THE SELF-CONSISTENT-FIELD METHOD IN NUCLEAR THEORY

R. V. Dzholos and V. G. Solov'ev

The self~consistent~field method is deseribed in the Bogolyubov formulation. It is shown
that this method yields equations for the effective fields in the theory of finite Fermi sys-
tems and the secular equations for a model with pairing and multipole forces.

It is difficult to conceive of nuclear physics today without the concept of the self-consistent field of
the nucleus. A great amount of experimental information indicates that nucleons in the nucleus behave to
a certain extent as independent particles moving in a common potential. For this reason it is natural to
construct a nuclear theory based on the concept of a self~consistent field, at least for the low-lying excited
states. We describe below the self-consistent-field method in the Bogolyubov formulation [1]. We will use
it to derive equations describing the ground and low-lying excited states of the nucleus, and we will show by
various examples that the familiar results of the microscopic approach to nuclear structure follows from
these equations: secular equations for the case of multipole and spin-multipole forces, equations for pair-
ing-vibration frequencies, and equations for the theory of finite Fermi systems.

We adopt the total Hamiltonian for the system in a quite general form:
" 1 P
H=3T(,f Jafap—— X G fy 1f) af ajap.a;
i ANL ; 1)
!
T Y=1(f, [')—28y;-,
where f is the set of quantum numbers characterizing the one-particle states, af and ¢ f are the Fermion

creation and annihilation operators, respectively, A is the chemical potential, I is the one-particle Hamil-
tonian, and G is the particle-interaction matrix.

Since the operators a} and ag do not commute, and since the Hamiltonian is Hermitian, we see that
I Py=1*(f", i
=G (F,1; [, =G* (Fifys .F)-

We will also use the representation f =4, o, where ¢ = +1 distinguishes between states which are conjugate
with respect to time inversion:

Ta;'; T'=sa . (3)

¢ g—o

Here T is the time-inversion operator, and the coefficients 8, have the following properties:

5,8 g=—1; s2=1. (4)
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Using Eq. (3) we can show that the invariance of the Hamiltonian with respect to time inversion yields the
properties

I(go, q'0")=1*(g—0, §'—0")SaSa";
G (9,91 9395 920 9191) =0 (9= 9,0 (5)

q,— 0y ql—ul) Sa25q, sa; scr:q'
Let us consider the function

F(f, fE):(a'rtaf’); O (f, f,)=<a; a;)>. (6)

The averaging is carried over the ground state of the system. We note that the equations of motion yield
the following exact relations for the functions F and &:

i 2 F (1, fo) =<|afay, HY=B(I\, o)

(M
{20 (0 ) =< [, H=%(F1r I
In the self-consistent-field method ¥ and  may be expressed in terms of F and & [1,2]:
U (hs fe)=§{§(f1, DO, f2)+E (s DO (Fus N}
—L S @t R) (G (L BR)F (1) +6 (P 1)
it
1~ w o
X F ()l +5 3 @ (o B) G (i HF); (®
il
B (f1, fz)=§{§ (Fa» ) F (F1s D=8 R) F (5 Fo)}
+5 3 (@ (1 NG (R YO 1)
i
—@(fy HG(F B ) * (P 1) (9
where
EF ) =T f')—?;G(ffli fof") F (F1, Ta)- (10)
The functions F and & are not independent, being related by
F (fy, fo) =2AF (fu, N F (F, f)+@* (f, f) @, fa)}i
4 (11)

0=§{F (fs DO, )+ F (o DO, 1)}

If we are not interested in the time-independent ground state, we should solve, instead of Eqs. (3), the
following equations [2]:

% (fyr fo)=0; B(fr f2)=0. (12)

We denote the solutions for Eqs. (12) by Fy(fi» f2) and &)(f1, f5). We can obtain the same results as
from a solution of Eqs. (12) by assuming that the ground state is the vacuum state for quasiparticles re-
lated to ordinary Fermions by a general Bogolyubov transformation:

a=3 (u(f, oyt va), (13)



whose coefficients satisfy
2@,V u* (7, v+olf, v)o* (F, v)) =6y
< ] (14)

Z(u(fl V)U(frs V)+u(f'n V)U(fv v)):O

If we are interested in the spectrum of elementary excitations related to small oscillations about the
ground state, we must consider small increments in the functions Fy and &;:

E(f, y=Folf, F)+OF (f, F); }

OF, [)=Do(f, [)+8Q(f, ['). (15)
Equations can be obtained for 6F and 6& from Egs. (7):
i 2 8F (f, )= 8B 7, f;
(16)

2 00, )= 88, 1)

Moreover, 6 F and 6& are not independent, but are related by auxiliary relations which follow from Egs. (11):

${F e D=2 F (N ¢ =30 (. O, )} =0;

17
8{ZF G HO. 1)+ 3F (DO, 1)) =0 an

Since 6F and 6& are related, it is more convenient to represent them in terms of new independent un~
knowns which automatically satisfy Eqs. (17).
Using canonical transformation (13), we write F, Fy, ®, and &; in the form
F(fys f)=<a}.a;> =§ v*(f, )0 (f,s 8) +£2g (" (F1r 81) % (o0 &5)<0 0, >
—v* (7 &) v (for 8)) <“;._“g|>+“*(f1’ &)
X0 (fr &o)0g 00> +-0%(1,, &,) u (f,, 82)<0%, 0 )i (18)
Folhy ) =2 0% (1, 8)o(Fa @ (19)

