THE MODEL HAMILTONIAN IN SUPERCONDUCTIVITY THEORY
N. N. Bogolyubov
A system of fermions with attraction described by the model Hamiltonian in superconduc-
tivity theory with separable interaction is considered. Asymptotically exact estimates (as

V — o) for the minimal eigenvalue of the Hamiltonian, correlation functions, and Green's
functions are obtained.

§1. Statement of the Problem

The simplest model system considered in superconductivity theory is characterized by a Hamiltonian
in which only the interaction between particles having opposite momenta and spins is retained:

H= ,‘; T()a a— %f}‘;’h(ﬂw’)a? at a_, ay, 1.1)

where f = (p, s), s =+1; p is the momentum vector. For fixed V= L3,

_2n _2n _2n
Px=—7T"Nz Pe="7 Pe=—7 1z

ng, Ny, ng are integers; —f =(—p, —s).

Finally, T(f) = (p*/2m)—y, where p > 0 is the chemical potential,

p'&
J-e(s) for '—Q-I;—P"QA.
A=
for ’—g—;—u)>A;
e(s) ==+ 1, J=const.

The application of the Bardeen=Cooper-Schrieffer method [1] and the method of compensation of dan-
gerous diagrams leads to the identical result in the case given. Moreover, in [2] it was shown that a Ham—
iltonian of the type (1.1) is of great methodological interest, since here we have one of the very few com-
pletely solvable problems in statistical physics.

In the paper mentioned it is established that for this problem we may obtain an asymptotically exact
(for V—«) expression for the free energy.

This result was found there in the following manner. The Hamiltonian (1.1) was partitioned into two
parts Hy and Hj in a special manner. The problem with the Hamiltonian Hy was solved exactly. Perturba-
tion theory was used to consider the effect of Hy. It was shown that any n-th term of the corresponding ex~
pansion becomes asymptotically small for V—e, in connection with which it was concluded that the effect
of Hy may in general be neglected after the transition in the limit V—~e. Of course, reasoning of this kind
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cannot pretend to mathematical rigor, but it should nevertheless be underlined that in statistical physics
problems still cruder devices are often used. For example, approximate methods based on selective sum-
mation of "principal terms" (in some sense) of the perturbation-theory series are very widely used; here
the remaining terms are discarded even though they do not vanish even for V— e,

Doubts of the validity of the results of [2] also arise in connection with the fact that various attempts
==
at using conventional Feynman diagram techniques (without allowance for "anomalous pairings" a; a,,
15—
at; a¥, to which canonical u-, vtransformation leads) did not yield the expected result. Furthermore,
based on the summation of a certain class of Feynman diagrams, Prange [3] obtained a solution which dif-
fered in principle from the solution obtained in [1, 2] and assumed that the latter papers were wrong.

In [4] a study was made of a chain of linked equations for the Green's function without the use of per-
turbation theory. It was shown there that the Green's function for the Hamiltonian Hy satisfied this entire
chain of equations for the exact Hamiltonian H = Hy + H; with an error of order 1/V. This substantiates the
results of [2] and reveals the "inefficiency" of the correction Hj.

However, one can also dwell on the purely mathematical point of view. As soon as we have fixed the
Hamiltonian, say in the form (1.1), we have an already fully defined mathematical problem which should be
solved rigorously without any "physical assumptions." In this case, the approximate expressions satisfy
the exact equations with an error of order 1/V, and we should estimate the difference between the most
exact and approximate expressions.

Having in mind complete parity in the problem of the behavior of a dynamic system having the Hamil-
tonian (1.1), we shall take precisely such a purely mathematical viewpoint in this paper.

We shall study the Hamiltonian (1.1) at a temperature § = 0 and demonstrate rigorously that the rela-
tive difference (E—E;) /E; between the lowest energy levels H and Hy, and likewise between the correspond-
ing Green's functions, tends to vanish for V—e; we shall obtain estimates for the order of decrease.

Based on methodological concepts it is convenient to consider a somewhat more general Hamiltonian
containing terms which represent sources of creation and annihilation of pairs:

H=T(Haf a— v); 20 (a_ apt af aty)— ;2;‘ AP et at, o, ay, 1.2)
- -

where v is a parameter which we shall assume to be greater than or equal to zero.

Let us note that the case v < 0 need not be considered, since it can be reduced to the case v>0 by a
trivial change in the gauge of the Fermi operators:
a,— ia a}" — —i a?'

i

Let us emphasize the fact that the case v >0 will be considered exclusive of those notions that it is of in-
terest in understanding the situation in the actual case v = 0.

For the investigation undertaken we shall not need those specific properties of the functions A(f),
T(f) of which we spoke above. It will be quite sufficient if the following general conditions are satisfied:

1) the functions A(f) and T(f) are real, piecewise continuous, and have the symmetry conditions
AM—=H=—A0 T(=N=T{:

2) A(f) is uniformly bounded throughout the entire space, and T(f)—c for |f|— e;

3) % 2 [A()|<<const for V—oo;
f



4) lim 3 2 | S > 1 for sufficiently small positive x.
Voo 2V SE YRR x+TED

Let us represent # (L.2) in the form

%=%D+W1: (1-3)
where
Ho= 2T (Naf 0, —L Za() v+ 0" a_, ¢, +(v-+0) af at| + Ll (1.4)
f F
3{1=—ﬁ (gh(f) a}*‘aff—Vo‘) (; L(fa_, af-—Vcr\J. 1.5)

Here ¢ is a certain complex number.

Let us note that if ¢ is determined from the condition for the minimum of the least eigenvalue 4,
while 4, is discarded, we arrive at the well-known approximate solution which was considered in [1,2,4].
Here our problem will consist in finding the estimates for the deviation of the minimal eigenvalues #,, &
and for the deviation of the corresponding Green's functions. Let us show that these deviations will vanish
in the process of the transition in the limit V— co.*

§2. The General Properties of the Hamiltonian

1. In this section we shall establish certain general properties of the model Hamiltonian % (1.2).

Let us consider the occupancy numbers ng = a}'a f and let us show that the differences nfn_ are integrals

of motion. Actually,
@yt (ng—n_p)—(m—n_g)a_ a,=0,
and likewise

+ o+ + -+
a; a_f(nf—-—n_f)—(nf—n_f) a; a_fz(),

therefore,
¥ (n;— n_p)—(n—n_;)#=0.
Consequently,
< (ny () —n_y (6) =0, (2.1)

2. Let us show that for the wave function @ s, corresponding to the least eigenvalue of the Hamil-
tonian %, we may place

(np—1_;) @z =0 (2.2)
for any f.

In order to prove this let us assume the opposite. Since (nf—n_f) commutates with % (and with one
another) one can always choose @ s in such a way that it is an eigenfunction for all these operators:

*Recently papers have appeared [7-12] in which new methods have been developed for finding asymptotically
exact expressions for multitemporal correlation functions (Green's functions) in the case of arbitrary tem=
peratures §. Estimates were likewise constructed for finding expressions for the free energies in model
systems of the BCS type which are exact for V—~. Based on an analysis and generalization of the papers,
it was possible to formulate a new principle —the minimax principle [12] —for an entire class of model prob-
lems in statistical physics.



Let us use Kj, K_, K4, respectively to denote the ensemble of subscripts 5 for which

(ny—n_;) Pz =0, [ € Ko
(n—n_yj— 1)@y =0, fEK
(ny—n_j+1)Dgp=0, [EK-.

This assumption can be reduced to the proposition that the sets K4, K_ are not empty and that*

(Dl 5 D> <9 5 @)

for any function ¢.

Further we shall require that ¢ satisfy the additional conditions
(n,—n_;)e=0. (2.3)

Let us note now that if € K4, then ng =1, n_ =0, while if 7€ K-, then ng =0; ny =1. Therefore, Dy
may be represented in the form of the direct product

® g = O, Ok, Pi_,
where

Dy = fg(+6 (y—1)8 (n_y); Px_= re]}\'_ﬁ () 8(n—1),

while $K, is a function of only those ny for which f € Ky:

()]

Ky

Fon.) (@@ 5=1 [EK,

Let us note further that

a_ja;8(n—1)8(n_)=0; a_jad(n)d(n_,—1) =0

af o, 8(n—1)8(n_)=0; af af,d(n;)8(n_—1)=0,

and therefore that

at . d. @

, +
0, aya By, D

f s

—F a.f (DK+ (DK_ =

if € K+ for K.. Consequently,

3{%={z TH+ 3
FEK

b T+ 8 T(hn— 2 +()(a_y o+ af al))

€K,

1 N ot T
g E MDA a; el a_p a,} D .
FEKs " EK,

And thus,

(O HOzd= 2 T+ X T(f).+<(D?<.,{ S TOm— > X M (ay ot af aFy)
IGK+ f€Ks fE Kq

FEK_

m,

*The symbol <&*¥> will be used to denote the scalar product of the functions & and ¥.
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Let us now partition the set K;+ K. into two sets

Ki4+K_=Qq+Q-

in such a way that Q4 will include those subscripts f from K++ K_ for which T(f) = 0, while Q_ will include
those subscripts from K++ K_ for which T(f)< 0. In view of the symmetry of T(f) =T(—f) the subscript f
will always be included in Q. and Q. simultaneously with —f.

We have
Wiy H D gp) = i — T
L ) fEZQ TN “?-J; [T/

+{@k| X T(hm— 2+ 3 A() (a_ya,+f oF))
F€ Ko €K

1 e
.—.-‘E*V— E 2 AAA(S )af a’;a af’}(DK,
FEKe ' EKa

Let us now construct the function ¢ likewise in the form of a simple product, having placed
@ —‘={DK0 (DQ+ (DQL_,
where

‘I’@+=,£+6 (n) 8(n_)); @q_ = felg_f’ (m—1) 8(n_;—1).

(Here it is precisely essential that f belong to Q4+ or Q_ simultaneously with —f-} For such a function

(Q* 9 )= —agﬂwmw(&h[%T(f)n,— %fﬁZIﬁa(n(a_, o+ af a*))

.__L A e i

LN ae.

oV go_
As is evident,
(Dl H Dged > <" H 0.

On the other hand, the method of construction of ¢ satisfies all of the additional conditions (3), and we have
arrived at a contradiction with Eq. (2). Thus, our statement has been proved. From the statement (2.2) it
follows, in particular, that the total momentum for ®4 is equal to zero:

1
Din, @y = 5 ;f(nf— n_p) @z =0. (2.4)
f

As is evident from what has been said earlier, the eigenfunction & for the least eigenvalue # may always
be sought in the class of functions ¢ which are governed by the additional conditions (2.3). Let us note that
for this special class of ¢ satisfying the conditions (2.3) the Hamiltonian # may be expressed in terms
of Pauli amplitudes.

Let us consider the operators

_ P S s
bj=a_ja; by =a;a”,.



Independently of the additional conditions, we have

— i +pt . pt opt. 2 _n. +2 .
bfbf.-bf.br, b,r bf,ﬁbf,bf, bI_O, b 0;

+ _pt ‘ ¢
by br,_bf, by=0; f+F.

Moreover, with allowance for the additional conditions we have
+ + _ —
by byt by by =mpn_p+(1—np) (1—n_p)=1,

since ne and n.y are simultaneously either both equal to zero or both equal to unity.

Thus, in the class (2.3) investigated the operators b £ b}' are Pauli amplitudes. In this class of func-
tions the Hamiltonian (1.2) has the form

A ' 1 v
df=2{2. T(6F oy— = 2 A0 6+ 71— 2 MDA ] b,,}. (2.5)
f>0 f>0 f>0
>0
We isolated the class of subscripts > 0 so that all operators by would be different, since b f="boy. A
Hamiltonian of this type was considered in our previous paper [5].

§3. The Upper Estimate of the Eigenvalue

of the Hamiltonian (1.2)

Let us now consider the problem of the upper estimate of the minimal eigenvalue of the Hamiltonian
#. We shall start from the representation of the Hamiltonian  in the form (1.2). Letus use Eg to
denote the least eigenvalue of the Hamiltonian 5 (1.2) and Ey(¢) to denote the least eigenvalue of the Ham-
iltonian 4, (1.4). Note that the operator #,<<0, and therefore the minimal eigenvalue of the Hamiltonian
#ys is larger than the minimal eigenvalue of the Hamiltonian & = 3, + ¥, :

E,(0)=Ez (3.1)

for any ¢. Thus, the minimal eigenvalues of the Hamiltonian 4, majorize the minimal eigenvalue of .
The best estimate is obtained for ¢ which yields minE;(g).

