SELF-SIMILARITY, CURRENT COMMUTATORS,
AND VECTOR DOMINANCE IN DEFP INELASTIC
LEPTON-HADRON INTERACTIONS
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A general approach based on the principle of approximate self-similarity, current algebra,
and vector dominance is developed for studying inelastic lepton-hadron interactions. Since
the form factors for deep inelastic electromagnetic and weak interactions are self-similar,
the number of independent variables in the asymptotic region can be reduced by one. Com-
bined with current algebra, this ecircumstance leads to special sum rules which can in
principle be used to solve the fundamental question of the structure of the electromagnetic
or weak hadron current. It is shown that the mechanism for the violation of self-similarity
or invariance is related to violation of conformal symmetry up to the Poincaré symmetry
group. The formation of a muon pair in a deep inelastic proton-proton collision, p + p —
ut + 4~ + hadrons, is discussed in detail.

INTRODUCTION

A basic approach in the theory of elementary particles is to study the behavior of electromagnetic
and weak interactions at high energies, Figure 1 illustrates the most general case of an interaction of a
lepton pair with a hadron system; this interaction factors into lepton and hadron parts:

Tﬂ = CLP'H . (1 . 1)
n

The specific forms of the "coupling constant™ ¢ and the lepton part LH are well known; the hadron part pre-
sents more difficulties. By analogy with electrodynamics, for which the local currents correctly describe
the phenomena, we postulate that there exist operators corresponding to local hadron currents — the electro-
magnetic operator Jim(x) and the weak operator J‘ﬁ'(x). These operators have a definite experimental
meaning: Their matrix elements are directly related to observables (eross sections, polarizations, ete.).
These quantized currents are expressed most simply in the Bogolyubov formulation of field theory, where
they arise as the response of a particle system to an unquantized external perturbation:
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J,L(x)=(D—m2)Au=TS+W it =y (1.2)
The factors in the matrix element can thus be written
(4 — 4
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Fig. 1. The matrix element Trj, describing an arbitrary electromagnetic or weak interaction
of a lepton pair and a hadron system.

Fig. 2. Matrix elements for processes a~c. a, c) q2 is time-like, q%> 0; b) q° is space-~like,
2
q“< 0.

Although the explicit form of the hadron part of the matrix element is not yet known, we can find concrete
information about the hadron part by using the requirements of the relativistic P, C, and T covariance and
the selection rules which follow from the existence of internal SU(2) or SU(3) symmetry. We are left with
the fundamental theoretical difficulty—the lack of a quantitative understanding of the dynamics of strong
interactions. This leads to the appearance of unknown functions, the so-called structure functions or form
factors, in the theory. A familiar example is presented by the electromagnetic form factors of the nucleon,
which depend only on the Lorentz~invariant variable GE(q%) or GM(q%). In general, the form factors may
depend on several Lorentz-invariant variables. The fundamental problem actually consists of a theoretical
and experimental study of these form factors. Such studies will hopefully lead to a solution of such funda-
mental problems as particle structure and the possible existence of hadron subparticles (quarks, partons,
ete.).

The importance of studying deep inelastic processes has been emphasized in several papers [1-5].
General methods have been worked out [4] for studying deep inelastic strong interactions, and rigorous cal-
culations have been carried out for the amplitudes. These methods can also yield useful information in a
study of the behavior of the form factors for deep inelastic lepton-hadron interactions. We can list some of
the specific deep inelastic lepton-hadron interactions which can be studied experimentally. Depending on
which particles in Fig. 1 are considered to be entering and which are considered to be leaving, these inter-
actions can be divided into three groups: a) those involving annihilation of a lepton pair, b) those involving
scattering of a lepton by a hadron, and ¢) those involving the formation of a lepton pair in the collision of
two hadrons. The corresponding matrix elements are shown in Fig. 2.

The interactions studied most intensively in recent years are electromagnetic and weak scattering,
which correspond to the diagram in Fig. 2b. Deep inelastic scattering of electrons by protons,

e” -+ p—> e |- hadrons, (1.4)

has been studied experimentally at SLAC [6]. An extremely interesting "point" pattern for electron crea-
tion has emerged. The differential cross section do/dq?® for large g? has turned out to be large, roughly
equal to the Mott cross section for scattering by a structureless nucleon. Accordingly, several theoretical
concepts have been advanced and checked [1-5]. An analogous point pattern was observed at CERN in ex~
periments involving deep inelastic scattering of a neutrino by a nucleon [7, 8]:

vy -+ N — p~+ hadrons. (1.5)
The simplest explanation for these factors is based on the assumption that, as the number of channels in~

creases, the net contribution of the channels to the form factors depends weakly on q%. For a point nucleon
and for the case of neutrino creation, we have, on the basis of the simplest perturbation~theory diagram,

T (E) =1.3- 0E cm?,
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Fig. 3. Kinematics of the formation of a lepton pair.

Fig. 4. The c.m. system of the muon pair. The z axis lies along the
momentum p, while the momentum p' lies in the xz creation plane. The
normal to the creation plane lies along the y axis.

where E is the laboratory neutrino energy (GeV). The CERN experiments yield

Oexp (E)=(0.8 +0.2).107%. E em? = 0.60ihe0 (E)-
In principle, this interaction could be studied at neutrino energies of 50 GeV on the accelerator of the Insti-
tute of High-Energy Physics.

Below we will discuss in detail the interaction corresponding to the diagram in Fig. 2c¢ — the deep in-
elastic formation of a muon pair in a hadron~hadron collision:

p+ p’ ~—>pt- pu - hadrons. .(1.6)

In §2 below we carry out a kinematic analysis of this interaction, and we treat three theoretical schemes,
based on self-similarity (§3) current commutators (§4), and vector dominance (§5) in order to obtain dyna-
mic information. This analysis is based on results recently obtained at Dubna [9-13]. An experimental
study of interaction (1.6) is currently being carried out on the Brookhaven accelerator, and preliminary
data have been reported [14].