‘D(fl' f5)=(af: a.f:) =§u (fl- &) U(fzi g)

+g22 {0 g1 ulf ) <0 0, >—u(fy, gy)

Xu (le gﬁ) <a;: aE:) + u’(fl! g].) u (fSl gs) <ﬂ‘81 a!l>
+0 (1 81) v (far @) o)) (20)

D, (f5 fz)=2|;u (fv 8 2(fa 2). (21)

In the self-consistent~field method, in the nonsteady-state formulation of the problem, the wave func—
tion for the nuclear ground state ceases to be a quasiparticle vacuum state. However, the average number
of quasiparticles in the ground state is small, so we assume that this number is approximately zero:
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(07, 0,y =0. (22)
To characterize deviations of the wave function from that of the quasiparticle vacuum state we introduce

the coefficients

(g1, Ga) = Oy, g, >, (23)

which satisfy
(g1 82) = —1(ga &1)- (24)

We express 0F and &F in terms of y and p *:

OF (f1, f2) = B {v* (fr &) & (Far g2) 1 (815 g2)+ u* (F1 8 0 (Far o) * (€0 80V (25)

474
8D (fy, f2) = X {u (Fr &1) 2 (Far G2) 1 (&1r &) + v (f1, 820 (far &) 1* (@2s £1)}- (26)
8182
To obtain equations for y, we write y in terms of 6F and 6&. Multiplying Eq. (25) by v(fi, g} and Eq.

(26) by u*(f1, g), combining them, summing over fi, and using orthonormalization condition (14), we find

3 (v (f1, 8) 8F (fr, fa)+u* (1, ) 8P (F1, o)}

fa

=3 ([v(fy &) v* (F1 g2) + &* (F1s &) 2 (F1, €2)]

Fig:82

X U (fys @) 1 (G1r g2)+ [0 (F1s &) 4* (F1, g1) % (F1s &) v (f1, 1)1
X U(fw gﬂ) l“'* (gzs gl) :Zu(fﬂo gﬁ) P‘(g- g'a) (27)
z:

Similarly, we multiply Eq. (25) by u(fy, g), multiply Eq. (26) by v*(f, g), combine, and sum over f;
[with account of (14)], finding

3 {* (1 &) 8F* (Fus f2) +0 (1, @) 8O* (o, f)}= —g] U* (fo &) 1 (8 &2)- (28)
x :

We again use this procedure: we multiply Eq. (27) by u*(f, g'), multiply Eq. (28) by v(fs» g"), sub-
tract Eq. (28) from Eq. (27), and sum over fy; we find

uig, &)= ;, (0 (F1r @) 1* (Far &) OF (f1, fo)+u* (1. @)

X u* (fy, &) 6@ (fy, fo)—u* (f1, @) 0 (fa &) OF* (fy, fa)
—0(f1, &) v (far &) 8D* (Fy, fa)}-

Differentiating this expression with respect to t and taking (16) into account, we find an equation for p:

: %“(gl’ £2) =f2f {u* (F1, @1) u* (far 8a) 8% (f1. fo)

+0(f1, g0 (fas £9) U (fy, fo) v (fo g0 (Fa 82)
% 8B (fy, fo)+u* (fr, g1) v (fa £2) 0B (1, fa)- (29)

To find an explicit equation for p, we express 6% and 6% in terms of u3 from Eqs. (8) and (9) we find

8% (f1 fa)L';{ﬁE(fn N @ (F, f2) +&o (F1s ) 8D (f, f2)
+80(fy, DB N+ Oolfas N For N— 3 8O (F3: F7)

T

X (G (F, s Fofy) Fo(F F5)+G (ffs F2fi) Fo(fu )}
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~5 SOy (Fo 1) (O F: Fif) 8F (G, 1) +G (1 FiF)
fi iy
XSF(Fy 1)+ N8 (Fy, 1) G (7o i FoF:)s (30)
f kg

OB (1 )= S O% (. N Fu N+ NOF (s D
—88 (G F Folfy =B, W OF (1)) + - 3 G(1,F: Fof)

it Fy
X 8= (£, ) Dy (Fz0 Fi)+ @ (Fyo F) 8O (£, 1)
—5 S G Bl (50 (e Fy @, (Foof 1)+ @ulFol)6D* (£, F1)), (31)
fFyfg

where
8E(F, f’)=—f,2f,0(ffi; Faf") 8F (F1s [2);
172

& M)=T(f, f’)—fo_G (FFy F2F") Fo (Frs Fo)-
172

We substitute Eqs. (30) and (31) into Eq. (29) and use Egs. (25) and (26).