Let us now go over to calculating the eigenvalues of the Hamiltonian i, Carrying out the appro-
priate canonical transformation which diagonalizes the quadratic form of 4, (1.4), we obtain the identity

Hy = ; VREHO+o) o)+ T2 () (af u,+a_, ;) (4,4 0,aT)

b V{u*a—%?{VAZ(f)(v+o*)(v+a)+T2mmT(n]}, 3.2)
where
vz N Rl e RS all) "
PO )] /1_ T(f) LA .
! Ve l/ VAEHFo v Fo-12() o+l
Here
AH=eN AN e(f)=signd (). (3.4)



Obviously,
u(—=H=ul)i v(—H=—v(f) w+|v}=1, (3.5)

where u is real, and v is complex.

From this it is evident that the amplitudes

- 4. .
oy = 1 af—l— vpaty

(3.6)
af = uy af + vy a_,
are fermion amplitudes. Consequently, the expression for #, may be rewritten in the form
WHy=ZV RO+ VF)FT() of o
+g V{[oo—3 ZWVOFACFIRAFTH —T () |- (3.7)

f

It is obvious that min %, will be reached for the occupancy numbers a}af = 0. Consequently, for
the ground-state energy of the Hamiltonian #, we obtain

Ey(@) = V{oo—3 S WV EAOFOIGFIFT (T (]} B
f

In order to improve the upper estimate of Ez it is necessary to take E;(o).
Let us consider the following cases separately:

1. The case ¥ =0. Let us place x = ¢*¢ > 0; then Ey(g) =1/2 VF(s*¢), where

F=x— 3 2 VROFTO—T ().
f

In this case, as is evident from the minimum condition, one may determine only the modulus of ¢ but not
its phase. We have

’ 1 A ()
Flfsiices ¥ M) .
( 2V; VAR F+T (R

Frx)= L M@ ;
W EHFTD )

As is evident, F"(x)>0 in the interval 0 =x =< =, and therefore, F'(x) may have no more than one
root in this interval. Taking account of the properties of the functions A(f) and T(f) (see §1), we shall have
F'(0) < 0; F'(x) > 0. And, consequently, in the interval 0 < x < « there exists a single solitary solution of
the equation F'(x) = 0; it is this solution which realizes the absolute minimum. Thus, we finally have

%minF(x)?,Ew (0 < x < o). (3.9)

2. The case v> 0. Let us place (v + ¢ *) (v + ¢) =x (it is obvious that x > 0), and note that

0*'0=x+v:—v(0+v+0*+v)=(Vx—v)'+v (2 YZ—(c+ v+ 0" +v)).

Here the root, as always, is assigned the sign +. Then

ot+v=Vxe'% o*4v=yxe'?



and
o*o=(Vx—v)’+2v Y x (1 —cosq).

Therefore,

Eu(u):% F(x) +Vv¥x (1—cosg), (3.10)
where

F@=1Vx—v)'— < Z [VPOxFTH—T (.
f

Further we have

F’(x =1_L_i v —A"(f)—_',
T Y < e

, M
F'(x) = m'*‘ E(M(f}x+T=(fJ)”2

Since F"(x) >0, we see that F'(x) may not have more than one root in the interval [0, «]. But F'(0) =
—w, F'(«) =1. Therefore, a x; exist in the interval 0 < x; < «, for which F'(xy) = 0. It is precisely for this
value of x; that the function F(x) has an absolute minimum.

From (3.10) it is evident that the only possible choice of ¢ corresponding to the absolute minimum
will be

X=%g p=0. (3.11)
Thus, we have
o-fv = V}, 0= V;C.—’V.

Thus, in the case given (v > 0) the phase of ¢ can also be determined. As we can see, o must be
real. We likewise have

%minﬁ(x);,E;f (0 < x < o). (3.12)

The simple concepts used in [2] show that in Eq. (1.3) the additional term # — ¥, =3, is ineffec-
tive for V—«=. However, the rigorous establishment of this property is complicated by the fact that we
have only the upper estimate for Ej and do not have an analogous lower estimate. In general, it would
be desirable to cancel the term

(zr; (P af atf-—VG*) (2:, Mfa_, a,—Vo) .
This could be achieved by making o the operator

L= ;k(f)a_faf

rather than a number. But with an operator one cannot perform canonical transformations from a-fermions
to a~fermions. However, we shall try to generalize the identity (3.2) for such a case. One need merely
establish the order of the operators correctly. It is precisely in this way that we prove the theorem to the
effect that using #, one may obtain the asymptotically exact solution for # when V— .



§4. The Lower Estimate of the Eigenvalue

of the Hamiltonian

In order to obtain the lower estimate of the Hamiltonian (1.2) we first of all generalize the identity
(1.3) in such a way that the term %, (1.5) vanishes. This may be done by treating ¢ as a certain operator

L rather than as a c-number:

L:iv ; a_ a A (p).

Instead of the c-number (v +0*) (v +0) we introduce the operators

K=(L+v(LT+v)+p°, K=(LT+v)(L+v)+p%

where g is a certain constant.

We now introduce the operators

py= %Vv_mq)#_mn +TM: p=pf

= BUL fi] A2 2(F) — . _1 .
- VVERDFT0) — T () e L)
Obviously,

pray= —2D(L+ v

(VEREH+T(H+TH):

1
B
pf'—2

af ap= L+ ) oo (VEROFTO~T () L+,
Taking account of the fact that for any operator ¢ the identity

S F(EEH)E=E+EF (E1Y)

is valid, Eq. (4.8) can be written in the form

g g, =L+ v) (L+v) 2'7?{1/ KR+ T*(N—T ()

= AVER O+ 0 — 10— E{/TRem+T0—T10).
2 2K

Going on to apply Lemma II [see Appendix, Eqs. (Al.9)~(A1.10)], we write

G 4= %{I/ () (K+%)+Tz(f)~ﬂf)}

_1 2 ( 2 2 _m
)/ 20 (K+32)+m0 —VEOR+T0 |
— :—E VEep+T(—T ).

(4.1)

(4.2)

" (4.3)

(4.4)

(4.5)

(4.6)

@.7)

(4.8)

(4.9)



Note that the second term on the right is not negative, while s is the upper estimate of the expression

1 2.
7§|A(f)|.

1 P :
7; IAPE<s. (4.10)

Moreover, we have

=1/ (x+Z)pa+mo+To)

—L)/ (k+E)po+ 0 — VRFGFTD |- @)

Let us now consider the equation

Q= EI (af py+a,47) (p, a,+ g, aF). (4.12)

Making use of the equation q}'qf =qt 9 and (4.4), we obtain

9=§“?'Pf“f+2“rq?'qf“;r
1

;—’ L+ ) ay oyt af at L9+ Ry, (@.13)
where
R, = Erl‘-éﬂ{(ﬂ*' a_—a_, %) aytaf (at,L—Lat))). (4.14)
Note that
E O ((L*+v) a_yaptaf at L)} =VEF L+ ¥ (vL+vL¥) (4.15)
and, consequently,
Q+ZL*L—Zaf pja—aqf g af = — 2 {LY L+ v (L+LH)) + Ry 416

Or, by virtue of (4.9) and (4.11), we have

Zf {a:rl- P;+ a_; q-fi-] ‘P, af+ 4q; aif}

, af{ﬂK+273)V(f)+T“(f)—VK7“”—(f)'|'W]“r
+%$a, {]/(K+27*)x*(f)+T*(n—VW—(fHTT(f)}“T
+3 3o RV RROTTO-10) o

10



mj—

—1 Xy (k+2) R0 +Po+10)
f

’;X Ed “/ ( %i) M+ T"(f)—T(f)} af+ 2Lt

= — L Lt v L+ L) + Ry

Let us introduce the notation

b=y Bl [egpeem - vewere s
f
Az=~’5§af{ (K+j—s)x=+rul/f?m+w}a;f

=1 3o BV Rer 1) a.

f

Then, by virtue of Lemma II [see Appendix, Egs. (Al1.9), (A1.10)]

Q>0 A;=0; A=0; A>0.

Thus,
Q+A1+A2+Aa—% 2 aj‘h/ (K+i—s)?-2+Ts +T}a,
f
_%Zf“’{l/ (K+%)Ai+7‘ﬂ—-T} af + %L"'L
= — 2 (L* L+ v (L+LY)} +R,.
Let us set
Re=1 Y a;“{ (K+?VE)M+T2 a; —a (K+2§)M+Tz};
F
ot B T3 )/ Tergem)
f
Then

bk bt bR Ry + 1L 2 B ata { )/ (k4 et e 7]
F

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

11



—%E a, a {V (K—i— )M+T2 }—~—{L+L+v(L+L+)}+R1. (4.25)
F

But
%)} a?'af{ (K+ )M+T2+T}
+%2 afar{ (K+ )?LH“TE—T}
f
z% Ef{l / (K_*_QV_‘SJAZ__I_,T? _T] + Ef’f‘(f)a;*' . (4.26)
Consequently,

Ot Ayt Ay By —Ry— Ry— Ryt - (LFL—LLY)
2 1 2 2
+Llv [LL 7;{ (k+ )M—T T”
:ET(f)a};'af~%[L+L—|—v(L+L+)}
f

o E T(f) a;i'af——v E%ﬂ' (a—; a;—l—a;"aff)
f f

— o SAOAE) e 6t a0 = 2. (4.27)
i

Thus, we finally will have

:ﬁf:% v{uf—%;“/ (K+£;.) M2 (4T () —T(f)”

+ Qo Ay Ay Ag— Ry— Ry— Ry + & (LFL— LLY). (4.28)

Equation (4.28) represents an identical transformation of the Hamiltonian (1.2). The first term of
Eq. (4.28) will be treated as the principal term; as far as the terms Ry, Rj, and Ry are concerned, we shall
show that they are asymptotically small, while the terms €, Ay, A,, and Ag will be dropped. Since they are
positive (4.21), we shall obtain the lower estimate for 5 .

It can easily be shown that when (2.2) is considered, we have

s 1 !
—R1+7(L+L—LL+) =—= ; R (), (4.29)

12



where in accordance with (4.10), we have %E A <s. Further, by virtue of LemmalV (inequality A1.30)
i

[Rs|+|Rs| <C, (4.30)
where

1
(5 Znoy) =~
g || a4 4.31)
A2 (f)

YA R 14+ —
P 2= D OE+V

Thus, for any normalized function & the inequality

(D*HDS > —(s—i—C)—}—% v (o (LL""-—-‘I[—

fo[]/ (CHn@Hatp+ T ro-T0])e)

is valid by virtue of (4.21). But s and C do not depend on 8. Therefore, performing a transition in the limit
B—0, we find

(@ HDY >—(25+0)+ -V (0° {u:+2_:

L o 2 2 () — &

—y2[J ettt T notro-ro) o). .32)
Further, we have

LLY =(L4-%) (LY %) —v (L v 4 LT v} v e

LL++~3;-={(L+v)(L++v)+%]—vl(L+v+L++v)]+v=.
We set
(L+v)(f,++v)+27*=x. (4.34)

Then

LI -2 = (VR =)+ [2 VR —(L+v)— (LF+)). (4.35)

But according to Lemma I (see Al.l, Al.2), having placed ¢ =L+ v; £¢*= LY+ v in the inequality, we obtain

2V L9 WD)+~ 49— (LF +4) >0, (4.36)
and the more so since
2V X—(L+v)+ (LT +v) >0 4.37)

Let us consider the function F(x) (3.11):

F@=0F =)' 3 [VRO+FTO—T ().

f

13



Then Eq. (4.32) may be written in the form

(@*36@);—(25+Q+-;~V<®*F(X)(D>
+Vv %@* 2V X—(L+v+Lt+v)| o)

>—(2s+C)—|—n—;—V (D*F (X) D, (4.38)

where X is an operator which is determined by Eq. (4.34).

Assume Eg, is the least eigenvalue of 4; @y is the corresponding eigenfunction. Assume fur-

ther that E is the least eigenvalue of #, ; then with allowance for (3.11), we have Ez = LA F(x).
#o Hy 2

Assume the absolute minimum can be reached for F(x) for

x=x3=C% (4.39)

We have

%F(Cﬂ)>aﬁ=<m},3ffaaﬂ> > —(2s+0)

+ % V(D*F (X) D) > —(25+C)+ —2"_ F(CY). (4.40)

From this, taking account of the fact that the energy of the system is proportional to the volume of the sys-
tem, we obtain the final estimate for the eigenvalues of the Hamiltonian & (1.2):

Egp,—Ez <B+C
% =y O

(4.41)

0<

Note that C (4.31) and s remain finite for V— in accordance with the conditions of §1. Therefore, the dif-
ference between the eigenvalues of the approximate Hamiltonian #, (1.4) and the exact Hamiltonian #
(1.2), normalized to the system volume, decreases as 1/V for V—~«. Thus, the solution of the approximate
Hamiltonian %, (1.4) yields an asymptotically exact solution of the Hamiltonian 4 (1.2) for V—<o.

