Geye=—t =i, then foo[ HE0) 4 B0, )] G,

The results of the analysis in [34] are presented in Table 1.

For the form-factor functions GE, and GMy,, the upper boundary was obtained on the basis of assump-

tions a-b.  For q’ = 6.81 (GeV/c)?® the upper boundary Gy, = 0.024 4 88%2 For GE, the upper boundary

was obtained only for q% = 3.89 (GeV/c)? and is equal to 0.081 0.009.

The experimental data indicate the fact that the neutron form factor GMy, has a behavior similar to
the behavior of the form factors GEP and GMp. A check of the relationships

G G
Oy i L, (36)

Bp Pn (1+0q_:ﬁ)2

where ¢? is measured in (GeV/c)?, substantiates this (Fig. 18, taken from [34]).

The linear relationship between the form factors Gg., GM../ up,and GMn/ﬂn- expressed by Eq. (36),
is called the scaling law (i.e., a linear law), while the dependence of these form factors on qZ is called the
dipole fit (i.e., the dipole model) and in the given review will be designated by the symbol Gg. Equation (36)
indicates the possibility of describing form factors by means of the one-parameter model.

Recently [37] new data on the proton form factors Gg,, and GMp have been obtained from the q* = 25
(GeV/c)®. In the range of transfers 1 (GeV/c)? z q? z 2 (GeV/c)? a small systematic deviation from the
linear law GEp = GMp/ kp is observed. Figure 19 compares the experimental data with the ratio quEp/
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== = ; e TABLE 2. Experimental Information on the Func-

tion (GEp)®
G 2 G 2
m(Gev/or | (En) o (Gev/er | ()
S 0,389 40,026 1,17 —0,012
o 0,389 —0,034 1,75 —0,003
0,623 10,007
0.857 10,007 2,92 0,102
: 1.17 —0.009 3,89 0,0066
/) I S (L | ! L L 1 I I 1 i
o w20 30 40, 50 60 79 &0 90 100

GM,, = 1 from which it is evident that the deviation
is approximately 10%. Figure 20 gives the compari-
son between the magnetic form factor of a proton
and the dipole model. The deviation of the ratio GMp / upGd from unity so far does not have a satisfactory
theoretical explanation. Somewhat further on the four—pole model will be discussed, by means of which one
can explain the experimental data.

Fig. 20. Comparison of the magnetic form factor of
a proton with the dipole model.

The data on the electrical form factor of a neutron for large transfers are presented in Table 2
(taken from [34]), whence it is evident that Gg, =~ 0.

The experimental facts indicate that the form factors GEp, GMp, GMp decrease with increasing trans~
fer g* no slower than 1/q%. Consequently, if we wish to use the method of dispersion relations for describ~
ing the form factors of nucleons, then the dispersion relations for the functions GE,M should be taken with~
out deductions But this means that the dispersion relations must be taken without deductions for the form
factors Ff,y also, as is immediately evident from Egs. (33) for GE M. * We see that the language of dis~
persion relatmns is convenient for the theoretical interpretation of expenmental data.

However, before writing the dispersion relations for the functions G let us note a certain fact. Having
solved Eq. (33) for F;, we obtain:

Get)— 4Ma Gy (1)
Fy(f)y= : ; ,
4M= o
Fy (i) :uﬁ_*‘;_(!)_—-(?_;:_(t‘_)_’
oM (1—1)

whence it is evident that at the point t = 4 M? (i.e., at the physical threshold of the annihilation channel) the
denominator 1 — 7;3%:‘,; vanishes. Thus, the functions Fy ,(t = 4 M?) go to infinity if it is not assumed that

GM(4M?) = GE(4M?). We shall assume that such an equation exists, and we write the dispersion relations
under these conditions.