Grouping similar terms and
using the orthonormalization relation, we find, after lengthy calculations,

the following equations:

P22 2) =3 (Q (e ) (g £)—2 (21, &)

e
X1En @)+ 3 (X (2,85 gi8;) (g1 £5)
£ &

Y (e182 &183) v* (1 £1))5 (32)

—i _g‘f_ B* (g1, @) =2 (Q* (g, g1 gn 8)—2* (g1, &) v* (g2 &)

Il

T3 X (e182 g18:) 0" (2], &5)+Y* (2, 22 g2 u(gs &) (33)

£,y

Qg g)= ; Slf I *(F, @) u(F, &)—v*(F, @) v (F, g'))
_% (ehr " (' @ 0* (o &) + €0, 0 (F,p @)1y ), 34)
where
D=v G (s ) Dl F):

g

1'2
X(@gs gig)=— 3 G(hfsihi)
fifyfity
XAu(Fy &) ulfo &) u(Fy g2) ulf; &)+ (f1. g))
Xﬂ(fé,gﬂ)v(f“g[)ﬂ(fz.gé)-l-(v(f{.gl)u(fl.gz)
—ully )0 (F;, ) (v Fyr )4y 8)—0Fye &)l g))): (35)

-
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Yiges gg)=—> 3 (s hie(8)

filghify
 u(fyr g2) 0 (T &) 0 (F1s 82) 0 (1 81) 0 (P2 &2)
X u(fgl g;) u(fp g])"l“ (U (f;v gl)u(fgl gg)_ﬂ(f;! gg)
% u(f,, &) (@ @) o2 g)—u (s g)uvif; g} (36)

We seek solutions of homogeneous equations (32) and (33) in the form

u(gw g2)=§e_im o (81, Ga)

—iw (37)
W (g g) =2~ ’ Golg1s G2
where ¢, = X .
The functions ¥, and @, have the properties
Yo (81, Z2) = — Pa (€2) £1)» Po (€1r &2) = — P (82» £1)- (38)

Substituting Eqs. (37) into Eqs. (32) and (33), we find equations for the spectrum of elementary exci-
tations:

oo (g1 €)= D{Q (g2 &) Vo (g1, ) —2(€1. &)
<
X Yo (g2 &)} + 'E'IX (8182 8182) Vo (€1+ &)
2,8y
—Y(g,8» g;g;)cpm(g;.g;)}; (39)

— 090 (g1, 2) =3, {2* (g2 &) 9o (81, 8)—2* (g1 &) Pa(gx &)
-
+ 3 (X" (€185 8182) 9u (&1 £2)
#)%
—Y* (2,85 &1 8)Ya (81 £2)}- (40)
These equations were first derived in [1]. We note that if Yy, @ and w are solutions of Egqs. (39) and (40),
the transformations

@—- —, "P&l_"q’;l ‘P‘n_"‘i’;

again yield the solution of this system.

Equations (39) and (40) were obtained without any assumptions whatsoever about the nature of the par-
ticle interaction or the structure of the ground state. We assume below that the functions I and G are real
and that the functions u, v, and £, are both real and diagonal:

u(f, @) =u; 8 U;=tga=ug; U;="Us;
o(f, )= v;0—fg; V;=0q0="50Vs v} =Ug } (41)
§o(fv f’)=§(f)6fr‘- E(f)=§*(f); (42)
ey =Ch. =¢; 8, i
¢=t S\G(F —F —F e or (43)
-

Then we have

Qg g"= ; E(f) By {1y O7g tp Bprgr—0y Bpgup g}
~
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_-_Zcfl 6—f:fl {ufx 6f1£vf| 6—f,g' = Ur, 6f:£' Uf, '5“f=g}

=8 {E(0) (1} —v2) +2¢, 1 v}

Using results found from the superfluid model for the nucleus, we find

V&, 2)=bue(0): e(@)=VITE (). | (44)

In this approximation we have

X (8,80 g18:) = *%G(glgg; 8381) e, g, Uy U
— 50 (0 2 — i —8]) v, 95,7 ¥y
— 36 (er —2:i &), —8,) r, v, “e e,
—5 6 (=20 &3 —£;8,) v, s, %e; ey

1 oy e
+EG(g1' —&1 8y —&,) Ug, Vg, Uy’ Uy’

g, 8
1 . .
T30 €15 —€ 85) Ve, e, Uy U5 (45)
. , 1 ..
Y (2,8 —& —g)= "EG(gz L PH g-_ag;)”gluggt’g; Y

1 . i
—50(—8 —8» —& —&)) v Uy tg; Uy,

1 ——

_EG(gN —82 & —&,) ”elvgaugé 03;
1 .

+§'G (—&1» 825 —&1» 8s) Vg, Ug, My Uy
1 e 50

_EG(gl* —&\ 82 —8&) Ug, Ugylhg: Uy,

1 L
—3 08 €15 —80 &) Ve, gy Uy 1y (46)
X*=X; Y*=Y.

Substituting Eqs. (44) into Eqs. (39) and (40), we find

mwm(gl’ gQ): (B(g,)+3(g2)) q}m (gp gg)
+ X (X (@8 £16) % (€1, 7))

182
—Y (&, &3 —g;, —&,) Po (—&1» —&,)}; (47)