Let us now show that the operator X (4.34) may be treated as a c-number with asymptotic accuracy
(i.e., accurate to 1/V). For this purpose we choose any normalized function & such that

(D*HDY—E g < C, =const, (4.42)
Now on the basis of (4.38), (4.40), and (4.42), we have

(@ (F(X)—F () @)+ v(®* @ VX —(L+v+LT+) Oy < (4.43)
1=2(25+C+Cy).

Note that both terms in the left side of (4.43) are positive. In particular, in view of the positiveness of the
second term in the left side of the inequality (4.43) (see Lemma I, Egs. Al.l and Al.2), we obtain

@ (FO—F(EC) D <+ (4.44)
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but

F(X)—F ()=~ F (B (X—C3 (4.45)

") =—Y 1 1 A
F (x)—2x3/2+ 4 * V E(xi\.'

= (xA* () +T2 ())*/*”
% F" (§) > oo =const > 0. (4.46)
From this we obtain
<(D*|X-—C‘=}2€D)<a—lv. (4.47)

From (4.46) it follows that the operator X may be treated as a c-number with asymptotic accuracy.

For the case v >0 one may obtain more complete information on the mathematical expectation of the
operators L, L*. Specifically, we shall show that the mean-square deviation of the operator L from the
quantity C (4.39) is asymptotically small for V—<. We have the obvious inequality

2 _(X—cyr _ 1 s
(YX—=C)’= WELo .___F{X—C). (4.48)

From this, making use of (4.47), we obtain

- 2 1
(D (]/)—{—C) ‘I’)gm . (4.49)
Define
(O* VX D) =C,. (4.50)
Then for consideration of (4.49), we have
(D (YR —Cp)? O <(D* (Y X—C)? @)g?’w ' (4.51)
This is actually so, since
(@ (Y X—C)* ®y=(C—ColP+<D* (Y X —C,)° D). (4.52)

The bound for the mathematical expectation of the operator X derives from the estimate (4.51) and is given
by the relationship

!
4.

i (4.53)

Finally, from (4.51) and (4.52),we obtain the estimate for the difference (C—Cy)*

!
S T B
e 4.54)
Assume now that

E=L+v EF=Lt+w; (4.55)

then for the mean-square deviation of ¢ from Cy we have the following result when (4.34) is considered:

(D* (Co—E) (Co—EN) @Y CF + (D*XDY—C, (D* -+ EH) D). (4.56)
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Then, using (4.53) and (4.43), we obtain

1

(@* (Co—8) (Co—E) @) < 20T+ o —Co (O* B+ )
T
=(@* 2 VR—(E+E) O3 Gt o < — (4.57)

Thus, for the quantity <&*(C—¢)x (C—¢7)®> of interest to us, we obtain the following estimate:

(D*(C—H(C—EN D) =(D* (C—Cy+C—E) (C—Co+C—EN D)

=2(C—Cyp+2(0* (Co—E) (Co—EN D>

21, 21C, 21
= T = =
aC?V vwW o aC¥ 14

I
1 (4.58)

(I =const).

Note that the bound obtained is valid only for v > 0, since v is included in the denominator of the right side
of the inequality (4.58).

Let us discuss the results obtained. Assume v=0. Then, as we have seen, for states having an
average energy which is asymptotically close to the least Ef, the operator L*L is equal to the c-number
c? with asymptotic accuracy. These states, however, do not have such properties of the operators L and
L* proper. Letus consider the state ®y having the least energy Ey. In general, a case of degeneration
may arise such that we shall have not one state & but a certain linear manifold {‘PH} of possible states
having the same least energy Eqy.

Since the operator N = Ea'jfc_vf, which is the total number of particles in the case v =0, commutates
exactly with H, one can always find within the manifold {&H} a state @_;r which is such that N takes a cer-
tain vaiue Ny. Then it is obvious that

(Dy LO>=0; (D} LT Oy =0.

This means that L. cannot take even an approximately definite value in the state :Ihi{, since otherwise Lt L
for this state would turn out to be approximately equal to 0 rather thanto CZ.

Let us now consider a manifold {@} of states having an energy asymptotically close to Ef. Since
L, Lt approximately commutates with H, it is natural to expect that in {$} one may choose a & for which
L, L* take definite values with asymptotic accuracy. And this is the case in reality. For example, the
by -state having the least energy for Hy has the property given. In fact, &g, is determined by the relation-
ship cyftin =0, where af SuraF=vea.s

L/ T .
Up=—— SN | |-
=z VEOHCTT D
Y S rw— | —
vz VT veaormo

Having expressed L in terms of the fermions «, a¥, we find

1 2 2 4 + 1
L_VZA(f){uf o_,a; — v oy o — 2u; v 0 afH_T; s v; MF).

But
1 1 amree
7?“’ ”f_w; yEhorrn o
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and, consequently,

(@, (LF—C) (L—C) Dy, ) < 52
(@5, (L—C) (LT —C) Dy < S5

For ¥y, L and L% are approximately equal to C. It is specifically this fact which produced the suc-
cess of the approximate method in which we replaced the Hamiltonian H with the exact law for conservation
of N by Hy for which N is no longer the exact integral of motion. Now it is likewise evident that the approxi-
mate method could be formulated so that the law for conservation of N would not be formally violated. For
this purpose it would be necessary to replace the fermions af by the amplitude

Cs=U;q;—70 i.:1;""
f e | f|C| —i»

which satisfy the commutation relations for the Fermi amplitudes with asymptotic accuracy. Then os de-
creases N by one, while a);’“ increases N by one. Such amplitudes have analogs with the amplitude

af
= —4a;,
VN

which were introduced in superfluidity theory [6] during the isolation of the condensate. In general there is
a strong analogy between the amplitudes ay, a;” for a Bose-condensate and the amplitudes L, LT in the case
considered.

When we include a term with pair sources (v > 0) in & , the operators L, L™" immediately begin to
take definite values with asymptotic accuracy for the states having an energy close to #. Here we obtain
an analogy with the theory of ferromagnetism in an isotropic medium. In the absence of a magnetic field
the direction of the magnetization axis is indefinite. For turn-on of a magnetic field which is arbitrarily
weak and acts in a definite direction, the magnetization vector is immediately established precisely along
this direction. Finally, from the relationships

LTL=C* (v=0),
vL=~C; v+Lt=C (v>0)

one can find that the correlation averages

(@i ... a () a'}; () .- D>

for the Hamiltonian & are also asymptotically equal to the corresponding averages for the Hamiltonian
.. For v >0 this applies to all averages of the given type, while for v =0 it applies, of course, only to
those for which the c-number is equal to the number a* (i.e., the averages of those operators which con-
serve N).

§5. The Green's Function for the Case v > 0

In this section we shall deal with asymptotic estimates for the Green's functions and correlation aver-
ages of the case v > 0. From these estimates it will follow that the solution of the equations for the Green's
functions, constructed on the Hamiltonian #, (1.4), will be different to an asymptotically small degree
from the corresponding solutions for such a model Hamiltonian % (1.2) for V—=,

Let us consider the equations of motion for the operators a £ a}r. Taking account of (1.2), we obtain

if;;_—_T(f)af—k(naif(qu LY
dat (5.1)
ioF=—TMaf+2()(v+L) ay,
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whence we likewise obtain

Let us set (see Eqs. (3.3) and (3.11))

di
i S =T (Dag+ (D af (v L)
o
i () —h () v+ LY gy
gL 1 TO
V2 VORERHETED
vf=_in fr——— T ()
Ve VCRE(+T2(f)

and let us introduce a new fermion amplitude

We have

where

From the identities

it follows that

and this means that

+ +
O = +vfa__f .

dot dat da
|l =g —L foppi—d
dt 75 dt 7 dt

=u (=T (Naf +A () (v+LY) a_g) 4o, (T (Hays+2r (Naf (v+1L))-

=—af (T(Nu;—h(No; v+ L))+ (A () (v+ L) +T () oy} oy
=—a (T () us—A (D vy C}+ (A () Cuy+ T () v;) as+ Ry,

R;=R{"+R{™;

RV =u A (f) (LT +v—C)a_y;
R =u, AR af (L+v—C).

T(Fuy—r(Ho,C=V CAR(H+T*(f) 4y,
T(hvi+A(Hu C=—v CR(NA-T () vy

dot

i+ VCROFT(af =R,

i S VOB (o= —RF -

Let us estimate the quantities associated with R, R*. We have

18

- * +
{3 Ry Ry ® 5 <2 D} RORITD

+2 @ RV R D >= 2010 (1) (g (LFHv—C) a_y a¥y (L4
— )0 g+ 20; A () (@ ] (L+v—C) (LT +v—C) a,®p>.

(5.2)

(5.3)

(5.4)

(5.5)

(5.6)

(5.7)

(5.8)



But since |a.faff| =<1, it follows that

(@ (LT +v—C) a_jaXy(L+v—C) Dy

<@ (LT +v—C) (L+v—C) D,

and further, by virtue of (A1.18), we have
(P aj (L+v—0)(L"+v—C) a0y
27“+<®;ga,+ (L +v—C) (L4 v—C) a; D)

2§+<a);?; (LY +v—C)af a (L+v—C)Dg)

<

<2+ (@ (L +v—C) (L+v—C) Dy,
Thus,

(O R RF © ) <20 (1) (Vg (L*+v —C) (L+v—C) @ pp 34212 () 2 %s— ) (5.9)

Completely analogously we obtain

(D R R, @5 <202 (N Dlyp (L+v—C) (LF +v—C) D gp >+ 202 (f)uj % . (5.10)

But as was shown earlier (4.58),
(@ (L+v—C) LA+v—0O) D> <55

(@ (L+v—C) (L +v—C) Dy < L.

Therefore, introducing the constant

y=2(/+2s), (5.11)
one may write
(Do R R @apd < - | M (D%
(5.12)
(O3 R Ry D> < -4 ()

Let us make several additional more general estimates. Let us consider the operators Py, each of which
is a linear combination of the operators a ¢ and aff:
Af=p,a,-|—qfai'f (5.13)
with bounded coefficients
| Ps1*+ 144 |* < const. (5.14)
Let us show that

* + const
[@x Ay e Ap Ry Ay Ay Ry Ags ...(D%,>| SR -
5.15
. & const
‘(‘D”Afl Y] Ajl RF A'fH-l ..-Afm Rf Afm—f—l ...@W)Ig V
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Proof. Note first of all that

La;—a;L=0; LTat—afLT=0;

]La‘ft TL|*<- 217:/(f)l; |L+af—a,L+|g2MV(f” .

Therefore, for example,
(D% Ap, o (LH+v—C) As . (LY v —C) Aj,... D g

=Z+( Q% (L+v—C) Ay, ... As, (LT+v—C) g,

where | Z| = const/V. Consequently,

const

K@% Aj, ... (L+v—C) Ay ... (Lt +v—C) 4, ... D> |g7

| Ay, || Ar, [<Dp LAY—C) (L +v—C) D> <. (5.16)

Analogously, it is proved that

const
v

<@ Ay, oo (L +v—C) Ay oo (L+-v—C) Apy . D | < (5.17)

Considering (5.16) and (5.17), we have

<@ Ay, . (LAV—C) Ay (L+Vv—C) Ay, ... @ |

<EBE 4 (D (L+v—C) Apy o Ay, (L+V—C) D) |

<=t 4 ) (@ L+v—0) Ap, . A, A7 . A7 (LF+v—0)] @zt

XV <@ LT v—C) L+ v—0) D) < T+ A, | | A, |

const

v

X V(@ (L+v—C) (LT +v—C) @) @p (LT +v—C) L+ v—C) D> < (5.18)
Analogously, it is proved that

const

(g hy, oo (LT HV— OV (LT v —C) Ay, D) | < (5.19)

The validity of the proved inequalities (5.15) follows from Eqs. (5.16)=(5.19).