Thus,

i Im GY, (t
Gy, u (t):%j Ry, (38)

Qe

Analogous dispersion relatmns can be written for the functlons GE and Gf}[ the only difference being
that the lower limit begins at m%. The unitarity condition for ImGE’ M is graphically depicted just as it is
in Fig. 17. Let us assume that the spectral functions ImGE’ M may be represented in the form of a sum of
d-like terms (in the previous section the spectral functions ImF1 zv were approximated by one é-function):

#In [35] the authors showed that the dispersion approach is identically good for application to both the func~
tions GE and GM and the functions Fy, Fs.
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TABLE 3. Values of the Parameters ¢, §i and the Core in Models

b-d

i i=1 10 I=1 1=0

3

§ @ oz |core | as as | core | B1 B2 |core | Bs Bs | core
6105 0 — | 1,477|—0,977] — (2,353 © — 11,612|—1172) —
e 10,5625 0 |—0,0251,090/—0,555/—0,035| 2,471 0 |--0,118 1,060 —0,594|—0,031
2 |2,347|—1,847 — |1214/—0714] — [8,268—5.915 — 1,093|—0,663] -—

Im G%’ . (f) = Z OCiT[G (f—t;);
. } (39)

Im G5 ° () = X\ Benid (£ —#;),

where i, Bj are constants which must be calculated theoretically and must depend onthe interaction param-
eters m as other particles with nucleons, while t; = M.f are the positions of the isovector or isoscalar me-
sons which yield the contribution to the form-factor function G by assumption. Having substituted Eqgs. (39)
into (38), we obtain:

Gy ° (1) = 3 —2—;
i I_M_%
(40)
=3 2
i =g

None of the form-factor functions (40) have a core, and for t — « all of them decrease according to the law
~1/q%. If one of the meson masses {or several of them) turns out to be very large, then in this case the
form-factor functions (40) can simulate the existence of a core.

Let us make use of the relations

Gr,=Gr+GE; Gy, =Gy Gi
GEn = GEEAGE GMn = G;f—G;r '

and let us write the proton form factors in explicit form:

o o a.
GE}:: 12 - 22 ng + d'2 +
14 qz w qz 1+ qz 14 qz
M1U MZD M38 Méx (41)
i
aMp-_--.lJquz % 1+|3 = +l+ﬁ“q2 +I+ﬁ’q2 Bn
MY, M3, M3, M3,

In the notation (41) the contributions from isovector or isoscalar mesons are marked by the symbol v or s
used as a subscript for the masses (i.e., Mg or My); i.e., the contribution from two isovector and two iso-
scalar mesons are written out in explicit form, The neutron form factors differ from the notation (41) in
that they have opposite signs which appear before the contributions from isovector mesons.

In order to analyze the experimental data one may choose the one-pole, two-pole, three-pole, etc.,
approximations. At present three mesons are known: one isovector meson (a p-meson), and two isoscalar
mesons (w and ¢) each of which may make a contribution to the form factors of the nucleons in accordance
with the unitarity conditions (25)-(27) and (39). In [34] an analysis is carried out for the following possible
cases:

a) the dipole model in accordance with Eq. (36);

b) the three-pole approximation as the one which most completely considers the contribution from
all known mesons and having no core;
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c) the three-pole approximation — with a core;

d) the four-pole approximation if none of the previous ones provides satisfactory agreement with the
experimental data,

For the time being it is inexpedient to use more complex models to explain the nucleon form factors.

The dipole approximation is very attractive due to its exceptional simplicity. It may also be inter-
preted as the two-pole approximation with close values of masses corresponding to the resonances and
coupling constants having opposite signs. Comparisons with experimental data are presented in Fig. 18,

The three-pole approximation (with or without the core) likewise can provide good agreement with ex-
perimental data, However, under these conditions it leads to the necessity of taking underestimated values
of the p~meson mass.

In [35, 36] the proton and neutron form factors were measured and analyzed in the range q*> < 30 F™2,

In the three-pole model the authors obtained the following expressions for the isoscalar and isovector
parts of the nucleon form factors:

6}0.53{ 218200 LHERE 0.07+ 0.15} ;
157 It a7
G~ 0.442{ R L 0.15} ;

1157 g7 i
Gl =0.5¢ {”’5’;";’7 —0.05 0.07} ;

S S e 35

Gl =2.353¢ {%_0.05 o 0.01}.