— 0P, (—&1—82) = (& (&1) T € (&2)) P (—&1» —&3)
+ 2 (X (—e» —8x —&}» —8;) 9 (—€}» —83)

g8
—Y(—g, —g, g,€:) %, (€1 82)). (48)
We introduce the new unknowns
1
Z% (81 &) =75 [V (€1 &) £ 00 (—&1,— ), (49)

whose equations are

VALY (g1 g =(2(g) +¢ (g2) g+ (81 o)
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1 . . el
+E 2‘ t[x (g1g2.‘ glg2)+x(_g1v '_'_gza —El, “"g2ﬂ
€18y
FY (+e,, +ex —8;, —&)+ Y (—2 —85 +8,8))])
x 2% (é’igé)%-é ¥ ([X (g1 82 &1 82)
28
_.X(_gp _gg; _g;- —g;) = [ (glg2; '—g;, "—g,.;)
—Y (_gu —&s glgg ]}Z(zF) gl’ g;): (50)

where

[X (2,82 £18)+X (—81» —8y €1 L) F[Y (8,82 =81 —83)
,oe 1 v .
+Y (—g —€5 8:8)] = -3 [G(gjgz; £:8))
. . ’ (£) ,,(£)
+G(_gl' & T8 _gl)] Vg, e, t)g; g;
1 . P
— 5 ([G (g1, —&3 & —8,) F G (g —€ii &1 —&)]
.. . glE)
+[G(—&y &2 —&) &) TG (—€1» &1 —& &) 14, ¢, %, rel (51")
[X (2,85 g18)—X (—&1 —&» —8&1» —&))]
=+ [Y(glv g2§ _g;: _gQ')"_Y(__glv _gg; g;: g;)J
1 . . ’ ,
=—5 [0 & & 8)—0(—8, —&» —€»—8))]

1 i "
g P _E{[G (&) —&2 &y —gg)

3135 g E
+G (g —&i &3 —&)| [0 (&1 &2 —&1» &)
pE
IG( gIv glrggv g2)“ 2,8, g g2 (51“)
u;j)—ugv :|:u v, Uéj)*ugug ?Fvgvg,. (52)

The basic equation may thus be written

0Z® (gy, g2) = (e (g +¢(2) 27 (g1, 82)
1 — ’ ’
"I z [G (gp gz; ggv gl)'FG(_gp _'gg: —&9 _gl)]
e g,

(F) ( () l b it
X Ugl &y ;:)g z i (g g2 ’ HG (gl' _ggs gll'—'gz)
g gy

FG(g —& 8y —8)| T [G(—&1 82 —&3» &)
$G(_gl! g;; ___g;, gﬂ)” (?) H:) ZPF) (g] g2)

5’135 g gy

= [G g|g2- gg! gi) G(_gﬂ g2v —gg’ —g{)}

51 2
( (£) () v
X Uy, gig (g1 gz)__ 2 {[G (61— 81— &)
gl &9
=G (88} &—8&)]—[0(—8 8 —£i8)
0 (—gp & —8:8)]} 4p, 4,0 27 (&0 £2). (53)

We convert Eq. (53) into the q, ¢ representation, using relations (5):

oZ™ (q,04, g20,) = (E (ql)’{"s(%)) Z (9191, g205) _Ti" x
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x X 000 00 605 9,07) (145,55, ;)
ULADE

(£ (=) (£) g0 o o 1
v ,U,Z (qlal,q,‘,o?)—T

Xv P
0,, 4,0,
91911959 9,011 955,

o
" ’ . v » i , (i)
X G(q,0,, 9,0, q,0,, q,9,) (I_Sa, ‘g, 30;562) Y1 010 g2 0
) (F) poe oo o0 or l
RO 5 , & Gy g O)) — —
7,999 % UREEAD 4
2 [G (9,91 95— 4,01, 9,—0,)
919159, %
F (9.9 0—00 9,95 6, —0,)] (1455, 5,5 5;)
(£) (£) , Z(i) (q; UI! q; 0.;)

X P
[ a
q1 O1s G2 O3 9, al'qﬂ 02

1 ’ be i
— % 2 [G(fh“p G305 4,0y, q2_02)

X

919293 9%

:l:G(ql 0,,4,—0; 4,0, q2—62)] (l—s‘Il Sq, su; sné)
+ F) o T

R a2 e gz o,

g1 01, G3 Og q; Ul' g2 0-2

(54)

To write Eq. (54) for the cases oy = 0y and ¢4 = — 03y, We use relations (41) and the properties of the

coefficients s ; it follows from (41) that

gz, 6= 5o (ty Uy S 1ty U) = 5, g
u:,j’q, —oe=5_q (4,0, Fu,u)=s_, u;f.’;

U;?r:.)q'a =y By F 00w Uq('qi');

c(:ui.)a'~0 =gty £ UV, = U;:')'

Using these equations, we find

oZ® (g0, 4, 0) =[e (1) + & (g)] Z** (g, 0, g5 0)
1 R P N A T P 11 (R
- E G(q,cr,q2a,qﬂa,qla)nqqu;qéz (919", 9;0")

79,0
1 \ . o op s 5 g ;
e A Cgl— ) gl Z(F) s
g G(q,0,0,0;9,—0",q;0 )vquvq’q'z (91975 g;—0")
g 8,0 b
1 ~ i v
o >_‘ '[G(qla, 9;,—0';4,0", g,—0a)
44,0
: B L i (£) (&) (&) e o L,
FG(4,9,9,—0"; g,0", q,—0)] SgS_gel,, :,auq,q,Z (q, 0, 4,07)
192

1 F .

o 2 ’ [G(qls, gi—o’; g, 0°, g,—0)
7,4,0

+G(g,0,9,—0"; q,—0’, q2¥0)] Sg5_g

@) £ () e o ey
Xua,q.”q;qéz (9,9 42 —0');