Let us now deal with the estimates for the correlation functions. Using Eg. (5.7), we obtain
i 2¢Oy af ()0, Q> =—VTR( + T
X (D o (1) 4, Pgpd +{ Pp Ry (1) % e )y (5.20)

where, as always, ozf(()) = af, a}'(()) = a}'.
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Recalling that from the equation
i?: —QI(t)+R(®)
it follows that

t
J () = J (0) ei 4 eint S e=i% R (1) dt,
b

we write
(gt () o, Dy ) =l VORI 1 Dot a, Dy

¢

el VORI FT7 (Nt Se—iVC’k‘(IHT' Ny, Ry (f) o, D >dt. (5.21)
0

On the other hand, since ®,4 is an eigenfunction of %, corresponding to the least eigenvalue, its conven-
tional spectral representation yields

(Ozpaf (o, bz >= §° ¢ (v) e—ivt dw, (5.22)
0
where
J;>0and gJ,r(V)dvg_I_ (5.23)
Let us place
h(t)= S 0? (2— o) e—lof g, (5.24)

As is evident, this function is regular on the entire real axis. Using integration by parts, it is not difficult
to confirm the fact that for |t| = «, h(t) decreases according to the estimate:

const
fh(t)|<l,—”a-—- (5.25)
Therefore, the integral
§ 1tn)at (5.26)
turns out to be finite. Let us set
VCRGF +TIH =2 (5.27)
and let us note that
20
h(Q1) = % § vEe—vpetgy, (5.28)
0

From such a method of construction it is evident that

{ h@)e™tar—0fa vso, (5.29)
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and by virtue of (5.22)

{ (@hpal ()0, dh (@) dt=0. (5.30)

—o0

Therefore, we have

(Dot o,y § evtn@)di=— n@pe

't
X (S =19 ( DRy () 4 D )dt‘) dt (5.31)
0
from (5.21). But
{ enn (@it = %;-‘. (5.32)
This means that
Q ¢ :
(Dt o @p> <= § 1h@)|{§ <O R, )0y P > dt" . (5.33)
—00 0

But in view of (5.12),

| @ Rya, @) | < V1< @i Ry RT @ D|1< g o 0, P e > |

1 1
<(T)7 1201« Dzpaf 4P (5.34)
Consequently,
. < gl " 1
(@it 00> <o | [R@)|1E]at(F)T (P30} oys>)
1 ¢ ‘y 1 " 1
=g 3 |B@71dr($)2 (@5 o2 MDI-
Thus,
X0 R P
* ot | s R
@a 97 % P > S G AT V(_Sm 'hmﬂm) ' S

From this we obtain a number of estimates. In view of the Schwartz inequality,.the fact that |a}'af| =1,
and using (5.35), we obtain

| (D a}f v O Og, s 0, D >

<V (@pof .. of a0 P (g al ... ag ag ... oq Py

const
14

<V (D ala, By > Oy ag P > < (5.36)
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We likewise have

< V< ety ooy af;_, ... afitb‘%’) < @;gu}';ufs Do <

<V(¢};aﬂufs¢gg>g%? (5.37)
and
[( @z af,..of @z )| <) <¢;ga?;aflmﬁ>g°°_y'f;. (5.38)

Let us now compare the averages

{ Do Uy, o Uy D

(where wf =ay and a}) with the corresponding averages calculated on the basis of the Hamiltonian s, in
which » + 0 = C. For convenience we shall denote averages of these types by <%, ... U dse and
Uy U > s2,, respectively. Let us estimate the magnitude of the difference

<ﬂ[;1...ﬂ1fx)”—(2lf1 mfﬁﬁfo- (5.39)

Let us say a few words concerning the way in which (% ... U > 2, 18 calculated. We make use of the
formulas o] =u, u‘f"—vfa_,, a;=u o, —v,a’, and then reduce the product Ufy -+ + Ugg to the sum of products

of a normal type in which all ot precede @. Since all terms of the type
@t ...at g, (..a)sg, (OF..a) g (5.40)

are equal to zero, we obtain the expression for calculating <g[f1 . Ut g, Letus apply this same proce-

dure to the calculation of ¢ %;...%;, Ys. As is evident, the difference (5.3 9) is caused by terms which are
proportional to

ot .oy, <o, (at.. o, (5.41)

and which, unlike (5.40), are in general not equal to zero. But for the quantities (5.41) the estimates (5.36)=
(5.38) exist. Therefore, we have

KWy e U D —< Uy oo Uy 2ot | < clo}];t . (5.42)

Let us now consider the bitemporal correlation functions and show that the differences

Bty (@) oee By (O Up (1) o Uy, (1) D — < B, (0).e By, (O %1, (3) oo Uy, () D3, (5.43)

where ¥, B; are equal to either as or of, will all be bounded in modulus by quantities of order 1/VV.
Note that on the one hand

<af (). 4 O %; (7). U, (), =0, (5.44)
while on the other hand

| <a;; ), (D% (3)... % (0> |
<V(a;’; B0, O) <0t 0y, = V(a;’;ah > 5p 0T 0 g0 (5.45)
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where w = ozfj(t) mfm('r) — Qlfn(‘r), so that

t
|(a—;;(i)...ufj (t)ﬁfm(f)...ﬂlfn(T))_#|€ V <afe, >< °;,'_‘; .
Therefore, we need only establish the fact that differences of the type
Cap, (). o, (&) Uy, (8) oo Up, (DD gp— g (0) oo U, (o,
are bounded in modulus by quantities of order 1 /VV. Letus set
Cag, (8)-on i, (3 %7, () e Bp, (g =T (7).
By virtue of (5.8), we have

I' ({—1)
dat

where Q(f)=VC*A(f) 4+ T*(f) and

—{Q(f)+..+Q(F)}IT t—1)=A{t—0)

A—1)=A, (—0)+ ... A (E—7);
A(t—1)=—CR}F O o, (). ¥ (). % (D
A (=) = —<a; () .0p_ () R;: 0% @..% (g
But

| A (t—7)|

<V <o By @) R;f; #)...a, (&) a;:(t) Ry (@) u;: ) >z

X V<m; @9 (% @)% P

=} <o, REL R:,:...af a?‘ R, ...a?‘)ﬁf(ﬂl;" ...ﬁfn)gg

+
<V < u ahuf:R 1>%,

and therefore, taking account of (5.15), we have
A f“"T COl’lSt
[A(t—7) | < I
Consequently,

|A(f—7)| < ——, wheres=const.
1A% '

But from (5.48), we have

r(f_..‘.)=1"(0) et { Q).+ } —T) -+€Xp [{'—l [Q (fl)++g(fl)1 (f—'l:’)}

t—t
« [l [ expt 12+ 48001 9 5 (o) dwl ] ,
0

whence by virtue of (5.50), we have

[T (t—m)—F (@& (BU+ 80} 40 | < .
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But, on the other hand,

<Oy () wee gy () o Uy () o By (1),
— e Q)+ - +R (R | t—D) Cop, gy Yy Yy > (5.53)

Thus, according to (5.52), (5.53), we have
D = [<ay, (8) ... 07, (1) U5, (V) oo By (7) i —<0p, (&) oo, () By (%) ...
e U (T)Menléﬁlf*ﬂﬂ(ﬂfl Oy Up o Up S
— gy oy Up o Up D]

But the difference between the simultaneous averages appears in the second term of the right side, and as
was shown previously (see Eq. (5.42)), it is majorized by a term of order 1/VV. Thus, let us establish the
fact that for the bitemporal averages

|<fo1 ... ﬂ?fz ) %m (7) ... ﬂ[fn ()
—< B, @) ... By, (&) ¥, (%) .. Bp, (DD, |
< [f—g|4+9 G, G,=const. (5.54)
Vv Vv

These bounds may also be generalized for the case of s-time correlation averages

<$s (ta) sps—l (ts—l) q’l (t1)>=
B,0= 40 0. 9 1), | s
where 9 S) (t) is equal to a Jc(i'.) and a}'(t). Let us show that
Py (6 o P ()3 — B, () e By ()3, | < el et ';‘;_Kz L=l +Q) (5.56)
where
K;=const, Q,=const. (5.57)

The proof can easily be carried out by the method of induction. Let us assume that these relation-
ships are true for (s—1)-time averages, and let us prove them for s-time averages. Reasoning as in the
two-dimensional case, we see that it is sufficient to prove (5.56) for Pg(t) = af @) ... ag (). But then

<P () Bs—1 ((5—1) ... !pl(t1)>9'£o= exp { _E(Qfl +
+Qh) (tn_‘fs—l)} (5”3 (ts-l) s-psﬁl (t.SWl) qu (ﬁ)).'}’ﬂa. (5 -58)

On the other hand, on the basis of (5.8) and (5.15) and the reasoning by means of which the inequality (5.52)
was established we verify the fact that

[<Ps () Psmt () oo Pot) Dgp—exp{—i (R, +..

) Ca—to) } Py (bamt) Do (Fs—1) - B2 (1) |

K jtg—t | |

.59
7 ' (5.59)

where K(is) = const.
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Thus,

[<ms ;) ... q’l(tl))ﬂ_(s‘ps(ts) $1(t1)>.5‘zfgl

K(S) J t s—[ ’ (
< — " <P (ts—1) Ps—1 (ts—1) ... P1(t1)> 2
Vv

— <P (fs—1) Ps—1 (Fs—1) - P, (f1)>.ﬂ’nl- (5.60)

But the second term in the right side represents the difference between correlation averages with (s—1)-
times for which the adopted estimates are established by assumption. For this reason they are also true
for the s-time averages. Thus, #, yields the asymptotic approximation for all correlation averages of
the type <‘13S(t5) «+« By(ty)>. Consequently, the same statement is also valid for the Green's functions con-
structed on the basis of the operators considered.

Comment. Note that in the estimate of the degree of approximation we would have been able to ob~-
tain const/V instead of the const/vV obtained throughout if we had replaced C by C; in determining ug,
Ve H
f [1]
=(L+vdgp=(L ¥+ vz (5.61)

Since it is obvious (see Eq. (4.58)) that
t
C—Cr<=~,

it follows that all estimates of the type (5.12), (5.15), and (5.35) remain valid. Additional new useful rela-
tionships are added:

]<Af1 Rj Afn> p , < const

" (5.62)
-+ cons
|< i,1...RI ...Afn>3g|g 7
For their proof it is sufficient to expand the expressions
CAp oo Ry Ay D CAp o RE A S, (5.63)

having expressed all @ and g™ in terms of o and ot. Then Eqgs. (5.33) may be represented by a sum of
terms of the type <a™...a)z"
{LAv—Cy) ... 0 g5 <ot o (L+v—C1)d g
L4V —Cy) oo 0y g5 <O (LT v—C))d g5 (5.64)
const {L+v—C;)g=0; const (Lt+4v—C,} =0

and commutation terms of order 1/V. (The vanishing of the latter two Egs. (5.64) derives from (5.61).)
Applying the inequality

|<ABy| <V [<AAHY| VIKB+B)|

to (5.64) along with (5.35), we see that all quantities will be of order 1/V, and this proves (5.62).