I+ TEr o

From Egs. (42) it follows that in the range of small g%
1) the constant terms are close to zero;

2) the p-meson mass is approximately 200 MeV below the value observed (M, = 548 + 24 MeV). In
order to improve the agreement with respect to the p-meson mass, the authors proposed the existence of
still another vector meson (a B-meson having a mass of 1220 MeV and a width of 100 MeV [39]) and used
the four-pole approximation,

For higher transfers q’ the interpretation of the form factors remains the same., A check of Eq. (41)
showed that if known masses of the isoscalar mesons ¢ and w are specified, while the p-meson mass is
made variable, then the best fit to the experimental data is achieved for the value M, = 510 MeV in the b
model, while in the ¢ model it is achieved for the value M, = 540 MeV. The best agreement with experi-
mental data (according to the x%-estimate) can be achieved in the d model with two isovector and two iso-~
scalar mesons. The values of the masses of the p~, w-, and ¢-mesons are chosen from experiments. The
value of the mass of the vector meson is the fit parameter, In Table 3 the parameters of approximations
b-d) are written out, The parameter of the approximation @ is indicated in Eq. (36). The mass of the sec-
ond vector meson in the d model is Mpr = 875 MeV. Figures 21 to 24 demonstrate the comparison of the
approximationsa, c, d with the experimental data for GEp, GMp, GMp, and GE,, respectively (Figs. 21-24
taken from [34]).

In [40] the authors stated the purpose of using the four-pole model to describe the form-factor func-
tions of a proton with allowance for deviation from the linear law governing the behavior of the form factor:

4
A ’
Gr, (g% = D) r-lfq”' (43)

i=1

where M, is a fictitious pole which considers the contribution of the continuous spectrum which causes an
abrupt drop at q2 = 0(M; = 0.45 GeV); M, is the mass of a p-meson; Mj;is the mass of a hypothetical p'-
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Fig. 21, Comparison of the approximations (or models)
a,c, and d for the function GEp with the experimental
data.
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Fig. 22, Comparison of the approximations (or models)
a ,b, and d for the function GMp with experimental data,
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Fig, 23. Comparison of the approximations (or models)
a,b, and d for the function GM; with experimental data.
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Fig. 24, Comparison of the approximations (or models)
a,c, and d for the function GEp with experimental data,

meson [41] which is equal to 1.31 GeV; M, is
the fictitious pole which considers the contribu-
tion of the far singularities in the dispersion in-
tegral and causes a drop of the form factor for
large transfers (M, = 2.456 GeV). For such a
set of masses, the constants Aj take the values:
A;=0.047, A, = 0.834, Az = —1.263, A = 0.446.

Figure 25 gives a comparison of the theo-
retical curve (43) with the experimental data
(GEP/ Gp = 1). Notwithstanding the clear physi-
cal meaning of the representation (43), it never-
theless cannot be considered satisfactory due to
the large number of arbitrary parameters.

At the end of this section we shall discuss
exponential models of form factors proposed in
[42-45].

It is well known that the microcausality
principle allows exponential growth of the ampli-
tude at infinity; however, this growth must be
slower than a linear exponential., In this case
one may not write the dispersion relation with a
finite number of deductions, as is done for the
amplitudes having polynomial growth.

Logunov, Mestvirishvili, and Sillen [42]
considered the class of functions which allows a
nonpolynomial growth of the amplitude at in-
finity and is convenient for describing the ex-
perimental data., Assume the function G(t) is the
form factor function of a nucleon having the cut
0<a<gi<+ . The t-plane is converted into
a unit cirele by means of the conformal trans-
formation

/-
Va+Va—t’

so that G(#)— [ (B).

Assume f(E)€A, where A is the class of
all functions which are analytic in the unit circle
and satisfy the condition:

Zn
lim j In*| f (pei®) | d0.< A < oo,
P>ty

where

- Ing a>1
Te4=10 a<l

Such a representation allows a fairly

varied behavior at infinity for G(t). However,

this is only a minimal extension in comparison with the polynomial-growth function. Functions from the

class A may be represented in the form
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f(E)="0(F) e®®,

11

i o where b(¢) is a Bliascshke function, while ®(£) has
. the form

09

- D) =iD(0) 4+ 5r 5 :’_"‘é dz,

lzl=1
471 | \
46 L L L L where w(z) is the discontinuity of the function on the
0 10 20 30 40 50 60 7 8 90 giGev/c) cut.