(55)

YA (9,9, ga—0) =[e (g;)+ & (g5)] Z® (410, g,—0a)

! B e I S B &)
vy 2 G(ql(:V,qQ—a,c;'2—-cr,q'lrs)vw’th[qé

-
7199
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1

x 2% (g0 g, —0)—5 X G099, 00,97, 4,7)

9,959

o) EY T e e e 1
KU vy 2 (qlo,qzﬁ)—g

q1 92 r_,"l 42

X E [G(c;.'l 0,q,0'; 4,0, q,0)£=G(q,0,¢,—0"; 4,

7 99°

(£) “(i) , Z(:F)

—0, 4, 0)} K Sy 8g:Uy g, p

192

e E [G(q'l 0,9,—6';q;0°,9,0) FG(q,0,9,

P
4,459

—0";G,0",4,0)] X5,5_ gtE E) ) (@,0, q;0°).

o’ Ty q !
RERL

Using relations (4) and (5), we can show that the coefficients

369100, 03" 4 0');
25 G(9,0,9,0;9;—0", q;0°)s,.;
3566 (9,9 9,—0 ;9" 4;0);

2;; $5G(q,0,9,—0;9,—0", 4,07) 8.5
% G(q,0.9,07; 9;0°, q,9);

X G(9,00,—0 4,95 0,0)5_5;

Q

Zs_‘,(}(ql 0, g,0"; q; g, qz—a);

1]

S_qG (ql g, 4;—61; q; U'i qg‘u) S—G'

o

do not depend on ¢'. For example, we have

>s_,G(g,0 4,675 4,0, §,—0)=N'S_;5;5_ ;S
a a

X G(g,—o, q,—0’;q;—a’, q, o)

:2306 (9,—o, g,—0";9,—0", q,0)
[+
223—56(‘?: 0, §,—0'; g, —0", §,—0),
a

Accordingly, we introduce a new notation for coefficients (57) which reflect this property:

%;G (10,9505 20", q10")
=G g+, 0+ @+, q1+);
;—%G (9,0,q,0; gz—0', g1 6") sor
=G (0.0t 2—>q1+);
%gsuG(qlﬁ,%~a; q20',016")
=Gt (g +,0—; g2+, q1+)s

—_ : 1
’ (@9 9,—9)—5

In deriving Egs. (55) and (56), we have made use of the fact that during summation over oi and oy in
(54), half of the terms vanish because of the factors (1 84,85,5 ;S5

(57)



%;saa(%aqu—c; 9,0, 4;0°)S,.
=G (g4, Ga—; G2—» @i +);

ZJG(Q[G» 4,0'; 4,9", 4,0)
=Go(q,+, %+ 93+ g1 4);

x
2

2G(9,9 9,—0"; 4,0", ¢,0)s_,
=G6"(q,+, 9,+; 9,—, q,+);
;S_O,G(ql 0,9,0'; g, 0, 7,—0)

2
2

1
2
=G°(q,+, 9,—: 93+, 4, +);
%%}S_GG(L;{‘ 0, §,—9; 4, 0", g;—0)s_.

=G"(q,4, §o—: 9,—» 4, +).

We sum Eq. (55) over ¢ and multiply Eq. (56) by 8, and sum it over o; we find

0 2 Z% (410, 4,0)=( (0)+ 2 (02) ZZ* (410,45 0)

— X, Gat, got: g2t, i +) o), o', : 22%(g10,920)

7,9,

= 2 G g1+, o +i92—, 1+ ) v ‘ﬂ;, ff’q ZSGZ:F(qu' g2—o0)
7 92

— 2 [ (i a—i 02— 01 +)FC (g +.0a—: gi—g2+)]
7,9,

Xugig s, 224 (gi0,q: 0)

— 2 (6@ (g4, ga—; g2+, ¢i +) £ G (g, +,ga—

a9,

ai+, g2+)] xufE, Zs Z% (g1 0,92—0);

© 3502 (q10,0—0) = (o (g2)+ & ) DsaZ (g1 0, y—0)
- ,z' Gt (QI+I Ja—; qé—'. q;+) 5‘;?;_ (::] ES Z(:F}X(ql g, QQ—J)

9.9,
= 2 Gt (g +,92—; ga+, qi+)vfE),v :(,vi)q
9,9
xZZ‘*’(qm 920)— X [G®(gy 4,0+ :g2+, 1 +)

719,
£ Clatets gt gt i), 250 27 (g1 0,95 —0)
— 2, [0 (@t 0 ti 2—1 01+ )FG(q+, gt gi—, gat)]

a9,
Xuiaugty: 2% (g1 0,q50).