Let us now make use of these additional relationships. Let us consider the expression <oz}1 .o a}'n>
which evidently does not depend on t. Therefore,
dot
dcz+ f
+ + - l + n —_ .6
<uf1 ...ﬂ-fn>‘%¢— >35:'+ +’< fl T >%— 0. (5.65)
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Consequently, from (5.7), we obtain
Q)+ Q) <G 0] =Ry o0 S eee S Ry D g (5.66)
But by virtue of (5.62)

(R, @S Hot<ab R, S| <2, D=const, (5.67)
1 Tn f1 fa v

and therefore
D

Ak
o ..o < 5.68
J<ai, )| TV QG+ +R(n)’ {n:08)
whence, going over to conjugate quantities, we have
D
|<op, -l > | < (5.69)

VQ(E)+..+2(fa)

Having made use of the new inequalities (5.68) and (5.69) instead of the old ones (5.37) and (5.38), and hav-
ing retained (5.36), it can be shown that the inequality

t
1<y, o U Sgp— <Y, oo U, D) < °°35 (5.70)

holds instead of the inequality (5.42). Analogous improvements of the estimates may be fulfilled for all
correlation averages of the types considered earlier. We shall not present a general proof here. Letus
restrict our analysis to estimating the difference

<oy (@)...ay () ajl(r) ...a:'r{r)')ﬂ— <oy, (B) ...a;’;(r»%o. (5.71)
We have
Tge (t—7)=<o; (f)...a;’;(‘r) Sa - (5.72)
2, 7,
We have
. arﬁ(t_r)
| —— =@+ .. + QNI =0+ B (t—7), (5.73)
where
Asy = _:2 (o (f) .. R;;(t)... o (t)a;'; (¥)... a;t(r)m,. (5.74)

Differentiating (5.74) with respect to 7, we find

i%% —(Q(g)+... +2(g) Ay (t—1) + LT (t—7), (5.75)
where
L(t—r)= —I_‘zs <@ @ ... R;; ) a;"l (1).:Ry (D). u;t (> z- (5.76)
But in view of (5.15)
[Et—7I< %, where Q = const. 6.77)
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Therefore, from (5.75), we obtain the following expression in conventional fashion (see, for example,
(5.48)=(5.72)):

| Az (¢ —1)—Az (0) exp {i [Q(g1)+...+2(g)] ((— )} | < %l t—t|. (5.78)
But by virtue of (5.62) and (5.74), we have
|45 0)] g%, Q. = const. (5.79)
This means that

|Age (t—1)| < (5.80)

Q+Qli—=|
S
Let us substitute this estimate into (5.73). We find that
|Toe(t—1)—Tg O exp {i[Q(f)+..+ QI (x—D) }|

1
Qlt—ri+Qt—7|*7

< = . (5.81)

On the other hand,

Lo, t—7)= Tz, (0)exp {i [Q(f) + ... +R(F) (z—8) }. (5.82)
Consequently,

1
Qlt—rl4Q|t—vi*

| T (t—1)—T g, (t—7) | < | T 3 (O — Tz, (0) |-+ ; (5.83)
But from (5.70), we have
|r‘9g (0)—1[“%“(0” =|-(0'.f1 e O, (12:(1;;)953
—<o .0, a:'l... u;;)%o[ \<_Q—‘; , Q,=const. (5.84)

Thus,

<@, (O ap (67 (1) &l (1) —C0y (8).nn 0 (DD 22,

1
Qe+ Q[ t—7|+Q =75
> .

<

Reasoning further, it is not difficult to raise the order 1/VV to 1/V throughout in the previously ob-
tained estimate according to this scheme.

§6. The Green's Function for the Case v = 0

In the previous section we obtained all of the necessary asymptotic estimates for the Green's function
in the case v > 0. Since certain estimates [see Eq. (4.58)] which we used in §5 are meaningless for v = 0,
the results of that section cannot be carried over directly to the case » = 0. This case requires special
consideration.

Since L and L* now do not take definite values in the lowest energy state @, with asymptotic ac-

curacy, we shall, unlike the case considered previously, work with the amplitudes
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L
oy =u;0;+v; ai'f? , 6.1)

where

=L ]/ T .

VZ VeEROLITD
) i)

(RSP -

143 V VERHFTE (D)

6.2)

These amplitudes satisfy the commutation relations for Fermi amplitudes only in an asymptotic approxi-
mation rather than exactly. In order to obtain the estimates it will be necessary to establish a number of
inequalities.

First of all we consider the expression ZQ(f) oz}“af in which

Q()=VTEHF T 6.2")

With allowance for Eq. (6.1), we have
+ Lt L)
e (¢ o, =320 {44 +vaahr}{u,af+ o0t =]

+ L
—.ZQ(f)[ufaF -I-vf ¢ aifa_ff-i-
But

+-
Ze@poia fatf?=—2‘.szmv”“—a+a =

+300) 0, L = —So @) af Lok o LE

Further, since usvy = CA(f)/29(f) it follows that

i
—Eg(f)[uf “ LT Gy af_!_ Uy Uy a?- atf%}=VL+L.

This means that

SQ()af o= EQ{ —oraf af}
+ERagd it S—VLtL= 220 i—v)) of o,
—Z(7q +——L o< ,+29(f) gL _vitL
But 0(f) (ui—v3) = T(f), and therefore
il A

+ ;
H:ZT(f)ara,va—£=2sa(na+a + YL

) +L+L C”
""EQU)U 'T fr

—3o()qf L
and, consequently,
H=3Q()a} a,+§{c=— -f,—zs:(f)v?}

v(LtL—c? Ltr_ct +7 3
+ =SS oo Ly LiL=ct
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+ B0 faf LS o of L),

On the other hand, we have

Cz%—ZQ(DU?+EQ(f)U?=CZ—Z‘_EQU)”? o

=l{c=—lca — }:-—V—C*?'(C“),
2 2V CEPFTED 2

where ¥ (C?)=C*— = E Q(fyv;. Therefore,

H=XQ( a'f"osf—w+%(L+L—C2)5”(C’)+5’(C”“). 6.3)
Here
w=—2Q(f)ovf {a?'%ar—— vf %} 6.4)

But, by definition, C? is the root of the equation (see Eq. (3.8)) #'(x)=0. Furthermore,

(D HOyy < F (CY).

Consequently,
(Dk DR (P o o Opd <Oy wDp). (6.5)

Let us now undertake to estimate the average value w. We resort to the definition of the amplitudes « (6.1).
We have

o_;=—va —+uway,
whence
Lt . P 2 Lt 4 L 2 2 LTL
UG — Oy Gy =t G + 0 — 4 ?—“?L T o =5
Let us set
C—LtL _ o2 C—LTL 2n () LT
W=t P B
c? c? vc:
c—LtL C—L+L |, AP By
2 C"—L 2 = +
Ni=Y§ Taf = Uj a, "T+TE; a_fL.
Then
+_ o b o L Fe
a =ug oy —U; P o_; +r|f H
(6.7)

L
a; =1y cz.,—v,aif - + ;.

Let us now turn to Eq. (6.4); we write:

W= w;+ Wy+ Wy}
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+ ci—LtL 2 CE—L+L
=22 ()v;u hoy —Fm— Zg(f)”r”f"‘?“f‘cg =

+ 2Q(f) v} 4y af 236‘9 atL;

- 2_ g+
v =B g nf =L o = S0 ()i nf o C=LL
2
+ 300 20 ot 1,

2 Lt c—rti 3 A~ pE
wa=29(f)0;{—ﬂf—c—a—i ) 0p— Uy o }

3 L+ Ltr P10 3
—”—ZQU) C { c G_f—a_f D ]af

+ /ot
+ 2009 o o (T ) st agany

— + i
2&1}.{_29@) ot LT (%)am—r-

Let us estimate the averages wy, wy, and wg; for wy we use the previously proved inequality (4.47)
which we write in the form

(0i(F=5E ) on) <
(04 (TG on) <

~<:’c3

, where G = const;
6.8)

~<:|c:

We have

'(‘Dﬁwlmﬁ)|<29(f)vf Uy %

+ BQ () vy u;|<D;, o “—rm’u>f2f";é?’

<X vig ) <o af a;at  @p>

><]/ (0 (L ) 0y ) + 30 () o} 4,
2mn|

(mﬁa—f'_af_L‘-'-—L(DH}}

XV (@ af a,@,5(D; LT a _sat LO,>

<2Qe(Novfy (iv)z_ (@, oc;" RCIY

2 Rt -
+5 B0 o, 21 Y@ ot @y )
~<l/<fb;,29(na;fa,¢ﬁ>{|/ izmnv? u

ol l/ ¥ 2209 u,|x(n|2}

c=VV

Consequently,

<@k, @y | <R/ <m;;29(f)af+ a; D), R,=const.

We find |<¢HWZ@H>I = Ry, where R, = const, in a completely analogous manner. Let us go over to wg.
Note that
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L
a_ja;tage_j= (-—ufaf" F%—ufa_;) a

[ L vf +
-|—afk—ufaﬁ"-a‘—ufa_;)=—~C—-(af+Laf+afaf L)
v (+ -+ uf
— _Tlafa;+ a0 ) L=— "L L.
=—= (ai" as+ a,ai") .

This means (see the expression for wg) that

+ LtL ci—LtL
A= E Q(j) o? {— 9, %(cs__ _2) (a—ratay o —v} S }

Lt{c?—r+ti\ L ci—LtL
"‘ZQ(f)‘l’r [U?_(C—J C U?T}=

_Eg(f) 4L+(M)L—-EQ(,‘) f(%ﬁ) )

/

and therefore (see Eq. II, (1.18))

@y 20wy < 0of (O (LG ) Lon)

Vzcizg(f)vf;\'z(f)<¢);1’L(1—af _af‘aff')_E(DH>

epls” ”“' ! ZQ(f)U}l—l-Ehz(f)<const

We likewise find

o L (Lt +
ZQ(})|uf|s (cp L (L(:’L O_j—0_f LcaL)gf(D,q}__{const;

Zf!?(f)|vj|3 <m;r%+(i_§-—£)a,a_;(l)ﬁ>

<R, ]/;GD;, of a,@,5Q ().

Thus, combining the expressions for wy, wj, and wy, we have

(@ udsy <11 )/ (@43 0ai & Pud+ 1

where y4 = const, y; = const.

Substituting this inequality into (6.5), we obtain

(022 af o0 ) <n )/ (@aZQMe o)+

Let us place x= l/ <cp;,§9(f)a;+af¢m). Then x*—yix <y

f T \2 it T 2
(r=2) <t peaz<g+ ]/ nt I

Thus,

(m;,_v'—fzg(f)u;*af@ﬂ} g%, 6.9)
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where

9\ 2
R= (121-—!— I/ Y2+ -'il) = const.

One can now go over to a consideration of the equations of motion.

For v = 0, we have

idT”:: =T (Ha,—A (Hat; L;

e (6.10)
i— =T (a_j+r(aj L
from Egs. (5.1) and (5.2). Therefore,
. dL 1 £
i = 2AD (T ey +2 () ai L o
1
+ A a—y (T (a;—A () atyL)
2
='V—E7L(f)T(ﬂﬂ—fﬂf + %ZM(;’) (aff aj—a_jat)) L
2
=7 ZAOTOa1a+ — B2 () (o y—ayai) L
2
=5 ZAOT ()a-ra;+ - B2 () (2aj* ay—1) L.
Note now that
L 5 9
—2(NT (Pugoy -+ () (2] —1) L
=T 4 (1=T10 1)1,
? Qh TR0 ( Qh )
and consequently,
i%=D1+D2;
D= - BT {amjaytuyo, L (6.11)
Dy=—3 3 () (af a,—of) L.
But with allowance for (6.7),
L LY L
a_fa,—{—u,v,?:(ufoa_f-lrvfa?‘?) (u,ar-—-zr,ocif?)
'+‘11—faf+a—fnj_n—f"f""ufvf%:u? O—fQp—
L L L
— ﬂ? ocf" —é- ai,?— U v,a_foc_"}?——{— ufvfocf"? o
L
+'f|—faf+fl—f'lr—"|——r"]f+”f"f?=”f2°°—f“f_
— vy (a—jat+at o ;j— 1)%~—a?a;+ % ai‘,—é‘-
+ufvf(°"# %ari- aif‘Lr%)-l'ﬂ—fﬂf—l-a—fﬂf—ﬂ—f"]f- 6.12)

Further, we have

{ L
a_;aif+ui;m_,—l= t—v,a;'*' F+u,a_f)
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Lt Lt
X (-— U= af+u,aif)+(— v 4t ufai"_;)

L 9 4 LLT 2 +
><(—uJf a}"?+ufa.;)—-l=vfaf -Ta-a,—i—uf a_ja=;

+ L 4 Lt oLt 4 L
— U, 0,8 —as—u; V45— 0Qa Vs —a;a5 —
yUyOF o O=f—Us Uy fc;+fcf C

Lt
+ uf aty a_j—uyv 0t af % — uy vy Tafa_;—l

LLt—LtL L L
i a; + v} +uf—

= Uf &f o

dof B + L L+ it )
—u,vpat (= ati—ah =) —uv5|laj ———a_g)a
.fff(c f fC) )‘f(?c c f’f"

and therefore,
2 A2
a_jatit+oefjaj—1= WZUf ait L8/ (g) (1—ata,—atea_g)a,
@
2 LTL—C? 2x (H 2 (f)
+vf C—+”fvfaf a ——+ u;0, % ay——

Consequently, we have
(@4 Dy Df @y = — S (NT () uf (Pha— oy DI Oy
i

_%E;\,(nf(n <(I);; of [Uf %o&f; é‘
-u,v,(% R A )}D1 m,,,)—— El(f)T(f)ufv g’

X <(D;,- af"'(l—-aé'ag—aiga_g)a,?D, CDH>
+%21(f)T(n<®;; (18— @+ [a— 0+ g0 ]

—n_yn) Dff QH)——EZ(f)T(f) (CDH{ 2 LIE:_C“

+2u; vfa}"'af Mf)} - Dit lI)h').