Fig. 25. Comparison of the ratio of the function Returning now to the variable t, we obtain
GE., obtained from Eq. (43) to the function Gp with
experimental data. b(E)= B (t)e2") and G () = B (¢) eg(i+o®),

where ¢ (t) is the transform of & () in the t plane, while g(t) is a function having a cut in the t plane t(a = t
= «), If it is assumed that B(t) has a finite number of zeros (we shall not consider the case of an infinite
number here), then a representation in the form

o0- B[4 ] mptt oo Timgina o]
0 a -

is obtained for the form-factor function G(t). Now one can find Img(t) and Ime(t) by extrapolation of experi-
mental data (i.e., the imaginary parts of the proton form factors GEgp and GMp) in the time-like domain of
the momentum t,

Let us suppose that B(t) = 1, This assumption can be justified by the fact that the function estt+w(t)
provides a good description of the experimental data on the nucleon form factors in the domain of space-
like momentum transfers. Let us also consider the additional information:

Gr, (0)= 1; G, (0)=2.79;
G, (AM?) = Gar, (4M?); - Gy (— 00) = Gy, (= 00) == 0.

Let us choose the following approximating expressions:

aj

Gg, = exp I 1f§ +aE+ aggeil ;
GMpsexp[ ]Z"_E +bE+ bzgzj :

After the coefficients @; and bj have been found according to the experimental data in the t < 0 domain, the
expressions GEp and GMp may be continued analytically in the time~like domain of transfers t. In this do-
main ImGE, and ImGMp oscillftte, and these oscillations may be detected experimentally for measurement
of the polarization in the p 4- p—>e* (up*) 4+ e (n”) reaction,

Using the method of analytic continuation, one could hope to obtain the positions and widths of the
well-known resonances p, w, ¢ from oscillations of ImGE,, and ImGMp in the domain t > 4m%. The authors,
regrettably, were not able to obtain the correct values of the parameters of the resonances enumerated
above. It should, however, be noted that in [42] not all the possibilities inherent in the model were used,
since only the case B(t) = 1 was considered.

In [43] the authors started from experimental data on the scattering of protons by protons at high
energies and high momentum transfers. The behavior of the differential cross sections of p +p —p +p
can be described by the exponential Orear formula:

p oL
450 P ~ Ce T,
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e T T r : . where C is a certain constant, while p; is the transverse

F
momentum transfer. Wu and Yang made the natural as-
12 sumption that in elastic e + p — e + p-scattering there
! must be a rapid drop of the differential cross section,
which is of the exponential type, and such behavior may
o occur as a result of the exponential behavior of the pro-
ton form factor functions:
08
AR
» G (g% ~ Be pn;} (44)
i Gt = WpGE,,
04 1 1 1 \ 1 ] -
i § ] 15 20 g{Gev/e)? where py should be replaced by Vq* and py is a certain

constant which is chosen from experimental data, Itis
assumed that the factor B may be a constant or may de~
pend weakly on q?.

Fig. 26. Comparison of various experimental
representations for the proton form factors
with experimental data.
Actually the form factors (44) provide a fairly good
description of the experimental data for the value py =
0.6 (GeV/c) and B = const. However, one should note two singularities of these form factors.

1. Their analytic properties are false, since the cross section of the functions G(qz) begins with the
values t = 0 rather than with the values t = 4m2, as derives from a field-theory consideration. This short-
coming is easily corrected. It is sufficient to replace Yq? for the function }/g® - 4 mi:

| qr+am?, 2my,
G(g®)=Be 08 jo 08

2. As has already been said above in analyzing the paper by Logunov et al, [42], the exponent in the
time~like domain q’ < 0 becomes imaginary and the form factor function (44) begins to oscillate so as to
give equally spaced minima and maxima in G(q%. Such a behavior differs from the behavior of the four-
pole approximation in the time-like intervals of q® and provides the possibility of choosing one of the mod-
els named here by comparison with experimental data on annihilation:

ett+ e — N+N.

In [44] a form factor of the form

Gy, ; g
e 27.8 exp [ — VWJ (45)
was proposed, while in [45] an exponential form factor with the asymptotic behavior

G
Mp_ __ e—Aln?(agh) (46)
Bp

was proposed, where A and a are fitting constants.

A comparison of Eqgs. (44)-(46) with experimental data is given in Fig. 26. It is evident that the ex-
ponential form factors may describe experimental data only in a certain portion of the transfers q.
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