(58)

(59)

(60)
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Since the coefficients ¥ Z'*)(go,q’ o) are antisymmetric with respect to interchange of the indices
]

q and q', while the coefficients Y s,Z*’(go,¢'—0) are symmetric with respect to this interchange, and
g
since for each type of excitation for fixed q and q' only one of the coefficients > Z*(go,¢'0) and
L]

Y soZ'¥) (go,g'—c ) is nonvanishing, we see that we can significantly simplify Eqs. (59) and (60). First,
a

we may omit terms containing + G on the basis of the symmetry properties of the coefficients. Second,
we can replace the unknowns X Z‘*'(go)q’0) and XssZ'*)(go,q’—0c) in the summation over q and q' by
g 1]

their sum, since in each case only one of the terms is nonvanishing. Instead of Egs. (59) and (60) we then
find

0 227 (310,45 0) = (e (a2) + £(02) 22 (319,43 )

-2 [G¥gy +, got 1 g2+.q1+) +GE (g1 + .40+ g2—, g1 +)]

G"Tz

X o2 o), [ 2 2 (g1 0,43 0) + 502 (g3 0,gi—)]

—2 Y [6o(g+,q—: qa—q1+)+ G (g +, 0a—3 02+, 914)]

0|ﬂ2

X UGty [ 22 (q10,420) + Zso 27 (9101 g2—0)]; (61)

mESaZ‘*’(th 0, §a—0) =[e(q1) + 2 (g2)] ;sUZ(:F)(qlo', gy—0)
— 3 [+, e— a—a+)+@ (0t a—ata+)]

a4,
x 0G0, [ 22 (o, 920)+ S5 2% (10, g2—0)]|

—2 3 [0 (g4, 0+ g )6 (gt =g t)]

‘142

X ey, uF(2Z¥(g10,920) + 28027 (910,92 —0)). (62)
Combining Egs. (61) and (62), introducing the new unknowns

R'*)(q,q') =X Z'* (g0, ¢ 6)+ 5427 (g0, ¢’ —0)
g o

and introducing the notation

GE (g, gus q201) =G0+, G +3 02+, 1 +)
+G (g4, g0+ gi—, g1 +)+ G0+, 0a—: G2+,q1+)
+GE (g, qa—; 2— 1 +)s
Go(g,q0; q291) =G (g +,aa+5 g2+, qi+)
+Go (g4, gt gi—r g1 4+)+ G (0, 0—: 92+, 01 +)
+Go (g +,q—3 92—, q1+),

we find equations for the new unknowns:

@R'™ (g, g) = [ (g0) + & (0)] R** (91, G)
— X, 60105 g2.91) 00, 0 o R g1, q2) —
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—2 2 Caai wai)ui, wi . R (g1, 03)- (63)
7,4,

The interaction in the particle-particle channel affects the properties of the collective states through
the terms of Eq. (63) which are proportional to vé’c“-l), The contribution of the interaction and the particle-

hole channel is contained in terms proportional to u((;l),

In studying the properties of low-lying nuclear states it should be kept in mind that the C(g;g,; g,g1)
interaction is used for various momenta. of the colliding particles. Some of the collective effects associ-
ated with quadrupole, octupole, etc., correlations in the particle-hole channel are governed by the interac-
tion with small momentum transfer [in this case, this is @ (@1a2 9591)]. Other effects are related to pairing
correlations of the superconducting type. These effects are governed by the interaction with a vanishing
net colliding-particle momentum [G$ (@192 q3q1)]. Generally speaking, these two interactions should be con-
sidered independent.

In deriving Eqs. (63) we treated the interparticle interaction in general form. We know, however,
that the appearance of vibrational levels in nuclei is due primarily to an interaction in the particle-hold
channel, which makes a coherent contribution. For this reason we consider the case in which the effect of
the interaction in the particle-particle channel on the properties of the vibrational states may be neglected.
We write the interaction in the particle-hole channel as a sum of multipole and spin-multipole interactions:

G* (91925 929)=%:F (900 92)7 (9} 43t (a1, 02) 1 (a0 93), (64)

where f(q, q') and tlg, q') are the one -particle matrix elements of the operators corresponding to the mul-
tipole and spin-multipole moment, respectively.

In this case Eqgs. (63) become, when account is taken of the symmetry properties of the coefficients
R&) (g, q),

ORS) (g1, g.)=I[e(g))+ ¢ (9N R (g4, q5)

=2l @, ) wE, 3 1@, ) un RE (65)
7y 9g 152 1.%2

oR™ (g, g)=[e(g)+2 (4)] R (44, )
— 2t (0, 90 407, B E 63, 907, RO (31, 43)- (66)

7193
There are no terms in Eqgs. (65) and (66) containing

2@, 0) ulh R (g1, 05), X1 (a5, a3) Horg R L ),

9y 9 919,

since these sums vanish due to the symmetry of the coefficients fr b R&),and u® with respect to inter-
change of the indices q; and a3+ The coefficients R(%) (@1, qy) are antisymmetric with respect to interchange
of indices if identical ¢y and ¢, correspond to the given q; and q, for this type of excitation. Otherwise,
these coefficients are symmetric with respect to interchange of indices. These symmetry properties are
the same as those of the coefficient Jf and are opposite the symmetry properties of the coefficients t.