Taking into account the fact that

(@ya_jo; Di" Oy = (Do Di a;@pd-
4+ (D og (a; DiF —Di" o) Oy 3,

one can verify the fact that with allowance for (6.8) and (6.9),
(@} D, D ®d g%, T, = const.
In the same way one may obtain
(@5 DD, Oy < I;_=, I, = const.
Let us now go over to the expression Dy. We have

4. 2 __ .+ i T o _L+
L e T “r+(“f i~ Y% ¢ @ f)

(6.13)

6.14)

(6.15)



ol BN Lt o4 L
X(ufai Ufu_f—c-) vfuu o a+vf o7,

-’,.
— %% tagn+

2 L
+f =/ = of apt of = (o_jot, 4 ot o 1 —N—
2 C2—LFL 2 Lt 4 o L
= o i ¢ %1% e T MUY O
Lt
—uy 0 a0 +a}"nf-l- H}"ﬂ,—n}"ﬂ,- 6.16)

Starting from (6.16) and considering the inequalities (6.8) and (6.9), we establish the fact that

(DD, DT B> < T’, T’y =const;
6.17)
(@ Df D, ®uy < 2.
From (7.10) we now have
/o e
\ ( ) o mﬂ/g = I’ = const; 618
S, 4L (4L \+ I 3
Sl ( dt) (D”>< v’

Let us go back again to the equations of motion (6.11). Considering (6.1), (6.2), we obtain

doi d Lt da; Lt  da
i + i d8 R
R T (ua TS c a—")_ui’1 dt Y ¢ 'Ta
dLT &
: . + +
+”f’d_¢ =4 {—T et +rHL a_))
a‘L+
+vf——[T(f)a_f+A(f)a+L]+U ”‘Cf

+
_a;r{r(f)ur.—a(f)uf CL}—]—T{ufl(f)C—!-T(f)U,]a_f

dLt
o L g T (a2 (o)
+ + g
+E up0C+Toja—arrpo, T Ly =N

But (see Eq. (5.8))

uf;\(f)C+T(f)Uf=-—9(f)ﬂf;}

T(Hu—A (o, C=(f)u, 6.19)
and therefore,

i 1 opaf—g, (6.20)

where

ci—LtL a_
Ry=—ai () v, ——+o, (D} + D) .
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Further, we have

. » 2__ 1+ —itL
(DLRIR; @, < 2@, ¥ CL L ayaf c C" @, > (o]

+24®; "2 (D, D) (D} + D} 2=t —
C 1 2 1 H/ r

~ o (=Lt Lp
< (i oh——0g— cDH>

+202{@; { (D,+ D,) (D} + D)

atia_
— (0, Dy L f(DT+D;*)]®H>
2

+92¢ (DEH(D +D2)(D+—|—D+) H)

and likewise

(OLR,RI®,5.22( D0

+(c*—L+L 2
N H

. ) 0, @, >3 ()0}
20? . T+ +
—|—T<(DH(DI + D}) (D, + D,) D>

— 92 2/(1) CE—LtL ci—LtL i
[ c f

c2—rteL ct—rtL
-(5= )afaf( F)jou

ofCP—LtL \?
+4;ﬁ Lé d:-,f(_#—c )mH>

+2-L L (@}, (DF+ D) (D, +D,) ®p.

From this it follows that

(G);,.RfR'f"(DH> v —'?7, where S — const;
- 5 & 6.21)
(O, Ry R, @, ><v; -

Having Egs. (6.20) and the inequalities (6.21), one may repeat word-for-word our reasoning from the
previous section where we considered the case v >0. We now obtain (see Eq. (5.35))

s o2 +oo 2
* ot .
(@ 0f o, @< - 5o ( { |h('r)1:|d'r) . 6.21")
In comparison with the inequality (6.9) we have substantial progress here.

The inequality (6.9) shows that < @ﬁa+of]e¢H> is a quantity of order 1/V on the average for f. However,
the inequality (6.21") shows that this expression will be of order 1/U for each f.

From (6.21') we may immediately obtain the estimates for the averages which apply to one time. As-
sume 9, is equal to a  or at. Let us consider those operators Upyg, o o0 Uppe which conserve the number of
particles. Let us show tha

|<mf1m,a... 0y, S —< Uy, Up, oo YpOm, | < LV"VS‘— 6.22)

36



Now note that &g and ®y, satisfy the conditions (2.3)
(a;f'a,—ai'fak )@ =0.

Therefore,

Uy, Up, Uy, U, >
may be reduced to the sum of terms of the type
Cans a}"af a;"ai”g e @y G,

where +f, +g, +h are all different. Of course, the number of subscripts g is equal to the number of sub-
scripts h here. It is likewise obvious that

cn O O e ag g a_,a, '">Hn =: If-l U? I-I (—ugvg) I-I (—uh vp)-
-4 hk
Consequently, we need merely establish the fact that

t
[€ et g a;"a"_“g sl s 3y | _!';I o} l:l (—ugv,) |:| (— o)< % ; (6.23)

On the basis of what was said previously (see Eqs. (6.12), (6.13), and (6.16)) we note that that

L 2 2 2 A2
a_pap+u, v, o = UhO—h O — Uy U, {FE vrai Cif)
()

+ 2
+ A 2 LTL—C
X (l-—af a—a’a_)a,+u, —F

+ Y L 2 4+ L L
+u,v,a, a, = ]?—‘Uh%?“_n?"'”a”a

L L .
X(Uz-?ﬂh‘f'ﬂtha_h?)+ﬂ_hah+ﬂ_;,ﬂ_h“n_kﬁhn (6.24)

a

2 4 2 Lt
f — i

L +
fT a_fa_f?—u (£

L,
%% c

Lt 2 Lt(2 2 + M(g)
— T eyt Y {ﬁ;ﬂfaf o

-+ i 2 LtL—c?
x (1—a; a,—ar,a_)a+ v S
4+ + + +
T g ai]+'1f N+ a— g (6.25)

We shall now shift ot toward the left parenthesis, o to the right parenthesis, and L*L—C?/C? (for
example, those included in 1, n*) to one of them, no matter to which. Since the subscripts = f»+g, +L are
all different, it follows that the commutators which develop in the process of these commutations will be
quantities of order 1/V. Considering the constantly used inequality |<AB>|=vV<AA*> <B¥B>, we see that
as soon as a™ "touches" the left parenthesis or « touches the right parenthesis, or LYL—C? arrives at

either of them, we obtain a quantity having an order of smallness of at least const/VV.at that instant.
Consequently,
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; +
Hfu?<...(—ugvg)LT(—uhvh)—%...>ﬂ g;;_LVSt. (6.26)

But the number g is equal to the number h, and the commutation of L with L* is carried out with an accu~

/ i AN g ke
racy up to terms of 1/V. Therefore, (lglg—5 = Unln 5 o= 3, differs from lg_l“g”g]:[”h"h<( = ) >H

by terms of order1/V. On the other hand,

<(ER)S,

differs from unity by a quantity at least of order 1/VV.

Thus, the validity of the inequalities (6.23) (and consequently (6.22) as well) has been proved. Let us
now go over to the bitemporal correlation averages and show that in general

| <By, () .. By, () g, (7) ... Ug, (T

(6.27)
K=const, K,=const.

Here Pr, %, are equal to a or at

. We assume, as always in such a case, that the operator ‘Dﬂ e+ o Ygy CON-
serves the number of particles.

By virtue of the additional conditions mentioned earlier, which are satisfied by #y and &g, the in-
vestigated averages may be reduced to a sum of terms of the type

Conl (e, (). af BT (). a_, (D)@, () ...
a:’ (#)...a,(@)... a}': (1) ap. (1) ... a} (T) atg, (]

il i ) e B ) s Y s (6.28)

by establishing the "proper order" of the operators; here the number of operators a and a™ is also identical,
where the subscripts +f, +g, +h, +k, +q and +f', +g', +h’', k', £q"' are all different.

In view of the indicated possibility of reduction it is sufficient for us to prove the inequalities (6.27)
for averages of the type (6.28). For the "pairs" a'a, a*a*, aa we make use of Eqs. (6.24) and (6.25), while
for "singles" a, a* we make use of Eqs. (6.7). We shall now shift a™(f) and LHt)L()—C? to the left, while
a(1) and LT(1)L(1)—C? are shifted to the right. In view of the difference emphasized above between the sub-
scripts, the commutators which appear (all commutations are carried out only between amplitudes which
apply to the same time) will yield quantities of order 1/V. Note that as soon as a*(t) or LH(t)L(t)—C*
"touch" the right parenthesis, we immediately obtain quantities at least of order 1/¥V. Consequently, it
remains merely for us to show that an inequality of the type (6.27) holds for averages of the form

T (t—1)=<a; (ay @ LE () L () L1 (v) LA (v) a; (%) . m:; (t)>. (6.29)

Let us now make use of the equations of motion (6.19) and the relationships (6.11), (6.18), (6.20), and
(6.21) which yield the required estimates. We find

0T, (t—7)
y RV

L Q)+ - + Q) T (=) =B (—7),
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for the condition that |A(f—1)|< 7—67— » Where G = const. From this, since

Ty (t—'r)ze_l (@ UP+ .+ 2 ) (- Ty (0)
i—t
+e—r 12U+ .. + 2] -1 S o BN +.. 420 ) 2 A(2)dz,
0
we obtain
—1{Q(f)+. e + 2 () (-7T) Glt—r
On the other hand,
T, (t—1) = ol (BUNE.+RUD) - D T, (0), 6.31)
since
_ + i ktg-+-q,4-k
Ty (t—1) _<a,1 ) wee 0y (B0 (3) .o o, (1:)>C i fa T (6.32)
Thus,

[P (¢—1)—Tn, (t—7) | <| Tt (0)—Tr, (0) |

Glt_-rl o / E(rH\a+as p Ry + +\
& e H’\afl... o L ot s & gy %g, Oy
kg4 SE_9

— CFtErtata <a,1 a,‘ cz;; ct;:>,,n +T' i

Assume that among the subscripts 7y, ..., J there is a pair of identical ones. Then, nothing that

vi A (f)
i +
e a;oL (6.34)

L
— + +
Iui.f Y {ﬂ“_fﬂf—l‘-ara_j} ""C'.'“= —2

will be of order 1/V, we see that < ...>p will also be of the same order. The corresponding < ...>H, are
simply equal to zero. The same situation naturally develops in the case in which among the subscripts
815+ ++, 8y there is just one pair of identical ones.

Assume further that among the subscripts f1s <+, f; there is at least one subscript £ which is not
included among gy, «+., gp. Then we may shifta /i to the right parenthesis in < ... >y, obtaining (along the
way) commutators of order 1/V; thus we verify the results that < ... >y in the case given turns out to be a
quantity having an order of smallness no lower than 1/VV. The average < ...>H;, however, is exactly equal
to zero. An analogous situation arises if among gy, ..., gy there is just one subscript which is not included

inf1,...,fl.
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Thus, it remains for us to consider the case in which 1) all fy,...,f; are different; 2) the ensemble
g1+~ gr is the same ensemble fy,...,f7 but, perhaps, is numbered in a different order.

Now note that in the right side of (6.33) one can establish the "proper order" and replace agi o a';r

by oFf g e oz+i. It is natural that in < ...>H, we carry out such a substitution exactly, while in <...>pq
we carry it out with an error in the adopted order which is asymptotically small. Since the operators with-
in < «.. > conserve the number of particles, k+ k; must equal q + g1+

Further, in <ayf, «-- af tk@ ks kgt ... a > we carry out the substitution L['C(L+)k+]‘c1Lki
(L*1)K+K1 and transfer it to the right parenthesis. Unéer these conditions we produce an error of order
1/V. Note further that

k|-k, ky st
[(afl...o;fia;*; o;}'; (LFL)¥rhs —ey czf!a?; a}';)ﬁocg(” ’]< C]D/HV . (6.35)
Thus, from (6.33), we obtain
|1y t—0— T, =0 <L e
2 (k-t-hy) + PN + 5
+C Kaﬁ o Gl e O ar1>H <ajl O Sn, | (6.36)

But since all f are different,

Jo, . + =1.
e M '

N o=/ o/ 5 S ot
%2t =% % e \ M fay T
In < ...>H such a distribution may likewise be achieved, but, of course, not exactly but with the allowed
asymptotic error.

Thus, our proof has been completed. Just as in the case v >0, we could have obtained analogous esti=
mates of the degree of asymptotic approximation for multitemporal correlation functions also. We shall
not dwell on this here. The reader may now carry out all of the calculations involved in this himself using
the schemes developed above. As in the case of v >0, the order of smallness in the case considered may be
raised from const/vV to const/V if in the Hamiltonian H, the constant C is replaced by Cy = V{L*L}#,
which differs from C by a quantity of order 1/VV.