There is considerable independent interest in the results obtained in a study of interaction (1.6);
these results may be quite valuable in the search for the intermediate W meson, which is formed in strong
interactions [15-19].

We note that the next step in the study of interactions (1.4) and (1.5) is to single out one of the hadrons
in its final state. The interactions

e” - p—> ¢+ p’ 4 hadrons, o

Vu -+ p—p~ -+ p’ -+ hadrons (1.8)
were studied theoretically in [20].

2, KINEMATIC ANALYSIS

We consider the deep inelastic collision of two hadrons, a and b, which gives rise to a muon pair and
some hadron system A:

at+b—ptt+p A (2.1)



In the lower-order approximation in terms of the electromagnetic interaction, this process involves the
emission and decay of a virtual photon as depicted in Fig. 3, where the parentheses denote the 4-momenta
of the particles. The corresponding matrix element of the T matrix is

Tfi-__iqﬂﬂijy <‘4 OutlJH(O)Ip,p', fl'l)", (2'2)

where jr . u (k) vy (&) 1is the electromagnetic current of the muon pair, J u(x) is the operator correspond-
ing to the electromagnetic hadron current, and @ = el/4r = 1/137 is the fine-structure constant. The index
"e!" reminds us that we are to take into account only the coupled part of the current matrix element. If the
colliding particles are not polarized, and if only the muon pair is detected in the final state, the cross sec~
tion for this interaction can be expressed in terms of the following second-rank tensor:

Puvip, P’y q)= %1(%)‘ X 8(p-t-p'—qg—pa) {p, p',in| ] (0)| Aouty (A out|J, (0)| p, p', in)°. (2.3)

Because of conservation of electromagnetic current, this tensor must satisfy the condition for gradient in-
variance, g*p,y == ppg'= 0; from the Hermiticityof ppv = p¥n we see that the real part of the tensor must
be symmetric, and the imaginary part must be antisymmetric, with respect to the interchange p= v.

It is convenient to expand tensor p . in terms of structures [21, 9, 11, 22] corresponding to definite
polarizations of the virtual photon. We determine the directions of the three-dimensional polarization vec-
tors £(T1), (T2, (1) in the rest system q = 0 of the virtual photon, i.e., in the c.m. system of the muon
pair, as shown in Fig. 4. Then the corresponding 4-polarization vectors are

v ! PP

e Fu— 2.4a
¥ 1/_(5,,2_(50,@')2) (QP” S éis“) i (2.4a)
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W= Va2 (pp’)2— g2m2m’2 EnavP™P P, (2.4b)

1
gfl) = V=5 &, (2.4¢)

where

\9"u=pu—%qu; L=Pﬁ—%{-qu. (2.5)

It is not difficult to see that the polarization vectors are orthogonal to the virtual-photon momentum g p and
to each other; their norm is equal to —1:

q"eifj) =0, e{f)a(")i’-—: —8;5(i, j=Ty, Ty, L), (2.6)

In addition, the completeness condition holds:

i)a(d quq
P L A S )

1==T1, T2, L

We use these vectors to expand the tensor py,;, in terms of the five independent structures:

(1 Y 4 1 - T1)p(L (=
Puv == p,,lal(fng&'tn.;.-pi,zgﬂrz)eirz) A pLBLL)ggL)-{—p(TL) (ah Vel )+g$T1>ghL))+lp(T 7 (S&Tn.ggLJ_g‘t’mgLL))_ (2.8)



The structure functions* (or form factors) pr ¢ PTy PLs p'(r%_, and ﬂ'(I‘I)_; are real functions whlch depend on
four unknown Lorentz-mvamant variables, which may be chosen to be, e.g., s = (Di + pz) , 4%, ¥ = pg, and
= (p'=q)? = m'? + g> = 2v. Other invariant variables could be selected, e.g., mN P+ p' —q)? (the square

.of the effective mass of the hadron system) or 63? p(p’ —q) (the energy transfer in the p= 0 lab. system).

We note that in the q=0 system there is a simple relationship between the spatial components of the
tensor Pij and the form factors:

Pax 0 Paz pro 0 pif-ipfd
loisll=| O pw 0 |= 0 P1s 0 : (2.9)
020 P2 P —ipfl 0 0L

Within a normalization factor, this is the density matrix for the virtual photon, specified in a linear basis.7

The angular distribution summed over spins is by definition equal to the ratio of the pentuple differ-
d5o (s, g2, A%, v, 0 d3a (s, g2, A%, v) |
dg2 dA2dv dQ dq2 dA2 dv

ential cross section %) to the triple cross section

dsa (s, g2, A%, v, 0, g)

WO, )=W(0, 05 ¢ &% V) =5 Ry

;(l-—%z) g

Epr, (1 — 22 sin 0 sin? @) + pz, (1 — 2® cos? 8) — pF1.0? sin 20 cos ¢], (2.13)

W (0, ¢)= [pz, (1 —v%sin?0 cos? @)

o
where p is given by Eq. (2.12), and v= ['” “]/‘ﬂ—_q:m—” is the velocity of the muons in their c.m. system,

4 -
y stpdying this angular distribution we can determine pT,, pT,, p1, and pr(r%_‘, but not pr(n)_, The form fac-
tor can be found by measuring the polarization of one of the muons along the normal to the creation
plane (along the y axis in Fig. 2):

(Sy) ~ muEpfL. (2.14)

*In the notation of [21], we have pT, = Fj, pT, = Fy, pL. = Fy, p-g;-'—]); = Fy, p'(l‘-i = F;.
tTransforming from the linear basis to the hehcaI basis,

1 -
eff"‘”:—?%(a{‘m =+ ie{T), ef =2, (2.10)

we find, following Oakes [21], a relationship between the form factors and the orthonormal matrix elements
of the density matrix in the helical basis:

Y 1 .
p(11}=p 1-1 _'2"[-)'([‘_’7'2’}_?1‘)’

1
poo =? PL;
T ) (2.11)
eyl (Pr,—pL)
plO0=pll¥= —n-10— po-1¥ — ]/li {+) +!p )‘
where
P=pPxx Pun FPr= Pr, ’|‘pj‘2’}‘ PL- (2.12)



g q Integrating (2.13) over d¢ or over dcos 6§, we find the distributions only with re-
spect to 8 or ¢, respectively:
o

P
1 & ia 1 o 9
W (8) = — i [(P'ﬁ ) (1 A%sm-e)f: pr, (1 —o? cosu())] i (2.15a)
, : %1~
Fig. 5. Amplitude of
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the Compton effect W (@) = ——— [ or, (1= 502 cos? @) + pr, (1-Fosin2 @) s, (1-2) ].(2.15b)
with two hadrons in g (l "’T)

the forward direction. (
The form factors pr,..., prl'-'£ have kinematic singularities. The form factors p;,
Py, Pgs P4» and ps can 1be determined from [9]

Tulv
PE

s = 01 (= Guv +2550) 02T+ 0aTUFY 10y (P54 945) -+ iy (P — Py}, (2.16)

where &, and &, are defined above, in Eqs. (2.5). It is not difficult to find a relationship between these
two sets of form factors:

pr=py—Pip,— LTV o ogprp,; (2.17a)

pr, = p— LELZTH R (2.17b)

P12 Ps; (2.17c)

pifl + ip§ = ’;—f (82872 — (98] P py 1 (P22 — (P22 (py + ips). (2.17d)

The triple differential cross section for interaction (2.1) for the case in which only the muon pair
with definite qz, Az, and & is detected in the final state, and in which the summation has been carried out
over all possible hadron states, is

(2.18)

dofs A eR o P—dmh = ] 0(s, g2, A2, 8
dg® dA2 db - 8:1""( - 3g2 ) g2 Vs—(m+mnz Vs—(m—mhe ' (s, g%, A%, ),

where @ = e?/4m = 1/1387; m, m', and m, are the masses of hadron b, hadron a, and the muon, respectively;
and

ITORY
p(s, ¢ A% 6)= ( _glh’_'r.%) Puv(Py P’y @) =Py + P12+ 1 (2.19)

We note that tensor pup(p, p', q) describes the contents of the hadron "black box" for the Compton effect
with two hadrons, depicted in Fig. 5.

The distribution with respect to the square effective mass of the muon pair is found from (2.2) by in-
tegration over dA? and dé within the physical region. Neglecting the muon mass, we find the following
equation for the muon-pair mass spectrum:*

e " m . Almax 8 max
A= g’ Vs—(m+mE Vs—(m—m) ¢* .‘l dhz S dop (s, ¢ A%, ). (2:28)
A'min ® min

*The definition of the boundaries of the physical region is discussed in the Appendix.



For use of the vector-dominance hypothesis (see §5), it is convenient to write the mass spectrum as

a‘%’g:%-ﬁgﬂ*(s, ). (2.21)
where
¥ (s, ) =0Ty ol +ol (2.22)

is the total cross section for the creation of a virtual y* photon having mass q? in the interaction

a -+ b — y*-- hadrons. (2.23)

As the last item in this section, we note that there is an interesting kinematic analogy between the
reaction considered here and inelastic neutrino creation: If we replace the square lepton mass m2 by g2 in
the Appendix of Adler's paper [2], and if we replace Adler's q° by our A% we are actually defining the
boundaries of the physical region for interaction (2.1). The Appendix below takes up in detail the definition
of the boundaries of the physical region. In order to obtain dynamic information about the form factors, we
consider below three theoretical schemes, based on: 1) self-similarity or scale invariance, 2) vector dom-
inance, and 3) current commutators.

3. THE SELF~-SIMILARITY PRINCIPLE

As we mentioned above, the SLAC and CERN experiments indicate a point nature for deep inelastic
interactions of leptons with hadrons. This behavior could be understood on the basis of the hypothesis of
approximate self-similarity or scale invariance. We assume that in the description of deep inelastic lepton-
hadron interactions, for which the energies and momentum transfers are large, no dimensional quantities,
such as the mass, "elementary length," etc. can play important roles, so the form factors can depend only
on the kinematic-invariant variables.

N. N. Bogolyubov drew our attention to the possible self-similar behavior of the form factors in these
problems. He emphasized that this behavior of the form factors for inelastic weak and electromagnetic
interactions might be extremely similar in nature to the so-called self-similar solutions for several prob-
lems of classical hydrodynamics, e.g., the problem of a powerful point explosion [24, 25], In the search for
self-similar solutions for hydrodynamic problems, it turns out to be quite useful to use the methods of
similarity and dimensionality theory in combination with certain qualitative arguments about the nature of
the physical processes. It is well known that electromagnetic and weak interactions can be described quite
successfully by means of local electromagnetic and weak currents. The strong interactions, on the other
hand, are taken into account through the introduction of form factors. At low energies, the need to take
into account the particle masses will presumably distort the strong-interaction picture, while at high ener-
gies (and at high values of the other invariant variables), in which case the masses of the particles created
can be neglected, the situation becomes much simpler and, in a certain sense, "hydrodynamic." This hy-
pothesis is supported qualitatively by the fact that the principal singularities of the singular functions of
field theory are mass-independent (see, e.g., [26]).