To transform Eqgs. (65) and (66), we introduce the notation

VP =2, ¥ F(g, ¢)ulH R (q, ¢);
qq*

= (=) m— , (67)
Ve ’=2nf%,f(q, q') ugg? R (g, q')
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and we rewrite Eqs. (65) and (66):

@1 92)
(o )+ 02) R (@1, a)—0R™ @s, g =1y 0 1) uiih, V. )
(G1, 92)
We find
RYP) (g, ) = L0 92) Ueia, (¢ )+ e (50) VD 1t (a1, 92) 260, OV
s Ba)= (& (g0)+e (ga))2— 02 ’ -
R, g)— £(9y, 99) uiT), (e (a) e (@) V' H (40, gp) uih), 0V (69)
ke (e (g +e (g2))2—0? '

Substituting Eqs. (69) into Egs. (67) and setting the determinant of the resulting system of linear
equations equal to zero, we find the secular equation, which yields the collective=vibration frequencies:
|9y, S 2@ 0) u ) (e () +e @) '] o Ztﬂ (9, 9" 7 (e (9)+e ()
1 (e(@) +elg)y—o P () e (g)) — 02 )
99

~ @ 9, 9wl ulp) 0]

=4xf e IH’ (B (q)_*_e(qr))zﬁmz
qq

This equation was studied in [3] in a treatment of quadrupole states in deformed nuclei. Setting wi = 0, we
find the well-known secular equation for the multipole -multipole interaction:

v e " ulh (e (@) 42 (9")

- @t e e
qq

1=2x%;

The roots of this equation are the energies of the vibrational states. Solutions of equations of this type were
found in a study of the vibrational states in spherical [4] and deformed nuclei [5].
In addition to the vibrational levels, whose appearance is due primarily to the interaction in the parti-

cle=hole channel, collective states exist in the nuclei whose properties are governed primarily by the inter-
action in the particle channel. Pairing vibrations are an example of such states. To examine the proper-

ties of the pairing vibrational states, we set

G (9,95 929:) =0

. (70)
G* (9, 95; 9,9,) =G, ,, 8y gy
Here Eqs. (63) become
R (g, 9)=2¢(9) R (g, 9—Gui) D ol¥), R* (¢, ¢, (71)
o
We introduce the notation
d* =G X v’ R (g, q)- (72)
q
Then Eqgs. (71) may be written
2¢(9) R (g, )—0R™ (g, q)=viy’ d*, (73)
from which it follows that
r28 @ 0573:) d‘*’+mvé§’d($’ (74)

(£)
R= (g, 9= 4e? () — o
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Substituting Eq. (74) into Eq. (72) and setting the determinant of the resulting system of linear equations
equal to zero, we find an equationfor the pairing-vibration frequencies:

E@G L[y %@ 1 P )
¢ Btp—at g[|“adig—er @ e (g)—w?|

This type of equation was obtained for spherical nuclei in [6] and for deformed nuclei in [7]. These
equations form the basis for the theory of pairing vibrations [8, 9].

We consider the more general case in which

G (g, 955 4;9,) =% (4., 95)F (@}, T);
G* (4,9, 9;9;) =G

Q1 42 ql’qé'

Then Egs. (63) become

R (g1, g2)= (e (9)+2(42)) R (g1, 92)— 2/ (g1, g0 ST,

X 310, 93 4P R (], a5)—Gogt), 8,
9,9, 172

X 20 RY@, ') (76)

oRP (g1, g.)=(e (90 + 2 (g2) R (@1, 92)— G5, ,,
; R(‘) (qf' q.r) U;,_;, .

We introduce the notation

VP =% 3 1g, q')ugy RM (9, q')
4.9’ (77)
d(:l:) =0 2 U;g:) RH:) (q, q)
q

Then Egs. (76) become
(e(g0)+2(92) R (g1, g)—0R 7 (g1, qy)
= f (q!.! q‘?.) uf(?-ll-‘}: V(+) + U"‘i"x’_‘;‘a 6‘1: gs d(-H; (78)

—oR (1, 0)+ (£(g2)+2(92) R (41, 92) =84, 5, d s

from which it follows that

R(-H

(e (e (a)) (73, 95) 4l VO +2 (0) 55, 8,0, 4H +08 4, 4

91, 9.) = (2 (g1)+& (72))* — 0?

(79)

R(—) (‘71: qg) - (l)f (ql’ qz)‘uéj-,;' V(+) +C0ﬂ;:,-3l 641 2 dt+) +2B (ql) 691 s dt—) ’
(e(g1)+¢ (g))—0®

Substituting Eqs. (79) into Egs. (77) and setting the determinant of the resulting system of linear equa-
tions equal to zero, we find an equation for the collective -excitation energies:
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2
#) (4
2¢(q)UqqVqqf(qq)

(+)
- €(99"7(aa')Ugg' .
9 4e2(q)-w?

g S BNIE 4y 8
9 e2(qq)- w2 2

(+)
sflaUgge g
9 4e¥q)-w? 2

(+).

(+)
set| x 22V0810) g BN gy WVE . |,
¥ 9% -w? (9 9 4e2(q) - w? 2 9 4¢2(q)-w? B
(+) (+) (+) P
. 526(9YaaVaqitqq) Gy @V Gylel@Vag
T 4e2(q)- w? 2 9 4e2(q)-w? 20 4e2(q) -w?

e(aq) = e(q) +el(qh .

Similar equations were obtained in [8] for quadrupole states of deformed nuclei.