We shall not prove this remark here.

APPENDIX I

In the present section we present the proofs of certain relationships used in this paper.* All of the
operators considered here are assumed to be totally continuous, and we deal only with this kind of operator
in the main text.

Lemma I. Assume that the operator £ satisfies the condition
2
legt—ttel < . (A1.1)

where s is a number; £ =1 or ¢ = —1. Then the inequality

2 |/ gt a+§—=(&+e+) >0 (A1.2)

holds.

*Let us arbitrarily denote the norm of the function by || &| = v <&*®> and the norm of the operator by
|| = sup| u |, where || & =1.
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Proof. Let us assume the opposite; then one can find a normalized function ¢ which is such that

{2]/ §+§+-$-—s(§+§+)}cp=—p¢p.

where p > 0. From this we have

(2 V g+g+%+p)cp=e(§+§+)¢- (Al1.3)

Now let us take into account the fact that Ap = By and A and B are self-conjugate operators, then
<p* A% 9y = <p* B2 ). (A1.4)
Considering (A1.4) and (Al.1), we shall have
@ @VEEFsIV40) @ =<o* (E+E%)2 9> =2(@*(EE +-E* B>
—<Q* ' —E) (E—E ) > < 2¢@* (EE*HE D) @
<@ EEEVIE D=1 (tE+ 5 o), (A1.5)

which is impossible for p > 0. Thus, the inequality (Al.2) has been proved.
Corollary. We likewise have, having transposed ¢ and ¢ ¥,

2V §§++%—e(a+a+) >0. (A1.6)

The following inequalities are also proved analogously:

2)/ g§++§—e(§—*i§ﬂ_>0; (A1.7)
2 |/ §+§+.:T —e (__E—i§+) > 0. (A1.8)

Lemma II. Assume ¢ satisfies the condition

|gET—et | < 29/v. (A1.9)
Then

| T T UN) (A1.10)

where A is a real c-number.

Proof. Let us prove the converse. Then one can find a normalized function ¢ which is such that

{. Y }q:= —p9. (A1.11)

From this we have

[]/ w2t p} o=VE e+ a0, (A1.12)

and using (Al.4), we obtain

(o (Vo + D) 0y =o' e <
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o + 2 50
(o (85 +41)9>,
which is impossible for p > 0.

Corollary. Changing the role of the operators ¢ and ¢ T, we obtain

V a+§+27*+A=—V BEF LA > 0.

If o, A are real c-numbers, then we have

VP (et + 2+ o) 44 VR @) + 4% 0

| O L A G e )

Appendix to Lemma II. Let us assume that

l.
E=F 2;‘ h(f)a__faf+v =L+wv.
Then

? <
§§+k§+§=ﬁzx2(h(l—a?a,—aifa_ i)
I

Assume A(f) satisfies the condition Xar(f) <5 then [& +—g '*’.5 | = 28/V. Consequently,
f

S
v

Van{L+v LT+ +2s/VE+7%0) —V AR (O {(LT+9) (L +v)+a}+ T > 0.

(A1.13)

(Al1.14)

(A1.15)

(Al.16)

(A1.17)

(A1.18)

(A1.19)

Lemma III (Generalization of Lemma II). Assume again that | g™ ¢t | = 2s/V. Let us consider the

operators 9, 9+ having the norm |9]<1; |¢*| =1, which are such that

|agt gt —g+ate| < ayv.
Then

o)/ s+t st o0,

where ¢ =1 or ¢ = —1.

Proof. Let us assume the converse; then one can find a normalized ¢ which is such that

ey wr+T —seut +agho=—po. o> 0.

From this we have

(2 B+ e o= GUTHUE) 0.

Consequently, according to (Al.14),

(o (2) w5 ) @ =0 Gt g o) =
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(Al.21)

(Al.22)

(A1.23)



=2¢¢" At agt L Agteat} o) —(o* At —azh.
x @t —tA) @) < 2o AT AL +ATFEAT) ). (Al.24)
But since by convention 9| =1, |y*| <1, we have |y%y|=<1, and consequently,
(P EATAET 9> < (g" BT . (A1.25)
Further, taking account of (A1.20) and (Al1.25), we have

(o" ArteATd=<(p" et AAT )
+(p* (AT EAT—ETAAT E} ) < (@* ETAAT EPD

?_l * gt 5£ ® eyt 2(I+5)
+5 <<% Eo+ <o BT >+ v
__/ 2(l+s)
(ot (w+252) 0. (A1.26)
Therefore, taking account of (A1.24), we may write
* F 51 Ve ca ot (e st o
{2 w55 o) 0 < 4o (w2 o). (A1.27)

But such an inequality is impossible for p > 0, which proves the statement (A1.21) of Lemma III.

Appendix to Lemma III. Let us assume £ = L+ v; ¥ = g,. Then

g

|aet gt —graate|=|a, (LT+v) (L4v) o — (LH+v) e af (L+v) |
=|a, (LY L) (L+v)af —(LT+v) o (L+v)af
+(LF V) a, (L+v)af —(LT+v) a, af (L+v) |
<UL+ || Laf—af L|+|a, Lt —LFa, |} <(LI+w) é [A(g)],

where (see the identity (A1.17)) |L| <y V.'Mf) L since |af|=1. Therefore, in accordance with (A1.21),
we have

2V(L+v)(£.++v)—l- Vl {s+(IL|+v)2Ir(g)])

—e{(L+v)af +a, (Lt+v)} > 0. (A1.28)

Having placed 9 = iag, we likewise obtain

2/ @t W0+ s+ L1+W 212 @)

(A1.29)

{ (L+w¥) ag“—}ag (LT+w) } e

Lemma IV. Assume g is a real number o? = g%+ 2s/V and v = 0. Then

|V T+ +S R0+ T () o,
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—a, V{(L+%) (LF+0)+ B OH+T < 87f (A1.30)

where Sy is bounded for V—- <. (The same inequality holds if in (A1.30) we take a}' instead of af.)

Proof. Let us consider an arbitrary normalized function ¢ and let us formulate the expression

(o* (Y @FToO (A + T2(D (a,+af

—(a+af) Y@+AORH+T () 9>=%. (A1.31)

where Q@ = (L +v) (L*+v). In order to consider the expression (A1.31) let us use the following identical
relationship:

VI—VZ= { | Voo,

Zy+o Z+m

where Z; is an arbitrary positive number. Note likewise that

1 11 1
—B+B =4 (AB—BA),

where A and B are operators. Then we have

@ta)r(N+T* () + o
1
@t HLT H+o

1/ A
G . (@ (o +af)—(ay+a7) @)
0

¢>V'Edm.

But
Qa,—a,Q=(L+v) {Lt a,—a, Lt

=%— Z; rpafaty Ltep—a LT=— %Mf)ai‘f,
and consequently,
Q (“f+a?“)—(af+a?)¢2=—% Mf)(L+v)ai,+% Ma_ (Lt ).
Therefore

1
Q@+ A (A+T*(H+o

o-ft]220e T

(L+v) ﬂi-f—a_f(L++v) 1 N
X l/ do
i @t (H+T(Hte

From this, considering (A1.29) and introducing a new integration variable, we obtain

4a(H 2 [ ﬂ+%(3+2lk(f)l)(|u+v)
]$f|<— <EP*

” O

L]

But by convention of the lemma we have o= 32 + 28/V, and therefore

1 2 2N 2[AN LI+ _
Y etgetznaniti+n<} eror+ TO RO



_ i) SR LTTY)
¥ ¢+t o ]/1+ LT

VQ+ Va2V —=
Q+Vai+ )

2y T2(f) Iﬁ-(f)l'”Ll‘i"V)
<V erw+ 0 /’+ 1,70

2V A (D

B LI+v) i
) e o . L [l .
<( * ) )I’ ettt It

B+VEm

T2 ()
A (P

Let us place A=Q-+-a*+ = ot Then

_A4ADE [ AOIULIEY) °°/ VE
|8 |= o 1+ . T () P {A-{»‘E)’[P\V—dt
TVan

Now let us expand the function ¢ in eigenfunctions of the operator A: ¢ = ZCp¢ A3 Z1Cpl2=1. We obtain

T . VE g (VR . wf VTt T VTa
T5‘<q> (A—|-':)"’5q)>Vt dr-§|cA|2£(A+T}2 ;f Al ) RE=D —D—M)_‘ .

Thus, for an arbitrary normalized function ¢ we have

|€

i

DTN, +
|=|<‘P* [V(Q+m3) 7\,‘*+T2,af+ﬂf }¢> | < S,

where

l o0
ane . PO (Znair+)\
Sy="V I+ T°H | ) a+nr

Vzlh(f)lf*—wmﬂ

But the operator

i

[V(Q-F-a”)?\-“r'l‘”: a;+a?]

is a Hermite operator, and consequently, [ [V@FeHr+Tm a;+ai||<S;.  Ina completely analogous manner
we prove that | [ViQ+o®)ar 7% a—af||<S;, But |¥]|+ [B|=|¥ +B|, and consequently, | [VQ+ed) A2 +TT
af]| <8;, which is what it was required to prove.

From |¥|= Sy it follows that |u * = 87, whence the validity of the supplementary statement of the
lemma is evident.

APPENDIX 2

The principle of weakening the correlations between particles for systems in the state of statistical
equilibrium is formulated as follows.

The correlation functions
Uy (21, 1) von Us (Ko 1) oo Wn %y E0)s (A2.1)

where Us(xg, tg) is the field function ¥(xg, tg) or y*(tg, xg), can be decomposed into the product of correla~
tion functions
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{Uy (15 £1) voe Uy (Kops B 1) gy Foprn Bot) -+ Un (ns fnds (A2.2)

if the ensemble of points xq, «.., Xg is placed infinitely far from the ensemble of points x5, -+, Xp at
fixed times t{, +++, tgs «++, ty. Note that for the case in which the numbers of the creation and annihilation
operators are not equal in the correlation functions, the averaging <...> should be understood inthe sense
of quasiaverages.

A system having a model Hamiltonian is one of the rare cases in which direct calculations can verify
the validity of the principle of correlation weakening. Below, based on the previous asymptotic estimates,
we shall show precisely this. Let us consider "vacuum" averages which are formulated from the products
of field functions in the spatial representation:

1
v 1 2 i (f.x).
_(t,x) W ~ “f(f) el (f x)’

1 (A2.3
‘F-g.(f:x):W 2 a?'(t) e~i(F-x) )

(f>0)

Here f represents the aggregate of a momentum and a spin (k, ¢), the summation 7 >0, f < 0 denoting sum-
mation over k for fixed ¢ =+, (f-x) = (k-1). We have, for example,

(o, (60 (6 2') Y= ) lup el =) 8 (0,—ay)

(f>0)
1 R 1 g
= {? E i o =g 2 | op[2eif- G )}5(51—63)- (A2.4)
(F>0) (F>0)

where “f and vy are the coefficients of the canonical transformation. As is evident, the term

L 3 Jgpetf-ex
14

(f>0)

approaches the following integral for V—-co:

1 i .
o 1P ak
This integral is absolutely convergent, since

dk

THivnHe =

[1opac— { yrmFmme —r o

About the expression % 2 eif (x—x')  we say that it approaches a "delta~function" 0 ;)3
V—c0, (f>0)

fe‘f“""‘" when

However, at present we, of course, ascribe to the words "limit," "convergence of functions" a dif-
ferent meaning: namely, the meaning adopted in the theory of generalized functions.

Let us recall here what the relationship
f.i,(xl,...,x%»f(xl,....x,), (A2.5)

where [(x. .. ,x,)=vlimfv (%15 -+-»%;), means in this theory.

Let us consider the class Clq, r) (g, r are positive numbers) of continuous and unboundedly differen-
tiable functions h(xy, « .., x7) which are such that throughout the space Ej of points {x1; « -+ ,x7} We have
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st by,

= =7 | < const.
0xf --0xs!

{12 |+ 1al}* [ R (%1, ooo s x1) | < const; {]x, |+ e 2} ® X
e=0,1,...,r1 a=0,1, ..., r

Syt =01, ... q
Then, if the positive numbers q, r can be fixed in such a way that for any function h from the class C(g, r)
one may write

th(xi, e X)) fyy (%, ool xp) dx, .., dxg —:-j'h(xl, con X0 F (%10 o0ny X7) dxy o dg,

we shall say that the generalized limit relation (A2.5) holds. As we have just seen, the averages of the
products ¥ (t, x), ¥T(t, x) may contain generalized functions. Therefore, the corresponding limit relation=
ships for V— e ghould be understood in the sense of the theory of generalized functions.