We will attempt to discuss the principle of approximate self-similarity or scale invariance with re-
gard to lepton~hadron interactions at high energies and high momentum transfers, and we will derive several
consequences which can be checked experimentally, We will assume that the asymptotic behavior of the
form factors for interactions involving leptons at high energies and high momentum transfers is governed
by dimensionality considerations and by the requirement of approximate invariance under scale transforma-
tions g — Aq and pj — Apj, where ¢ is the momentum transferred from the lepton to the hadron, and pj are
the momenta of the hadrons participating in the reaction,

In essence, this assumption means that in the asymptotic limit in which g — « and gpj — =, the form
factors for lepton interactions are governed by functions of the dimensionless ratios wj = qz/qpi and are
approximately independent of the particle masses and of other dimensional parameters, such as the inter-
action radius, etc. We emphasize that this principle does not hold for purely strong interactions, since in
this case the processes apparently depend strongly on the constant dimensional quantities,



Below we derive several consequences of the principle of scale invariance for interactions involving
the annihilation of electron-positron pairs into hadrons, electron creation, and the formation of lepton pairs
in two~hadron collisions,

We first consider the simplest deep inelastic process involving leptons—the annihilation of a lepton
pair resulting in the production of hadrons:

e*-}- ¢~ —> hadrons.
In the one-photon approximation, this interaction corresponds to the diagram

ef‘

Ot

&
and the total cross section is (for mg = 0)

Bn2a?

Otot =" 42 -0 (4%). (3.1)

All the information about the dynamics of the process is incorporated in the unknown spectral function (or
form factor) p(q?), related by definition to the tensor puv(qz):

Puv (q) = S dx e (0 [ Jy (x) 7y (0)|0) = X (21)* 8 (g— px) O] 1y (0) | N) (N | T3 (0) | 0) = ( — gung™ + Guqv) 0 (42) (3.2)

N

It is easy to calculate the dimensionality of the tensor* Pyyt

[owy ()] = [m?] « (3.3)
We see that p(q? is, as expected, dimensionless:
Ip(gH1=1. (3.4)
For scale transformations of the momentum scale,

g— Mg, (3.5)

it follows from an account of the self-similarity principle that

Puv (Ag) = A2puy (q); P (A2%G%) =p (¢°) = const. (3.6)

At large o° the total cross section must thus asymptotically display "point" behavior, analogous to the case
of the annihilation of an electron-positron pair resulting in the production a muon pair:

*We use a system of units here in which action and velocity are dimensionless and in which mass is a di-
mensional quantity. We recall that in this system the current dimensionality is [J,]= [m?], and |n>, the
partial state vector for relativistic invariant normalization, has the dimensionality

[171 P2 Pay - v P =[m7].



e++e-‘—>].l+ 7%“—' (3.7)
This behavior is the same as that predicted by quark-current algebra [27, 28]. Using an inverse

Fourier transformation, we can construct the space-time picture, finding that the commutator of the elec-
tromagnetic currents between the vacuum states is

O (1), Ty (0)1]0) =2 (gue [ —8u0:) 8 (x) (%) g (3.8)

where ¢ = p(g®) = const; O is the d'Alembertian, and $ represents the principal value. In particular, it fol-
lows that the simultaneous commutator between the time and space components is

O (x, 0), J(O) [0y =1im 2 Vid (x), (3.9)

It

i.e., it is equal to the Schwinger term with a numerical coefficient which diverges as c? [29].

In the one-photon approximation, electron creation is described by

e” e

}PN)

and the cross section is expressed in the standard manner (see, e.g., [30]) in terms of the tensor

P

Wiy (P, q) = D) (20)* (p |4, (0) [ N)* (N | J4 (0) | p° 8 (p - g — p)
N

—(— e +2) Wiloa ) + (pu— L au) (20— LL4w) Walpq, g2 (3.10)

It is easy to see that this tensor is dimensionless:

W (P, 9)1=1; (3.11)

it follows that

(Wilg% pg)l=1; [Walg? pg)l=I[m2]. (3.12)

It follows from self-similarity that for scale transformations

g—>hg; p—>hp (3.13)
the form factors W, and W, must satisfy
Wy (A2g*, Mpg)=W (g% pq); } (3.14)
MW (Mg, Mpq) = Wy (g% pa).



These requirements can be satisfied by setting

Wy(g p)=Fi(Z) . Walgt, pg) =z F2 (£) (3.15)
This universal dependence on the single dimensionless variable q%/pq for the form factor W, has actually
been observed experimentally at SLAC [4]. Some theoretical arguments in favor of this dependence were
advanced in [23]. We note that many attempts are currently being made to find a qualitative explanation for
this "point" behavior of the form factors for electron creation for high momentum transfers through the
construction of specific models (see, e.g., [31-33]).

We turn now to the formation of a muon pair in a strong interaction, The dimensionality of the tensor
Puv and thus of the form factors p; is

[ppv] = [pi] = [m72]. (3.16)

Using the requirement of self-similarity, and taking account of (3.2), we find

oun (Ap, A’y Ag) = A20uy (1, . q); } (3.17)
pi (M, A2, N2A2, A28) = A2p, (s, 4%, A, B), -
from which it follows that the form factors are, for large invariants,
pi (s, g2 A2, §) *q% Fi(, B, o). (3.18)

where @, 8, and w are dimensionless variables constructed from ratios of the invariants s, g%, A, and 8.

The self-similarity principle can also be used to analyze the behavior of the form factors for weak
interactions. There is considerable interest in an experimental check of the consequences of the principle
of approximate self-similarity for deep inelastic scattering of neutrinos by nucleons. We note that the
self-similar nature of the form factors for the electromagnetic and weak interactions permits the number
of independent variables in the asymptotic region to be reduced by one; moreover, knowing the form factors
for one set of invariants, we can predict them for another set if certain ratios remain fixed.