Having written down equations for the natural vibrations of the system, we turn now to vibrations
under the influence of weak external fields; for this purpose we add to Hamiltonian (1) the term

X8I, ') af ay., (80)
i

where the function 6I(f, f') = 6I*(f', ) characterizes the external field. The expressions 69(f, ') and
8B(f, f') should be supplemented by the terms

8% s (Fry 1) =3 (81 (s D, )+ 81 (Far N (fr D (81)
6%93«:(]:1! f2)=2f {aj(fw f) FUI! f)+61(f: fl)F(f’ fe)}- (8]-')

Using
8, )= e dla(f, [ 81" (F, )=~ 8L2u (. ), (82)

we write Egs. (39) and (40) (in the presence of an external field) as [1]
o, (8 &)= (Q(gsr &) Vo (€10 8)—R (811 &) ¥y (820 £7))
e

+ X (X (8 & &1:85) Vo (€1 82)—Y (812 80 81 82) Po (811 82))

9199

+f§ (', g)u*(f, g)—u* (f, g)o(F', g2)) 81 (f, F'): (83)

— 0P, (g &)= gZ (2 (g, &) Po (€1 €)—2" (81 &) Do (82 &) |

+ X (X" (2185 815) P (€D &)=Y (8182 £18:) V(81 £2))

919

+ ; o' (F, g0 u(f, @) —u (f, g) 0" (7', @) 81a (f, [). (84)

We rewrite Eqs. (83) and (84) in approximation (41)=(43). We introduce the functions r® @, q" and
carry out calculations like those involved in the derivations of Eqs. (63); we find

R (g1, g2) = (e(g) + £ (92)) R (g1, 02— X G*(q192; g2 91)

UEH
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(=) (d:) ( nr K
XY fh ‘h ql 7, R . (q]’ q2) =g ,2, a" (q]n G914y ql)

979

(£) (&) (£) 1 ()

Rl o uq; 2 R"n’ Py U as [6[m (91 G2) £ 814 (g4, fh)]a (85)

where

814 (g4, ‘72)=§ (670 (910, 9:0)—54814 (g, 0, 9,—9));

815 (911 92) =§ (51;: (910, g30)—sg 7 (91 0, g:—0)).

To convert Eqs. (85) to a form similar to that in the theory of finite Fermi systems [10], we introduce

A9 (qp d0)= X G¥(9,9, 9,4, )0&, R™ (g1, g3); (86)
79,
V¥ (9 4,) = X G°(g, 4, 9; 4] )u‘*’ R (g1, 43) + V§2 (9,0 q5), (87)
l 2
Ve (g1, q2) :% (870 (91, 42) &= 81”0 (g1, g4))- (88)
Then we have

(e @)+ ¢ (9)) R® (g1, g)— @R (g4, g,)

=050, d® (g1, g0)+ulE, VE (g, go). (89)

from which it follows that

R (g1, g3) = (e (g0)+ € (92))* — 0]~ {(e (g1) - (g2))
X [u;ﬂ- i (91, 92)+ Uéﬂz d® (g1, ‘?2)]
+0 [4f7, VP (g4, g2) +0(F), d (g3, 90)])- (90)

Substituting (90) into (86) and (87), we find

V& (@, 0) =V (41 0) +2 X G°(g,05 qzq])u
a4,

X [(e@)+e9y))—o?]-t| (e(m+e<qz))[ e V‘*’ (9}+ 92)

+U(i) d(i)(ql qz)]er[ (F) VH:)(QI q, )‘I“’f: d; )q]“ (91)
2 9 9]
PLES]
a4,

A9 (0, 0)= ¥ G*(q,95 9;9;)
i (e (a1) +2 (43))" —o2

l(E (q )+s(q ))[ H:) V(:t) (ql q ) (:H d{:t) (q;' q;)]

+"’[”;T)¢2' peE (q;, qé)*' U:'T)‘?é dm (q{. q;)]} ] (92)

We have obtained a system of equations for the four unknowns V& and d(i) but only two equations
are independent, as Egs. (63) show. For this reason it is more convenient to solve system (63) rather than
(91) and (92).
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We have thus derived from the equations of the self-consistent~field method the equations of the theory
of finite Fermi systems usually obtained by a Green's-function technique. Although the equations of the
self-consistent-field method are written for the distribution functions <U T, v, o) > and < (&, )T (t,
ry)>, this result cannot be considered unexpected: it is a consequence of the general theorem on the varia-
tion of the average value of a dynamic quantity [11]:

<A =CAE>rroa— <A H
=2n {e7'® ¢ A, Bypbite'™ <A, ByLeot),

where A(t) is some dynamic quantity in the Heisenberg picture, B is an operator which does not explicitly
depend on the time, 8¢ is an infinitesimal C number, and <A, B>E is the Green's function in the E picture.
This theorem relates variations in the distribution functions to the corresponding Green's function. Using
this theorem, introducing weak external fields into the Hamiltonian, and varying with respect to the small
parameter, we can always find equations for the Green's functions from equations for the distribution
functions.

We have shown that of the mathematical methods available in microscopic nuclear theory the self-
consistent-field method is the most general. With certain assumptions, its basic equations yield both equa~
tions for the effective field of the theory of finite Fermi systems and secular equations for the model with
pairing and multipole forces. Even the self-consistent-field method, however, is not free of limitations.
The fact that we use simple rules for splitting up the averages of products of four Fermi operators and the
fact that we set the matrix elements < @ ag'> equal to zero mean that we have neglected nonlinear effects.
For this reason the self-consistent~field method is actually equivalent to the quasiboson approximation.
Moreover, from the purely practical point of view, it is more convenient to use nuclear wave functions as
in the method of approximate second quantization, rather than averages of operators as in the self-consis-
tent-field method.
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