Let us consider the expression

1
(¥, (o) ¥ (h, 00y = - N (et af )y e 80,y
(f>0)

We have

1

[ (xr— ) (g, (t, 31) U, (ta, %)) dty = - N <ar ) af ()3 ()8 (01 —0y),
(F>0)

where
E(={h(x) e dx,

Having taken the numbers g, r in the class C(q, r) to which h(x) belongs, one may achieve a situation in
which h(f) decreases more rapidly than any power of | fl— = for 1/|f|. It is sufficient merely to ensure

that %;]F(f)l < K =const.

Then, noting that in accordance with (6.36) we have
8 |ty —1t3 |52

,( ay (1) a;" (f2) > —<¢ar (1) a?' (ta)> , I < Vv

51, Sa=const,

?

we shall have
| .[ b (xy=—x,) [<?al (0 %) ‘lfj; (t3 %) 20— (Yo, (!1: %) "1’;’; (s x2)>Ha} dx; |
< 5 ke, e 6 sn—Cor ) af ) 3m, |10
T

Silth—ta|+s, o

<K 0.
V =00
Consequently, the generalized limit relation
(Yo, (b %) ¥ (g, %) 55 —( ¥, (8, %) W (2, 2,) 3, 0 (A2.6)

holds. But by direct calculation we verify the fact that

Sl v
K, () x)‘l’::t (ty %) >p, = v 2 [y |2 ™10 WBi—tal il (1i—xa) § (5, gy,
’ (f>0)
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and therefore likewise in the generalized sense we have
(¥, (b 2) U5 (g %))
— flusitexp {—iQ (F) (lr—1t2)+ if'(xlgxﬂ)} f,k_.ausﬁl—as)" 0. (A2.7)

From (A2.6) and (A2.7) we finally have

U}E-Tm (q’“l (ta, %) q’j—a (3 %)) m
= | uy | exp (—iQ () (h— )+ if - (1 —%3)} dk 8 (01— 073)

= (A (fy—tg, ¥1—%a)—F (—tg, 14— %2)} 8 (01 —03); (A2.8)

A(t, x)= [exp [—iR (f) ¢+ if -x) dk;

F(t,x)= [| vy [Pexp (—iQ(f)t-+if -x} dk. (42.9)
In a fully analogous manner we obtain*
_ vlf.:o Q¥ (g %) Ty, (1 2)y=F (t,— 1, £, —%,) 8 (0, —0). (A2.10)
Let us now consider the binary expressions <¥ (ty, xq)¥ (t5, x)¥ F(t}, x3) x¥F(t}, x{)>. We have
CF (1) ¥ty 1) F (1339) WH (11, 11)
= 72 S (6w ()5 (3) . (11)>
x |1y 2y iy x,— i€, 2o — 18y 21| - (A2.11)

Since the total momentum is conserved, while for &y and &y, it is equal to zero, it follows that the ex-
pressions

(“fl(ﬁ)“fn(fz)“;t(ti;)a;':(t;J) (A2.12)
may be nonvanishing only if .

fi+fa=g2t81- (A2.13)

Let us now recall that from (2.1) and (2.2) we have ng(t)—n_¢(t), where ns = afay is the integral of
motion, and &y (and &y,) satisfies the supplementary relations (ny—n_s)& = 0. Note finally that (ns—n_f)ay, =
0 el S = "%h
ap{ (nf—n_p)—0 (f—h) +6(f + h)}. Therefore (for any f)

ary (1) 2rq (1) “;: (t;)a;; (’1»
Ubm—n_y) ary (1) oy (1) a5 () o (1)
= (g (t)+n_g (1)) ary (B) aza (t2) 6 (22) a5, (11))
={ap (4) {1+ (11)_"7f(‘1)fa(f*f1)+5(f+f1)] sy (%)
XGEZ (tz) “;': {f;)>=<af1(f1) {1+"f(tz)Hu—-f (tﬁ)_ﬁ(f_fl)-l-a(f-i_fl)}
X apy (45 (12) 6 (11) S=Cary (1) a7y (1) {1+ (1) —n—i(ty)
—8(F—f)+8 (F+F)—8 (F—F,)+8 (F+1,)) af; (1) o (11)> =
=(a;, () ag, (Fa) af (£,) &t (1))

* This limit relation likewise holds in the conventional sense in view of the absolute convergence of the in-
tegral which defines F(t, x).
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X {4np—n_;—8(F—F1)+6 (F+F1)+8 (F+F2)—8 (F—Fa)
+5(f*gz)—a(f+§2)+6(f—g1)—5(f+g1)})
={1=8(—F1)+8 (F+F1)—8(F—Ffa) + 8 (F+F2)
+O(F—g)—8(F+ga)+8 (F—g))—8 (F+g1)
X Cay, () ag, (ta) o, () af (1)),

This identity shows that the quantities (A2.12) may be nonvanishing only if for any f the relation

—8(F—F) 18 (F+F)—8 (F—F2) + 6 (F+F2)
+8(f—g2)—8(F+ga)+8(F—g1)—8(f+g1)=0

holds. The latter relation together with (A2.13) is fulfilled only in the following cases:

fi—f2=0, g1+g:=0; (A2.14)
fi=g1, fi=gs (A2.15)
fi=ga fa=gi. (A2.16)

Moreover, in (A2.15) and (A2.16) it may always be assumed that g1 # g, since

af () af (1)) @y =0. (A2.17)
Actually,

(rg—ng) g (tz) a (1) O =af () af (1)) (ng—n_y+2) @ =24} (£5) f (1) @y

But the possible eigenvalues Ng~n_g are only +1 and 0, and consequently, the latter equation is possible
only when (A2.17) is fulfilled. Thus, one can reduce (A2.11) to the form

¥ty x) ¥ (ta, 22) TF (45, 23) ¥ (4], x]))

1 ; . .o
- 2 T (o—i () a () af (5) aty (7)) exp {iF-(xa—x1)—ig-(xy—x7)}
fog

1 3 ; . .
* E Vi o) ag (t) af () af (1)) exp(if-(x;—x;) +ig-(x,—x;) |

f.g
( f=g
f+g=0

1 . ’ . 5
+ 2 7;<af(fﬂag(f,)a}*'(!ﬂa‘é‘(!d)exp{if-(x[—xg)-lrig-(xﬂ—xl)], (A2.18)
fr
f?ﬁgg
f+g0

Let us now deal with the transition in the limit V—«. Let us consider the class C(q, r) of functions

h(x, y), and let us fix g, r in such a way that %Elﬁ(f’ g)| < const, where
foe

K(f, @)= h(x, y)e' a0 gy 4y,

Since (see (5.56)) for fixed ty, ty, t}, t,

; ; y ; t
|<ar(t) ag () o (£2) af (1) 0 —<ay (1) 3, () af (13) a4 (1)>m,] < c]o/r% .
we have
5 Wi t
“‘h(X, 9) {PH(tr tﬂ‘ 12» tllx' y)_PHn(tl’ tz' tZ‘ tl Ix, y)] dxdyl{ c:;l';'l’-au: 0,
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where

P 1 i ’
Pty il m ) =vs D Caplt)a ()t () af (1)) TxHeo,

f.g
(=
g0
We obtain the generalized limit relations
Ty (g, by bos 10 Xy —%g0 Xa—%1) ~ Ty, (1 tou tos b1y Xy —%5, Zg—x;) —> 0.

Voo

But direct calculation, just as in the case of (A2.4), yields
I‘H,(tl' ty, t;, t;, xi—x;, xg—xi)

1 —ie(p (¢—t2)—i 2 (&) (t2—1t
= 2 lug|®|ug|®e (11—12) E(ﬂ 1)

fg
( f+g
Fg#0

szt (r (xl—xé)ﬂ (»\’24“-”1)) e [A (ri_té, xl—x;)

—F(tl—t;, x,—x;)] {A (tzut;, xE—x;)

—F (ty—t], x,—x)] 8 (5,—05) 8 (0,—0}),

(A2.19)

where Q(f) is determined by the relationship (6.2"), while Aft, x) and F(t, x) are determined by the relation

(A2.9).
Consequently,
Tim Ty (1, b, 13 ty, xy—X3, X3—%;)

=—{A (t,—t5, ”1—";)—1“'(‘1—‘;' * — %)}
% A (ta—ty. xo—21) —F (ta—1;, 23—2,)} 8 (0,—0,) 8 (0,—07).

We also deal in a completely analogous manner with the terms which are included in the right side of Eq.

(A2.18). Now let us place

Cr (h)

D, (8 x)=— j uf"fe*m (h "_if'”dk':j\ ()

il iQ () 1—if-k dk.
Then we may write the generalized limit relation in the form

1im ¥, (t1, %1) ¥, (tar *3) vt (t;, x) ¥E (4, x;))ﬂ
Voo Ty L]
=g, (h—ts 51— 22) D . (tp—1;, x,—%]) 8 (02+02) 8 (o) +02)
2
+6 (0,—07) 8 (0p—03) (A (1,—1], x,—])—F (b=t} x—x)]
% [A (ty—ty, xg—xg)—F (t;—1,, xy—x3))—8 (0,—03) 8 (0:—07)

X [A(tl—t.",, x,—xé)——F(tl—t;. xl-—xé” :A (tn—t;, x2-—x;)
—F (fg—ty, x,—x1)}.

(A2.20)

(A2.21)

Completely analogous formulas are also obtained for other arrangement orders of the operator func~-

tions ¥, ¥.*

* The function A (t, x) itself is a generalized function. This relation likewise holds in the generalized sense.
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Using the example of the formula (A2.21) which has been derived, one may illustrate the principle of
correlation weakening. One need merely note that for fixed t

F(t, ) >0 |x]|—>o0;
D x)>0 | x|~ co; } (A2.22)
A, ) > 0% [x] - oo, (A.2.23)

Let us fix the times t;, ty, t;, t; and the spatial differences x;—x{, Xy~Xy. The remaining spatial differences
X1~ Xy, X{™ X3, Xy~ X3, X,—X{ are made to tend to infinity. Then the function considered

Jim (Tt 2) ¥ (ta, ) ¥ (g, 2) ¥F (8], x)))a (A2.24)
- 00 2 2
will decompose into the product

{8 (t—t;, x,—x))—F (t,—1;, xy—x;)| (A (t—ty, xy—x;)
—F (t,—ty, Xg—%y)] 8(0,—0,) 8 (0,—03),

which is equal to [see (A2.8)]
1flim (¥, (t1, 1) \}f:n (1. x;)>HV1im (¥, (2, %) Ip';r, (t20 %)) (A2.25)
-+ 00 1 -+ 0o 2

Let us now consider another method of correlation weakening. Let us fix the times t;, tys t3, t; and
the spatial differences x;—x,, x{—x; anew. The remaining spatial differences X ™ X{s Xp~X3» Xy X3 Xg—X{
are made to tend to infinity. Then the function (A2.24) considered decomposes into the product

B (h—ty, 21— x3) D (ty—1), xp—x,) D, @ . 8(0,+0,) 8 (0] +0;). (A2.26)
2
For v>0,
@, (t;—1ts, xl—x=)=‘lfiﬂ; (Vg (try 21) ¥o (ta, X3) N

 (ty—t], xp—w)=Lim CF (15, %) ¥hq (47, x1), (A2.27)

so that the function (A2.24) decomposes into the product of averages
Jim (¥, (t1, 1) ¥, (fa, #) lim <'1r;l*;(t;,, %3) ‘F:‘; (t1, x;)> . (A2.28)

In the case given the relationships (A2.25) or (A2.28) which have been found constitute the expression of the
principle of correlation weakening (A2.2). For v = 0 we have <¥(ty, x1) X ¥(ty, x5) > = 0, and the relation-
ships (A2.27) have no place. In this case, however, we may introduce the "quasiaverages"

(¥, (1, ) ¥y (ts, #=)>H=v|i"§ V'L"; (¥g, (t, x1)
Ve

X ¥, (tg, 2)>=D_ (t—1ts, x3—x5) 8 (0y+03) (A2.29)

and take the corresponding product of "quasiaverages" instead of the product of averages (A2.28). The re-
lationships derived above illustrate the general principle of correlation weakening.

I take this opportunity to express sincere thanks to D. N. Zubarev, S. V. Tyablikov,* Yu. A. Tserkov-
nikov, and E. N. Yakovlev for their discussion.

*Deceased.
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