We believe it would be very interesting to experimentally check the behavior predicted by the self-
similarity principle up to certain large values of the invariants. Deviations from these predictions could be
interpreted as evidence that some dimensional factor, e.g., the "elementary length," etc. comes into play
here and violates self-similarity over supersmall distances,

We have thus far treated the possible existence of "maximum self-similarity," i.e., self-similarity
with respect to all variables. The possibility is not ruled out that "partial self-similarity" may occur, in
which case the self-similarity would not hold for all variables, but only for some of them. In particular, it
would of course be extremely interesting to understand the mechanism for the violation of the self-similarity
principle and to work out methods for calculating the corrections to the self-similar approximations. This
question is apparently closely associated with the concept of the spontaneous violation of conformal sym-
metry up to the symmetry of the Poincaré group.

Conformal symmetry is one of the possible generalizations of Poincaré symmetry which is of physi-
cal interest. We briefly review the basic information about the conformal group, which contains as one
transformation the space-time scale transformation. This 15-parameter group includes the following trans-
formations [34-37]:

1. Space-time translations (four parameters),
X' =gt ah, (3.19)

2. Homogeneous Lorentz transformations (six parameters),

P =Akx", A0 (3.1). (3.20)
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3. Special conformal transformations (four parameters),

, xu+ﬁﬂxz

x' b= ___1—}2.3.(-{»55;5' (3.21)
4. Scale transformations (one parameter),
x'"=pxt, p=>0. (3.22)

According to the Noether theorem, local currents correspond to these transformations; in particular, the
currents of the special conformal transformations C#Y and scale transformations are expressed in the fol-
lowing manner in terms of the moments of the energy-momentum tensor (the gravitational current):

C" = 0" (2% %o — gox®); (3.23)

Sl’- = O”“xa,. (3 8 24:)

The generators for the transformations are expressed in terms of the spatial integrals of the zeroth cur-
rent components:

c* - \. (20"%x"x, — 0M0x2) dx; (3.25)

S Jf 8%k, dx. (3.26)

It can be shown [34, 38, 39] that the divergence fields of currents (3.23) and (3.24) are related in the follow-
ing manner over a broad class of Lagrangian theories:

FC" =29%3, 5" =20, (3.27)

The vanishing of the current divergences corresponds to conservation of "charges" (3.25) and (3.26). Equa-
tions (3.27) show that invariance with respect to the total conformal group follows in this case from scale
invariance, so conformal symmetry is violated "minimally" because of the violation of scale invariance.

If the Lagrangian is independent of the mass and other dimensional constants, we have g = 0, and we thus
find, as suggested above, scale invariance. The question of the possible spontaneous vioﬁition of this sym-
metry is currently being discussed widely in the literature in connection with the violation of chiral sym-
metry [35, 38-40].

4., CURRENT COMMUTATORS AND ASYMPTOTIC SUM RULES

We consider the Fourier transform of the matrix element of the electromagnetic-current commutator
between the two-particle in-states [9, 11]:

Ru-'\?(p! prv Q) = 5 dxe-iqx(p! p’s lﬂf [Jl-l(x)i ']‘V (0)]|pl p" In)c :r;w(P, p'a Q')Efvp-(P, P'—"?)' (4'1)

We assume here that the enclosed particles are not polarized; the "c" indicates that we take that part of
the matrix element which is coupled as a whole. Let us consider the quantity r,y inmore detail. Using
the completeness condition for the out-state vectors, we find

ruv(py P’y )= S dee=ie=(p, p', in|Jy(x) Iy (0)| p, p’, in)®

=§”(23)“6(p+n’—q—m) (p, p', in|J,(0)| A out) (A out|J,(0)| p, p’, in), (4.2)

11



where the "c" on the summation symbol indicates that we take only the matrix elements of the product of
two currents which are coupled as a whole, We extract from this sum the completely coupled part corres-
ponding to the quantity*

rav (2, Py @) =puv (P, ', @)+ 0uv (P, P, Q) (4.3)

where Euv denotes the contribution of 15 z diagrams. This separation can be depicted graphically as

P}w (P:P'; ?)7

+ +{g) 5 %

+ Diagrams obtained from the symmetrization of the initial
and final states.

From momentum conservation and the spectrality condition it follows that, for q2 > 0, we have

puv (P2 Py @) =0 0 ((V's— V@) — mi) puv (P2 P> O (4.4)
puv (P P’y @) =0 (—v) 0 (m— (Vs+ V7)) pus (2, £, 9). (4.5)

In the physical region the p ,uu(p’ p', q) contribution thus vanishes exactly.

In the derivation of the sum rules (see below), however, we use the entire region—both the physical
and the nonphysical parts—so the z diagrams from the second part of the p(p, p',—q) commutator may give
a nonvanishing contribution. We show below that, with the standard assumptions used in a current-algebra
derivation of sum rules, the contribution of these diagrams tends toward zero as § — .

We will show that the problem of determining the behavior of the form factors for the creation of a
muon pair at high energies of the colliding hadrons and at high energies and masses of the virtual photon,
for which s, g%, v — « (i.e., such that the ratios

_plg__m'?gr— A2 g2
pg 2v T (4.6)

*f the < A out | state containsparticle p or p',the current matrix element <A out | JP{O) |p, p' in> will contain
uncoupled parts corresponding to free propagation of these particles. Graphically, the matrix element can
be divided into coupled and uncoupled parts in the following manner:

iéE + ‘éE + é + (%
) p— gf_,_’_ziﬁ.

The first term here, the completely eoupled part, is involved in the determination of the cross section for
the physical process; the other three terms are uncoupled parts which lead to the appearance of so-called
semicoupled z diagrams.
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remain fixed), can be reduced to a study of the simultaneous commutation relations between the spatial
components of the operator for the electromagnetic hadron current and for its time derivative.

The use of simultaneous commutation relations is much simpler in the c.m. system of the muon pair,
where we have q = {qo, 0}. In this system the expansion of the tensor pij(p, p', qg), (i,j = x, y, z) becomes

pi.? (IJ, P’a 40) = pT;‘Sixajx+ P"'a‘siyajy —.1‘ Piaizéjz e P(ff. (61':\:6]'2 T' 6jx6iz) T 19%‘1{ (aixajz e 6jx6£z)- (4-7)

We see that Rjj, rjj and pjj can be expanded in a similar manner in terms of the five structures:

Rij(P, P’y o) =Rp0ibju—. . . . . . . .. (4.8a)
rii 0P Go) =rriabit e e e (4.8b)
Pis Py P’y G0) = PrOixbye o v o o o . (4.8c)
where
Ri(p, P's qo)=ri (P, D', 40) —ri (P, P's — o) =2 (40) i (P P", | G0 ) +2 (— o) p (P, D'» — | o )s (4.9)

where £(qp) =+ 1, qg 20; i=Ty, Ty, L, and TL();

REL(P, P’ qo) == rL (P, D', go) +r2 (P, D'y —q0) = p52. (P, P’ [Go )+ p%L (P, P's —| o) (4.10)

We see that the quantities Rt,; R, Ry, and Rv(;}_, are odd functions of gy, and Rsf}_‘ is an even function, In-
tegrating Eq. (4.1) over dq, and qﬂdzqo, we find several relations:

1T , . ;
o | d4oRi (0, D', g0) = By (b, '), (4.11)
1 . ‘
= S qodgoRi; (Ps P’y g0) = Ci; (p, P'). (4.12)
etc. Here we have
Bij(ps p)= —i S dx {p, p"in|[J; (x, 0), J; (0} | p, p’, in)%; (4.13)
Cis(ps o) = —i { dxp, p,in|(F: (x, 0), J;(0)]| p, p" iny" (4.14)

Of these relations we retain only those which are nontrivial in terms of parity:

oo

1
o dqﬂRSfI)- (pf P': qﬂ) == B.'cz (P' P') — Bs (p, P'); (4. 153-)
e
1 ¢ ;
= | d0gRr (0, ', 90) = Cax (0, p'); (4.15b)
0
- Y dqoqoR 1y (Ps D', o) = Cyy (P, P'); (4.15¢)
0

13



oo

{ dangoRe b, ', q0)=Cux (b, 9; (4.15d)

0

£
n

o

< j' dqeqoR5% (P, P's o) = Cxz (P, P')+ Cux (P, P'). (4.15e)
0

We note that in the g = 0 system selected, the invariant variables on which the form factors depend are

.

Po .
Po

s=m2-tm®+2(pop—PP); P=qk V=pe; o= (4.16)

It follows that the variables s and @ are fixed in the integration over dqg, while q® = v%/p}; i.e., in the (g v)
plane, the integration in (4.15) is carried out along a parabola.

Such sum rules for arbitrary fixed momenta p and p' contain contributions from the spectral functions
E of the corresponding z diagrams. As condition (4.5) shows, the contributions of the z diagrams in the
limit 8 — = are governed by the intermediate states of hadrons A with infinitely heavy effective masses ma.
Following the convention of the current-algebra method, we assume that the z-diagram contributions vanish
as 8 — w; this assumption is valid when the order of the integration and the transition to the 8 — « limit in
Eqgs. (4.15) can be changed. For sum rule, e.g., (4.15a), the z-diagram contribution is given by

drn’
sEy PP D' =) (4.17)

e —— g

1 1
= S PL (P, P —| G0 ) do= ——
0

Taking the limit s — « under the integral for fixed mi, and using (4.5), we find that the contribution of the
z diagrams to the sum rules vanishes in this limit.

In the c.m. system of the lepton pair, the limiting transition s — « is carried out under the conditions
pg — ©, Py — . We assume that

o= z—; is fixed, p = %:;_ is fixed,
‘ (4.18)
@=-J0 is fixed,
Po
The constancy of g in the invariant form means that
2= M— is fixed, (4.19)
v w
We now assume that there exist limits for fixed @ and g:
Byj(a, B)=lim peB;;(p, P'); (4.20)
D0, Pg+oo
CU(G, ﬁ)ﬂ lim ng(p, p‘), (4.21)
Poy PLro0

where the tensors on the left side are dimensionless,

We now take the limits s — o, ¥ — o, q2 — o in the sum rules under the condition that «, 8, and w are
constant. In this limit, as was mentioned above, the z-diagram contributions drop out, and the form factors
pi(s, 9% @, v) have the following self-similar behavior:

p:‘ (51 qu &, 'V);'%):T Fi (av ﬁ! OJ), E=T|, Tz, L,- TL(H, TL(_). (4.22)

14



Converting to an integration over dw in Eq. (4.15), we find the following final sum rules relating the limiting
self-similar form factors to the current matrix elements:

Wo

7 | doF (o, B, ©)=Bur (@, B)— B (a: B); (4.232)
0
= 5 dooFz, (at, B, ©) = Crx (@ B); (4.23b)
0
+ | dooFry (@B, 0) = Cy (o, B); (4.23¢)
0
g
< j dooFy, (c, By ©) = Csz () B): (4.23d)
0
+ | dooFi (o, B, ©)=Cus (2, B) +Cux (@, B), (4.23¢)
0
where
ag =258 _ 2 (1t ), (4.24)

The right sides of these equations depend on the specific model chosen for the current, so they may be used
as a criterion for selecting some model or other,

In the model in which quarks interact by exchanging a neutral vector meson (the "gluon" model) and
in the model of vector commutator fields, we have

2id (%) e mp* (0) 0:Q%P (0) (quarks), (4.25)
0

i (x, 0), J;(0)] :{ e (4.26)

— 8 (%) B (0) {i (ced; + 303 — 20d6:)
— 2g (O.'.iBj -+ chBi —_ QuBﬁg,-)

o (x, 0), J;(0)] + 4M5;;} Q*p (0) (quarks); (4.27)
8(x)Capd? (0)J% (0)+C —a number (fields), 4.28)
where
23 0 0
@=5+50Q Q=( 0 —13 0 ) (4.29)
0 0 —=1/3

Using (4.27), we find from the sum rule for the polarization form factor that

I const (quark model);
doF$§ (a, - i 4.30
i . (0 Py ) { 0 (field algebra), Ry

It can also be shown from the sum rules that the quark model predicts greater values for the trans-
verse form factors FT1 and FT2 than for the longitudinal form factor Fi,.
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These sum rules ean thus be used to select 2 model. Analogous sum
rules were found in [41] (see also 22, 42) for the case of ordinary electron
creation, The analogous sum rules were treated in [20] for electron creation
with a single hadron distinguished in the final state.

5. VECTOR DOMINANCE AND THE MUON-PAIR MASS

Fig. 6. Diagram illustra- BEE I COT AR
ting the vector-dominance According to the vector-dominance hypothesis (see, e.g., reviews [43,
model. 44]) muon~pair formation involves the emission of a virtual vector meson,

which converts into a virtual photon, which then decays into a muon pair, as
shown in Fig. 6.

It can be shown that the vector-dominance hypothesis leads to a correct description of this process,
since here q° is time-like,

Let us determine the matrix density for the virtual vector meson V (V = pg, w, or ¢) formed in the
reaction

a - b—>V -+ hadrons, (5.1)

according to

Wuu(p, P'\ q)= }A] (2n)t 8(p +p" —q— pa)p, p's in| JEA0) [Aouty (Aout| I (0)] p, p' i), (5.2)

where J (x)=([02—m%)V,(x) is the density of the V-meson current. Using the current-field identity,

m? m2 m3 - m
T (= — D g Vi) = — (2 oh () + g on (9 H 2 0 (). (5.3)

we find the following relation between the density matrices of the virtual photon and the vector mesons:

my: 1 v ¢ AL T
—2‘;—1;) WWH (p, P’y q) + interference terms. (5.4)

ouv (P, P @)= 2 (

v

(£)
Equation (5.4) can be used to express the five form factors pr ¢ PTy PL» PTL: which completely de-
seribe the muon-pair formation in terms of the corresponding V-meson form factors¥

For use of the vector-dominance hypothesis it is convenient to write the equation for the mass spec-

trum in the form [12]
do a 1 g2 —4m? g2 —4m?
w=wwll-—) V" ed (5.5)

where
o¥* (s, ¢%) = of; o}, +oF" (5.6)
is the total cross section for the creation of a virtual v* photon of mass q® in the process
a-+ b—vy*+ hadrons. (5.7)

)

*We recall that only the form factors pT,, pr,, and py, contribute to the cross section; the form factor pry,
can be determined from the angular distribution of the muon pair, while p¥'£ can be determined by measur-
ing the polarization of one of the muons (see §2).
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vl According to the vector-dominance hypothesis, this cross section is related to
F the total cross section for the formation of real vector mesons in process (5.1)
2L by
F 2 \2 2 \2 2 \2
: 2 2y & [(_Mo |7 4n (___m‘“ An . ( g
ol i £ [(m;—qn) w O =) 7O Hmm
F 4—:‘: a? (S):I -} interference terms, (5.8)
QU o
~ F Substituting this approximate expression for o¥* into Eq. (5.5), neglecting the
5 oL o muon mass (m = 0), and assuming the contribution of the interference terms to
& be small, we find the following expression for the mass spectrum of the muon
= L [
e pie
-J]i do a? my \2 yg s
i " w3 (mrg) Fow. (56}
- v=p0, , ¢
L . : . »
My, GeV The ¢ meson is weakly created in hadron-hadron collisions, so by retaining only

. the contributions of the p? and w mesons, and assuming mp ~ my, piyh=1:9,
Fig. 7. Mass spectra and y3/4n=0.5, we convert Eq. (5.9) to (m,, =V ¢°)
of the muon pair

formed in pp collisions em?

i d 2.10-8 : 1 ;
(w:ith- Plal), = 28i15' GeV/c dmzu = o 8, T [ oP (s) _{_5.0-19(3)-] £ (5.10)
and in 7t-p colli-
sions (with P1gp. = 8.5 —

GeV/c) predicted by 0%, 10T IRLse Wy
the vector-dominance
d 2-10-6 1 : 2
Prrhashaii dmzu S [o2(s) +g0°() | = (5.11)

(5.16)1.

We will use Eq. (5.10) [or (5.11)] to analyze muon-pair formation in specific hadron-hadron collisions.

a, Proton-Proton Collisions (@ =b = p). The formation of the p? meson in ap +p —p + p +p? reac-
tion has not been observed at any energy up to Plap. = 28.5 GeV/c. In this range, the cross sections for w-
meson formation in the p + p — p + p + w reaction are [45]

Plab.s GeV/c ‘ 5 10 28.5

a¥ pb

1404-20 60 50410

This result is in agreement with the results of an analysis based on the double Regge-pole model [46],
Analysis of the six-ray reaction

pp— ppntntnm-

shows that about 24% of the events involve the formation of a p‘J meson; the corresponding cross section is
90 pb [47]. The cross section for the right-ray process pp — portatotr =wr-m=~ is 20 ub. Assuming that
here also about one-fourth of the events involve the formation of the p? meson, we can estimate the corres-
ponding cross section to be about 5 ub. We can thus assume that the total cross section for p° formation in
pp collisions at Plap, = 28.5 GeV/e is equal to roughly 100 pb:

oPP=>P+. o =100 pb. (5.12)
The w contribution in (5.10) can be neglected because of the factor of 1/9. If, on the other hand, we assume

that o®~ce® == 100 ub, we find the following expression for the mass of the muon pair formed in pp ecolli-
sions with Pjap, = 28.5 GeV/e, from Egs. (5.10) or (5.11):

17



p P

Fig. 8 Amplitude for
the scattering of ha-
dron a having 4-mo-
mentum A and a non-
physical mass A? by
hadron b having mass
p?=m?. In the lab.
system (p = 0), the
energy of the nonphys-
ical hadron is 6 =

(1/m) pA.

doPP 2.2.10734 2 2.2.10794 2
= cm?/GeV = cm?/GeV. (5.13)
dmyy, — myy (m}, —0.6) / me,

The corresponding curve is shown in Fig, 7.

b. Pion-Proton Collisions. We consider the case of 7tp collisions (@ = rt,
b =p). We can conclude from the analysis in [48] that tlie cross section for p’
meson formation in the reaction 7+ + p — p® hadrons is greater than or approxi-
mately equal to 1840 pb at Ppap. = 8.5 GeV/c,

PP a0 > 1840 pb, (5.14)
and the cross section for w formation in the reaction 7'p — w + hadrons is
g0+ 0. 3900 b, (5.15)

From Egs. (5.10) or (5.11) we thus find the following approximate (lower) estimate
for the mass spectrum of the muon pair formed in 7*p collisions with a momen-
tum of Piah. = 8.5 GeV/c:

3.7.10-38

da™"P 3.7-10-33 2
: /GeV = 3
m
LU

= m
dmyy My (Mm%, —0,6)2 ©

cm?/GeV. (5.16)

LOWER LIMIT FOR THE MASS SPECTRUM

To find an asymptotic expression for the muon~pair mass spectrum, we consider the hadron part of
the matrix element for the formation of a muon pair as |pt|— «. With an accuracy to within terms o1/
Ip'[), the matrix element is

(Aout|J310)| p, p', in)® T g

’

5% chaul 015, 4 0

) ; (6.1)

|->e0 | p* |

This means that the muon-pair formation is governed primarily by the Jy(0) component of the electromag-
netic field; i.e., it is a "Coulomb" process.

Using the Bjorken limit, i.e., expanding the T product in a series of simultaneous commutators, and
retaining only the first term of this asymptotic series, we find the following approximate relation with the
matrix element for hadron-hadron scattering away from the energy surface:

(Aout|I5R0) | p, o, inyf = —i | drele (Aout| T (f57(x) S (0)| o)

1 i
o ﬁ dxe-iax (A out | [J5(x, 0), J (0)] | p)*

1
=—={Aout|J® (0)| p)°+ contribution of quasilocal terms,

Ve

(6.2)

where J(@) (x) is the current of the hadron carrying a 4-momentum A.

Using Eqgs. (6.1) and (6.2), we can estimate the form factor p governing muon-pair creaction:

p(s, ¢ A%, 8) ~ 4—”‘1';“’:—“’“-% (8, A). (6.3)

The quantity ogp (6, A?) which appears here is the analytic continuation of the total cross section for the in-
teraction of @ and b hadrons into the nonphysical region, where the square mass of hadron a is negative and
equal to A% & is the lab, energy of the nonphysical hadron (Fig. 8), In this approximation we find the follow-
ing triple differential cross section (neglecting m' and m u):
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The corresponding mass spectrum is

A2 AZ—q2
. , 0 ERigt T The
ac o’ m T
e S dA? 58 5 ) A gy (5, A). (6.5)
q2—s _ A

2m
If axiomatic field theory or analytic S-matrix theory [22, 49, 50] imposes a restriction on Oap(6, AY) away
from the mass surface, (6.5) imposes a restriction on the mass spectrum. For the simpler case of the

electromagnetic form factor F(t), field theory and S-matrix theory predict an exponential restriction for
the lower limit of the form factor. By analogy, we can expect

O (8, A2) > 0B e—a V=, (6.6)

where ogp, is the total cross section for the interaction of real particles, and @ is some constant. Then we
find the following lower estimate for the mass spectrum from (6.5) under the conditions s > q? » 1/a%

(6.7)

do Gab
-d—qn—>/ 20a? q‘;:lﬂ .

Another method for estimating the mass spectrum was discussed in [51].*

APPENDIX

Determination of the Boundaries of the Physical Region for Muon-Pair Formation. Conservation of
4-momentum is described by

P'+p=q-+px. (A.1)

Introducing the vector A = p'— g, we obtain

p-+A=pn. (A.2)

Then we have A% = mzN— m?— 2mé, where 6 = 1/m pA = (e —q9.

The identity my = m corresponds to elastic scattering. Then A? and 6 are unambiguously related,
i.e., are not independent variables 6 = — A%/2m.

The Omin value is at a minimum, since q° here is at a maximum. We consider the case in which the
virtual photon moves backward in the lab. system. For fixed invariants, this virtual photon clearly acquires
a minimum energy (qgyip; this means that

dmax=¢—(%)min . (A.3)

We find (qg)min from

AZ=m'2+ g2 —2¢ (Qodnin—2 VER—m"2 V(90)3;,— 92 (A.4)
Setting m' = 0 and solving this equation, we find

2__A2 2
(90)min= q_4a_+ ﬁ ; (A.5)

*By analogy with the dynamics of a planar explosion in hydrodynamics, we have formulated a principle for
approximate self-similarity for high~energy hadron-hadron collisions [52].
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2 2 A2 A2
By = & — = ( q 9 ) — g ] A.6
max (%)min el T—A2 Ie ¥ P (A.6)

where
£r = 8A2/(A2— g?).

In the physical region we thus have

2 e, (A7)
We now find the physical region A? for fixed s and g2, from the condition
‘nin = %max- (A.8)
The result is
AR AR < ARH, (A.9)

where

AZ() _ 9%t g2m—2me? + e |/ dm2e2 |- g4 — dq%em — 4q2m?
- 2et-m :

We note that there is an interesting analogy between the reaction under consideration here and inelas-
tic neutron formation: If we replace the square of the lepton mass in the Appéndix of Adler's paper [2] by
g? and replace Adler's q” by our A%, we essentially reduce Adler's problem to ours, and vice versa.
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